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Abstract:
Hader and Park (1978) introduced Slope Rotatable Central Composite Designs (SRCCD). Park and

Kim (1992) suggested a measure of slope rotatability for second order response surface designs. Jang and
Park (1993) suggested a measure and graphical method for evaluating slope rotatability in response surface
designs. All these are SOSRD with five or three levels for each factor. Anjaneyulu et al (2005) constructed
some new second order rotatable designs. As SOSRD with four levels for each of the factor are sometimes
necessary, there is a need to investigate methods for constructing such designs. In this paper, construction of
four level second order slope rotatable designs using p-resolvable balance incomplete block designs is

suggested with an example.
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1. Introduction

The study of Box and Wilson (1951) which introduces the notion of composite designs seems to be
the fundamental work in RSM. The introduction of the “star portion” to argument of two level factorial array
was done to allow for efficient estimation of Quadratic terms in second order model. The ideas of Box and
Wilson (1951) were estimated by box (1954) and Box and Wilson (1951) were extended by Box (1954) and
Box and Youle (1995). To attain the rotatability it requires that the variance of a predicted value remain
constant at points that are equidistant from the design center. RSM has applications in chemical, Physical,
engineering industrial and biological fields and the use of RSM has accelerated. Possible areas of application
degree polynomials in two or three variables are frequently seen and in computer experiments. Draper and
Herzberg (1971) explained lack of fit of response surfaces Myres (1971) discussed various concepts of RSM

in detail.

Box and Hunter (1957), Das and Narasimham (1962), Raghavarao (1963), Gupta and Das (1975), Nigam
(1977) and several others suggested various methods for construction of second order rotatable design
(SORD).

The study of rotatable design mainly emphasized by on the estimation of differences and its precision.
Estimation differences in response at two different points in the factor space will often be a great importance.
It difference in response at two different points close together, estimation of local slope (rate of change) of

the response is of the interest. Estimation of slopes occurs frequently in practical situation. For instance, there
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are cases in which we want to estimate the rate of reaction in chemical experiment, rate of change in the yield
of crop to various fertilizer doses, etc.

Hader and Park (1978) introduced slope rotatable central composite designs (SRCCD) Park and Kim (1992)
suggested a measure of slope rotatability for second order response surface designs. Jang and Park (1993)
suggested a measure and graphical method. For evaluating slope rotatability in response surface designs. All
these are SORD with fine of three levels for each factor. Anjaneyulu et al (2005) constructed some new
second order slope rotatable designs. As SOSRD with four levels for each of the factor are sometimes
necessary, there is need to investigate method for constructing such designs. In this paper, construction of

four level second order slope rotatable designs using u—resolvable balance incomplete block design is

suggested with an example.

2. Rotatable Designs
Let v factor affect the yield and suppose the yield Y satisfies the functional relation

Y = f(X,%,... X, )+e€

Where X, X,,...,X, are the levels of the ‘v’ factor used for getting that response. We assume that ‘f” can be
represented adequately in a small region of interest by polynomial of degree d.
The estimates of the coefficients in the polynomial f1 can be obtained by the method of least squares.

It was observed by Box and Hunter (1957) that, instead of considering the variances of individual

coefficients, the accuracy of the estimated response at a point (X, X,,...,X,) should provide a

criterion of the selection of design.

Definition:- A ‘v’- dimensional design of order ‘d’ is said to be a rotatable design if the variance of the

estimated response at the point(x,, X,,...,X,) is function of the square of the distance of the point from a

suitable origin, so that variances of all estimated responses at points equidistant from the origin are the same,
By using the properties of the spherical distribution Box and Hunter(1957) given conditions for the N-design
points to form a second order rotatable design.

3. Conditions for SORD:

A Second order response surface design D =((X,,)) for fitting

yu(xlu’XZU""’Xvu):b0+Zl,b|Xiu 4‘21‘,b|ixi2u +Zzbljxiuxju +E€,

i<j

Where x,, denotes level of i factor (i=1,2,3.....v) in the u, run (u=1,2,3..n) the experiment , e, 'sare

uncorrelated random errors with mean zero and variance o?is said to be a second order slope rotatable

design.
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If the variance of the estime of first order partial derivative (a%xj with respect to each of independent

i
1 Suy

variables () in only a function of distance d* = (Zx |u) of point (X, Xy, X,,) from the origin of the

design. Such a spherical variance function for the estimation slopes in the second order surfaces is achieved.
If the design points satisfy the following conditions [C.F Hader and Park (1978)]

Simple symmetry conditions: -

> 'x =0, D xx, =0,
D XXX =0, D UXX XX =

A D xix; =0, > % =0,
D xx; =0, etc., fori=j=k=l.
B. () D%’ =constant=N4,.
(i) D_x’ =constant=CN ,.
C. D xtx?; = constant=N 4,
D. Non-Singular condition
MgV
22 (c+v -1
E. Slope rotatability condition
v (b;)= Y ()
This implies,
/14[v(5—c)—(c—3)2]+zg[v(c—5)+4]:o e (1)

4 -Resolvable Balance Incomplete Block Designs: The balance incomplete block design with
parameters v,b,r,k,A and x said to be u -resolvable if the blocks(b=mt) can be separate into t —sets of m-
blocks each such that each set contains every treatment exactly x=times (r= ut). Furthermore, a u-
resolvable BIBD said to be affine u -resolvable if any two blocks belonging to different sets contain qgx

treatments in common. Whereas any two blocks belong two different sets contain g, treatments in common.
In this case, it holds that

B=v+t—1, g =(u-Dk/(M-D)=k+u—r), q, =(u—-K)/(m=k>/v)
Let N (=n;) be the incident matrix of a x -resolvable BIBD with parameters (v,b,r,k,/l)such that nij= «

the J" treatment occurs i block and njj= 3. Otherwise Evidently N is b*(v-1) array of symbols («, B)then

following Das and Narasimham (1962), these will generate b2P combinations of symbols and (o« and )On
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multiplying the b rows with combination of 2P factorial where the levels of 2P factorial are * 1 and 2P is the no

of combinations in a resolution V fraction of 2¥1,

The above procedure gives a set of D of N(=b.2P), (v-1) dimensional design points using the design
points we can construct four levels SOSRD in (v-1) factor as given in the following theorem.

Theorem 3.0:
The Above b.2" design points D will form a four level (v-1) factor SOSRD, if the equation given

below admits a positive real solution

(0%2]4 [b{(v ~DABA-1)=(r =34)°}+r*{(v —1)(r —=54) + 4} |

+(0‘2 Db(r = ){2(v —D(A0A -r)+212(r —3A)}+2r(b—r}{(v —-D(r —-541+ 41}

Vit
+r2(r — A)(18 —10v)] + (a%z)[b{(v —1{(5A-r)(b-2r + 1)

+20(r — 2)2 + A(4b —9r +52)} —36(r — 1)? — 2(r —34)(5r —2b —31)}
+(b = 1)2{(v —1)(r —=54)+ 44} +r?{(v =1)(9r —4b —51)

+4(b—2r + ) +2r(b—r)(r — A)(18 —10v)] + (¢’ (IB( — A){2(v ~1)(9b~19r +107)

+12(5t — 2b —34)} + (b — 1 )?(r — A)(18 —10v)
+2r(b—r){(v —1)(9r —4b —52) + 4(b —2r + )} + b[(v —=1)(4b — 9r =52)(b—2r + A)
—(5r —2b—34)2]+ (b —r)?[(v =1)(9r —4b—54)+4(b—2r + A)=0

.(2)
Proof: - For the design points generated from the conditions (A), (B) and (C) of (1) are true. Conditions (B)

and (C) of (1) are true as follows

2.() 2ox5 =2 [ra’ +(b-r)B* | =N4,
(i) D xp =2"[ra* +(b-r)B*|=CN4,
3.3 xoye =2°| Aa" +((b—2r + )B* |+ 2(r - o’ > =N2,

From 2(ii) and (C) of (3) we get ‘¢’ given by
. 2°[ra* +(b-r1)B"]
2P [Aat +((b-2r + A |+ 2 - A)a? B2
Substituting for 4,,4,and C in (E) of (1) we get equation (2), which on simplification leads to fourth degree

equation in t, where = (O‘%ZJ ,However the design need to be satisfy of the non-singularly condition(D) of
(1).

Example (1) : - We illustrate the above method with the construction of four level SOSRD for 8-factor with
the help of x—resolvable BIBD (v=9, b=18, r=8, k=4, 4 =3 )will give a four level. SOSRD in N=288

design points for 8- factor

Hence above 2 and 3 of (3) are
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2. (i)Y x2 =128a° +160° = N4,
(i) D xi =128a" +1603* =CN2,
3. ) X2yl =48a” +804% +160a” B> = N4,
From 2(ii) and 3 of (4) we get ‘¢’ as

8a* +103"
C=
3a’ +54% +10a°

Substituting for 4,, 4, and c in of (E) of (1) and on simplification we get the bi quadratic equation in t (Viz.)

190t*+520t*-1260t%+200t-21250 = 0 .....(6)
Where t= (0‘%2 j solving (6) we get t=3.089971

le.. (% j:1.757831

(B) Can be obtained from scaling condition. It can be verified that non-singularity condition (D) of (1) is
satisfied.

Hence the consider design in a four level SOSRD
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