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1. INTRODUCTION

Let F(x) be a function of period 2w in Lp(1 < p <e0). Then the integral modulus of continuity of order
k of F in L, is defined by

s (h; F)= sup

0<Jtizh

AfF(x)HLp ,
where

A't‘F(x):ZI;;(—l)ka (EJF(XHH)

o

and ||.||, denotes the norm in L.
L, p

Concerning the integral modulus of continuity of order 1 of a sine series whose coefficients from a
quasi-convex null sequence, lzumi [20] and Taljakovskii [40] have obtained some interesting estimates.
The class of quasi-convex null sequence has further been extended by Teljakovskii [45] in the following

form :

Let
(1.1) D a,sin kx
k=1

be a sine series satisfying ax = 0(1), k —oo. If there exists a sequence <Ax> such that

(1.2) A 10 koo,
13 YA <

(1.4) |a,—a,,|=|Aa,|<A, forall k,

then we say that (1.1) belongs to the class S.
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Setting A, = Z‘AZ am‘ , We observe that every quasi-convex null sequence satisfies the condition
m=k

Let g(x) be the sum of the sine series (1.1) belonging to the class S. Teljakovskii [45] showed that

the condition

o0

(L5) 2""7

k=1
is sufficient for the integration of the series (1.1) belonging to the class S.

The aim of this chapter is to find an estimate for the integral modulus of continuity of order k of the

series (1.1) belonging to the class S.
2. Results :- We establish the following theorem :

Theorem :- If (1.1) belongs to the class S and (1.5) holds, then

k+1
(— gj<B n I‘Iognz (v+1) AA,

v=1

+B, Z v+l (1+ log j
v=n+1
where B is a constant depending upon k and not necessarily the same at each occurance.

Letting Ay = >"|A” a,|, the case k = 1 of our theorem yields

Corollary. If <ax> is a quasi-convex null sequence satisfying (1.5), then

(— g}< Bnlogn Z(V-i—l)z

v=1

+BZ v+1 (1+Iog j‘AZ

v=n+l
This result corresponds to a theorem of Izumi [20] as stated in Teljakovskii [40].

Proof of the Theorem : Under the assumed hypothesis, g is integrable. Since the symmetry of the

function implies

|A¥ g (—x)[-[a%, g(x),
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therefore

Y

[lara(x)| dx:;ﬂAﬁt g(x)| dx+E‘Atk g(x)| dx.

-7

Hence, to prove the theorem, it is sufficient to estimate

[lA% g(x)| dx, for0<t£%.
0
We write
. (k+1)§ .
(2.1) IAL g(x)‘ dx = J. + I
0 ¢ (et
=1 + I, say.

We first estimate 1. Denoting by Dv(x) the kernel conjugate to the Dirichlet kernel, the use of

partial summation yields

g(x) = iA a,Dv(x)

= Aa
= A Y Dv
; \ AV (X)

Then

k+1

] (k)
L<Y[AA, [ Y
v=1 0o i=0

(k+1)Z

A¥.Di (x)‘ dx | + I

=111 + l1p, say.

if D" (x) denotes the k™ derivative of Di(x), then to estimate I11 we use the equality (Aljancic

[5], Ram [27])

) Bi“", 0<x<n
Di = k=12,..
‘ (X)‘ {Bki"x‘l, 0<x<m ( )
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and obtain

(k+D)=

I, <BY AA, I(Z

v=1 0 i=0

ng) (x+ e.t)D dx

<B,n Y AA, (VA1)

v=1

To estimate l12, we use the inequality (Timan [47])

c/n

S

‘dx< log— +o(1) c>0, v>n

and obtain

I, < B{ i AA, 3 [Iog%+o(1)D

v=n+1 i=2

[VZ;lM {v+1 )log— +(v+1)D

It follows therefore that

(2.3) I, < Bkn‘kzn:(v+l)k+lAA

+B{ 3 (v+1)(1+|og%jAAv]

v=n+1

To estimate |2, we have

T

-

(k1) ™

AL g(x)| dx

j ZAa A%, Dy (x)| dx + J'
(k+ ): v=1 (k+l)% v=n+1
= lo1 + 22, say.
We now write
L (k+1)“
< ZAa A%, Dy (x)|dx
m=1(k+l)m7:—l

(0<6, <k)

A, i Aa, Dv(x)|dx
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By virtue of t<” and xz(k+1)L, it follows that
n

(m+1)

k+1n k T 1 1 T
m+1 n m+1

X —kt >

Therefore in the sub interval {(k +1)

Using (2.2), we have

) (k)
ZAa A Dv <B t X— kt<§<x+kt Dv (&)‘
m Aa tk n
< B tk k+1 A - v .
k VZ:;V v Av kt \,:Zm;rlv v

<Bthk+1A +Btm2v

v=m+1

But
ivkﬂAv =iAAviik+l+Am+liik+l
v=1 v=1 i=0 i=0
< (V1) AR, em A
v=1
and
Z VA, = Z AA Zu +AMZ| Amﬂiik
v=m+1 v=m-+1 i=0
<3 (V1) AR, +A,,
v=m+1
Therefore

n-1 m
l,, <Bn™ {Z m2 (Z(vﬂ)“ AA, + mk+2Am+1ﬂ

{an (Z v+1)k+1AAv+nk+lAn+1H

m v=m+1

=Bn™* {ni m’zi(vﬂ)k+2 AA, + ni m*A
m=1

m=1 v=1
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+Zm z (v+1) k+1AAV+nZ€m1n"”An+l}
m=1

v=m+1

The first term in the square bracket is

S an [En < Sy aa Zm)

v=l

<B, Y (v+1) " AA,,
v=1
the second term is
n-1 K n-1 m K n K
> mA L —ZAAMZ| +A DI
m=1 m=1 i=0 i=0
n-1
< MUAA L 0 A
m=1
and the third term is
n- n v-1
Zm 13 (V1) AA, Z +1)'AA,Y m™
v=m+1 m=1
n-1
<B,> (V+1)AA, logv
v=2

<B Iognz v+1)TAA,.

v=1

Therefore

l,, <B.n“log nzn:(v +1)AA,.

v=1

Lastly, making use of Abel’s transformation and Fomin’s Lemma (Teljakovskii [42], Lemma 1),

we have

3a) J

k+1)Etat
(k+1)
n

S Aa,D. ()| dx

v=n+1
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k+l

<BI

00

"Dv( )‘dx

(k+1)Z

<B, V;1AAV | gaiDi(x)

00

<8, 3 (v, (1A,

Hence,

(2.4) IZSB{ klognz v+1) T AA, + Z V+1)AA }

v=n+1

The assertion of the theorem now follows from (2.1), (2.3) and (2.4).

ON THE INTEGRAL MODULUS OF CONTINUITY OF SINE SERIES
OF 1°T ORDER BELONGING TO CLASS R

1. Introduction

Let F be a function of period 27 in Lp (1 < p <). Then the integral modulus of continuity of the

first order of F is defined by

o, (h,F)=sup |[F(x+t)=F(x)|L,

0<ltj<h

where || . ||p denotes the norm in L.

Let g(x) denote the sum of the sine series vasin vx . Throughout this chapter, the letter A will

v=1

denote a constant having different values in different contexts.

Concerning integral modulus of continuity of sine series Aljancic and Tomic [6] proved the

following theorem :

JETIR2108205 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | b609


http://www.jetir.org/

© 2021 JETIR August 2021, Volume 8, Issue 8 www.jetir.org (ISSN-2349-5162)
Theorem A : If the function b(x) satisfies the conditions

(i) 0<b(x)}0asx—w

(i) b(x) is convex,

(iii) jb(t)dt:o[x b(x)]

(v)  [t(t)dt=o[b(x)]
then g(x) € L(0, =) and

(ol[g; %}zo(bn).

Later on Aljancic and Tomic [7] proved the following similar result:
Theorem B : Let < bn> be a convex sequence such that

(i)  balO,

) b ,=o(nb,)

iy 3 Pe-ob,).

Then

ml(g;zj:o(bn).

n

Omitting the conditions (ii) and (iii) in Theorem B. lzumi and lzumi [20] obtained the following

result ;

Theorem C : Let <b,> be a convex sequence tending to zero. Then

R

Assuming only the quasi-convexity of <b,>, they also obtained, in the same paper, the following
estimate for the intergral modulus of continuity of g :

Theorem D : If the sequence <by,> is quasi-convex, that is
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o0

Z(V-l—l)‘Az b,

v=1

< o0

where A’b, =Ab,—Ab,, =b,—2b,,+b,.,, then

v+l V421

O)l(%! QJSAZVZ |A2bv—1 | +A Z V[l_'_log%)lAzbvll'

n v=1 v=n-+1
(This is a corrected version of the result as given in Teljakovskii [40]).

The above theorem was further improved by Teljakovskii [40] in the form of the following form :

b, |

Theorem E : Let <b\> be a quasi-convex null sequence satisfying Z <oo. Then the integral

v=1

modulus of continuity of g satisfies the relation

o)l(%, gjs%sz |A%D, |+ A vIA®D, | +AZ@.
v=1

v=n+1 v=n

Concerning the behaviour of the sine series, Kano [21] proved the following result :

Theorem F : If <by> is a null sequence such that

(1.1) D Vi (b—j <,
v=1 \

then

(1.2) ibv sin vx
v=l

is a Fourier series, or equivalently, it represents an integrable function g.
The aim of this chapter is to estimate col(h, g) under the condition (1.1).

2. Lemma :- The following lemma will be used in the proof of our theorem.

Lemma:- Let 0<t< 1(n =1,2,...). If Ky(x) denotes the Fejer kernel, then
n

Atv?, v=12...n

(21) _([‘Kv(X+t)_KV(X_t)‘dXS{AV, V=l,2, _______

Proof of the Lemma : We have

h K (x+1t)—K (x+t)|dx< At 2/V+T[ K{ (% +0,t)dx
JIKG (x0)- K, (x+1) [ vt
0 0 2
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= At(J,+J,), say,

with — 1 <6,< 1. But we know that

‘KH(X)‘< AV, 0<x<m
VT AWK, 0<x <

Therefore J, < Av’® and

By virtue oftsi andv=1,2,..,nx 23; we have x >—>2t. This yields
n v n

1 2
— < — X > 2t
X—t X ( )
Thus, we have

JZSAVT?(—)Z(SAVT?(—):

2/v 2/v

<AV’
This proves first part of the inequality (2.1).

To prove the second part of (2.1), we use Zygumund’s Theorem [11, p. 458] and have

KL (x+8) =, (x— )] < [ K () [ K (x)]ax
0 t -t
SA]E‘KC(X)‘dX

SAVJTE|KV(X)|dx

=ATV.

3. Result :- In the present chapter, we prove the following result :

Theorem :- Let <by> be a null sequence satisfying (1.1). Then

| b612
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1 Al b = b

(ol(—, g} S—Z(V+l)3 A® (—j +A Y (v+1)2 A? [—j .
n n \Y \Y

v=1 v=n+1
Proof of the Theorem : Theorem F implies that g is integrable. Let

Sn(x)zibvsinvx.

v=l

Using Abel’s transformation twice, we obtain

d &b,
—— > —£C0s VX
dx <5 v

A8 oot

= __nf:(wl)Az (&J K, (X)+ nA(:“_‘lJ Kal(x)}

S, (X):

\Y

n-1
41 A(&j—&D’n(x)Jri—",
2 \Y; n 2n

where Dy(x) and Ky(x) denote Dirichlet kernel and Fejer kernel respectively. Then [21, 159]

0(x) = imS, (x) =<3 (v+1)a° (&jxg(x).

nN—o0 Vel V
To prove our theorem, it is sufficient to estimate

et

dx.

We write
f 1 1 s b 1 1
Z|-g| x-=|dx = DA% 2~ || K =K x==]|d
[ e N ) e e R G
2/n T
[+]=1+1, say.
0 2/n
Then

T

J

2/n

KC(X+1]—K’V(X—1] dx}
n n

0

v=l v=n+l

1, s(zn} i j{(vﬂ)

=121 + I22, say.
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n g

Ly = > (v+1)

v=1

The first part of the inequality (2.1) implies
'[ dx

Vol n n
Z(bvj.
VvV

The second part of the inequality (2.1) yields

A Z(v+1)3

n v=l

_3 (B ) Tl () k(L
Izz—v;l(v+l)A (ij'/[n Kv(x+nj Kv[x njdx
2 b
<A 17 (A% 2 |
V:Zn+l(v+ ) (V]
Therefore
(3.1) 1, sézn:(v+1)3 A? (b—j +AY (V1) A7 (b—j
n v=1 \' v=n+1 \'
We now estimate 1. We have
20 2 bv / 1 / 1
IIS'!VZ;(VH)A b K! X+ -K/ A dx

g[i+i j[(vﬂ)

v=l v=n+l

i

=111 + l1p, say.

Now, the use of first part of (2.1) gives

AZ(&j K’V(x+1j—K’v[x—£j
Vv n n

2/n

J

0

n

Ly =Y (v+1)

v=1

dx

AZ(v+1)3

<—
n v=l

Similarly the use of second part of (2.1) yields

2/n
AZ(%) _[ KC(X+%J—KC(X—%)

0
)
vt

dx

l,= Zw: (v+1)

v=n+1

<AY (v+1)

v=n+1
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We have therefore
A2 (—V j A2 (—V j
V V

Combining (3.1) and (3.2), we obtain

o)

n

(3.2) hs%}}wﬂf

v=1

+A i (v+1)2

v=n+1

n

dxséZ(v+1)3

nva

10
)

0

+A D (v+1)°

v=n+1

This completes the proof of the theorem.

CHAPTER - VIII

ON THE ESTIMATION OF MODULUS OF CONTINUITY OF HIGHER
ORDER TRIGONOMETRIC SERIES

1. Introduction

Let F be a function of period 2x in Lp (1 < p <w). Then the integral modulus of continuity of the
order k of F in Ly is defined by

oy (h; F)= sup

0<t|<h

AfF(x)

Lp

where

and [|- [ denotes the norm in L.

Let g(x) denote the sum of the sine series va sin vx . Throughout this chapter the letter A with or

v=1
without subscripts denotes a constant having different values in different contexts and depending upon the

subscripts.

In this chapter, we obtain an estimate for o; (h; g) under the conditions

(1.1) b, >0,vow®
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OOZZbV
(1.2) Z? A(;J

The results obtained are the generalization of the result presented in Chapter VII.

< 00,

2.Lemma : The following lemma is the generalization of the lemma proved in Chapter VII.

Lemma,Let0<t < 1 (n=1,2,...)and let k be a natural number. If ky(x) denotes the Fejer kernel,
n

then

4

(2.1) j

0

AtV v=12..,n
AV, v=L12,...

AEIK’V(X)‘dx s{

Proof of the Lemma :- We have

kit
T

J'AitK’v(x)‘dxé A, t* I +jl ‘Kf,k*l)(xievt)

0 0

dx

=At(J+J,), say

with 0 <8,< k. Now because of

AVE? 0<x<m
KD (x) <47 k=12,..),
‘ \Y (X)‘ {AKVKXZ’ O<X <n ( )

we have J, <A v and

T 1 f 1
<AV [ ————dx <AV | ——.
2 k kJJ: k k'[l()(—kt)z

\ Vv

By virtue of t<t andv= 1,2,..,nX zk—+1; we have xzk—+12(k+1)t. This yields
n

\Y; n
1 k+1
<——(X=>(x+1)t).
X_kt X ( ( ))
Thus, we obtain
¢ dx T odx
L<AVE | = <AV =<A V<

This proves first part of the inequality (2.1). To prove the second part of (2.1), we use Zygmund’s
Theorem [11, p. 458] and have
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k k T
itK’V(x)‘dxs o !‘K’v(xiat)‘dx

<3 <7 K/ (x)d
<> . _U V(x)‘ X
sAkv]E|Kv(x)|dx

=1 AxV.
3. Results :- We establish the following theorem :

Theorem : Let <by> be a null sequence satisfying (1.1). Then

“(%) “(¥)

The case k = 1 of this theorem yields the theorem proved in Chapter VII.

+A, Z v+1

v=n+1

1 k+
w'f(ﬁ;gj nkZV l ?

Proof of the theorem : Theorem F of Chapter V11 implies that g is integrale.

Let

n
=>"b,sinvx.
v=1

Two applications of Abel’s transformation yield

d b

)= g 2y eV
S0 e ]
S a2 e B 0]

where Dy(x) and Ky(x) denote Dirichlet kernel and Fejer kernel respectively. Then [21, p. 159]

g(x)=lims, (x 2v+1 (VJK’( )

n—oo
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Since the symmetry of the function g implies
|Afg(—x)| =|Atg(x)),
therefore

T\Atkg(x)\dhﬁ& 9(X)\dx+ﬂAtk g (x)[dx.
% ) J

Hence, to prove our theorem, it is sufficient to estimate

[|a%: g(x)|dx for0<t£%.
0
We write
IAitg(x)‘dx :I Aiti(v+l)A2 (%) Ky (x) |dx
0 0 v=1
(k+1)/n T
ST
0 (k+1)/n
=g+ lo.
We first estimate 12. We have
Izs(zn}i j (v+1) AZ(EJ I AitK’v(x)‘dx
v=l v=ntl V )|n

n
= lo1 + 22, say.

Now, by first part of the inequality (2.1), we have
(3
v

k+2

U4

J

K
n

16

The second part of the inequality (2.1) implies

16

L, <> (v+1)

ALK (x)‘ dx

gAkn"‘Zn:(v+1)

v=1

Y

J

e
n

AitK’v(x)‘dx

l, = i (v+1)

v=n+1
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<A, Y (v+1) a2 (%}

v=n+l

Thus

0

+A D (V1)

v=n+1

(3.1) , sAkn*an“(vH)k*2

v=l

10

3]

To estimate 11. We have

n

J

0

s(i+ > j (v+1)

v=l v=n+l

A%, K ()] dx

15

=111 + l1p, SAY.

k+1

n

Now, usingfirst part of (2.1), we have
“(%)]
v 0
A’ b
v

and using the second part of (2.1), we have

{6

A%, K () o

sAkn‘kzn:(vﬂ)k+2

v=l

ot
n

J

0

= Y (v+1)

ALK (x)‘ dx

We have therefore

A, i (v+1)2

v=n+1

(32) L <ANTY (V1)
=1

A’ (ﬁ
v
Combining (3.1) and (3.2), it follows that

|

2]

k+2

A% g(x)|dx < Akn’kzn:(v +1)
v=1

16
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+A, i (v+1)'|A2 (%)

v=n+1

This completes the proof of the Theorem.
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