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ABSTRACT 

Here in this study, the author has considered two very special types of standard quadratic congruence of even 

composite modulus modulo an odd prime multiple of powered even prime integer for formulation of its 

solutions. A simple formula is established and formulated for each congruence under consideration. These 

formulae find the solutions very easily with less effort. The method proved time-saving. Formulation is the 

merit of the paper. 
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INTRODUCTION 

The solutions of a standard quadratic congruence of the type: 𝒙𝟐 ≡ 𝒂 (𝒎𝒐𝒅 𝑲) are the values of 𝒙 that 

satisfies the congruence means to find those values of 𝒙 whose square when divided by 𝑲 gives the remainder 

𝒂. Here in this study, the author has selected the values of a and m are: 𝒂 = 𝟐𝟐𝒎, 𝑲 = 𝟐𝟐𝒎, 𝟐𝟐𝒎+𝟏. 

Then the congruence under consideration for study become: 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) and 𝒙𝟐 ≡

𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑). 

 

 PROBLEM-STATEMENT 

Here the problem of study is: 

To find the solutions of the congruence: 

                                           (1) 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑); 𝒑 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒓𝒊𝒎𝒆. 

                                            (2)  𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑); 𝒑 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒓𝒊𝒎𝒆. 
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LITERATURE REVIEW 

The two special standard quadratic congruence of composite modulus considered for formulation are neither 

be formulated nor discussed in the literature of mathematics. Thomas Koshy [1], David M Burton [2], 

Zuckerman et el [3] all have discussed the linear and standard quadratic congruence of prime and composite 

modulus but nothing is found reported for the present problem. The author has already formulated many 

such standard quadratic congruence of composite modulus [4], [5], [6], [7]. To continue the research, the 

author has consider the problem under consideration for formulation of solutions. 

 

 ANALYSIS & RESULTS 

PROBLEM-01: 

Consider the congruence:   𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑); 𝒑 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒓𝒊𝒎𝒆; 𝒎 𝒊𝒔 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 

For its solutions, let 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

Then, 𝒙𝟐 ≡ (𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎 )𝟐 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

                 ≡ (𝟐𝒎+𝟏. 𝒑𝒌 )𝟐 ± 𝟐. 𝟐𝒎+𝟏. 𝒑𝒌. 𝟐𝒎 + 𝟐𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑)  

                 ≡ 𝟐𝒎+𝟏𝒑𝒌(𝟐𝒎+𝟏. 𝒑𝒌 ±2.𝟐𝒎) + 𝟐𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

                  ≡ 𝟐𝒎+𝟏𝒑𝒌. 𝟐𝒎(𝟐𝒑𝒌 ± 𝟐) + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

                   ≡ 𝟐𝟐𝒎+𝟏. 𝒑𝒌(𝟐𝒑𝒌 ± 𝟐) + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

                   ≡ 𝟎 + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

               ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

Therefore, the formulation satisfies the congruence and hence it can be considered as solutions of the said 

congruence for different values of positive integer k. 

But for 𝒌 = 𝟐𝒎, the solutions formula reduces to the form: 

 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑. 𝟐𝒎 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

     ≡ 𝟐𝟐𝒎+𝟏. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

    ≡ 𝟎 ± 𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

These are the same solutions as for 𝒌 = 𝟎. 

Also, for 𝒌 = 𝟐𝒎 + 𝟏, the solutions formula reduces to the form: 

 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑. (𝟐𝒎 + 𝟏) ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

     ≡ 𝟐𝟐𝒎+𝟏. 𝒑 + 𝟐𝒎. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

   ≡ 𝟎 + 𝟐𝒎+𝟏. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

  ≡ 𝟐𝒎+𝟏. 𝒑 ± 𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

These are the same solutions as for 𝒌 = 𝟏. 

Therefore, all the solutions are given by  

 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑); 𝒌 = 𝟎, 𝟏, 𝟐, … … … … , (𝟐𝒎 − 𝟏). 
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This gives 𝟐. 𝟐𝒎 = 𝟐𝒎+𝟏 incongruent solutions as for each value of k gives exactly two solutions. 

PROBLEM-02: 

Consider the congruence: 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑). 

For its solutions, let 𝒙 ≡ 𝟐𝒎. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

Then, 𝒙𝟐 ≡ (𝟐𝒎. 𝒑𝒌 ± 𝟐𝒎 )𝟐 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

                 ≡ (𝟐𝒎. 𝒑𝒌 )𝟐 ± 𝟐. 𝟐𝒎. 𝒑𝒌. 𝟐𝒎 + 𝟐𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑)  

                 ≡ 𝟐𝒎𝒑𝒌(𝟐𝒎. 𝒑𝒌 ±2.𝟐𝒎) + 𝟐𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

                  ≡ 𝟐𝒎𝒑𝒌. 𝟐𝒎(𝒑𝒌 ± 𝟐) + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

                   ≡ 𝟐𝟐𝒎. 𝒑𝒌(𝒑𝒌 ± 𝟐) + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

                   ≡ 𝟎 + 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

               ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

Therefore, the formulation satisfies the congruence and hence it can be considered as solutions of the said 

congruence for different values of positive integer k. 

But for 𝒌 = 𝟐𝒎, the solutions formula reduces to the form: 

 𝒙 ≡ 𝟐𝒎. 𝒑. 𝟐𝒎 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

     ≡ 𝟐𝟐𝒎. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

   ≡ 𝟐𝒏. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

  ≡ 𝟎 ± 𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

These are the same solutions as for 𝒌 = 𝟎. 

Also, for 𝒌 = 𝟐𝒎 + 𝟏, the solutions formula reduces to the form: 

 𝒙 ≡ 𝟐𝒎. 𝒑. (𝟐𝒎 + 𝟏) ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

     ≡ 𝟐𝟐𝒎. 𝒑 + 𝟐𝒎. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

   ≡ 𝟎 + 𝟐𝒎. 𝒑 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

  ≡ 𝟐𝒎. 𝒑 ± 𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

These are the same solutions as for 𝒌 = 𝟏. 

Therefore, all the solutions are given by  

 𝒙 ≡ 𝟐𝒎. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑); 𝒌 = 𝟎, 𝟏, 𝟐, … … … … , (𝟐𝒎 − 𝟏). 

This gives 𝟐. 𝟐𝒎 = 𝟐𝒎+𝟏 incongruent solutions as for each value of k gives exactly two solutions. 

  

ILLUSTRATIONS 

EX-1: Consider the congruence 𝒙𝟐 ≡ 𝟔𝟒(𝒎𝒐𝒅 𝟑𝟖𝟒) 

It can be written as:  𝒙𝟐 ≡ 𝟐𝟔 (𝒎𝒐𝒅 𝟐𝟕. 𝟑)  𝒊. 𝒆.  𝒙𝟐 ≡ 𝟐𝟐.𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟑)  

It is of the type 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 𝒘𝒊𝒕𝒉 𝒎 = 𝟑, 𝒑 = 𝟑. 
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Its solutions are 

 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 

     ≡ 𝟐𝟑+𝟏. 𝟑𝒌 ± 𝟐𝟑  (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟑) 

     ≡ 𝟐𝟒. 𝟑𝒌 ± 𝟐𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟑) 

     ≡ 𝟒𝟖𝒌 ± 𝟖 (𝒎𝒐𝒅 𝟑𝟖𝟒); 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕 . 

    ≡ 𝟎 ± 𝟖; 𝟒𝟖 ± 𝟖; 𝟗𝟔 ± 𝟖; 𝟏𝟒𝟒 ± 𝟖; 𝟏𝟗𝟐 ± 𝟖; 𝟐𝟒𝟎 ± 𝟖; 𝟐𝟖𝟖 ± 𝟖; 𝟑𝟑𝟔 ± 𝟖 (𝒎𝒐𝒅 𝟑𝟖𝟒) 

   ≡8, 376; 48, 56; 88, 104; 136, 152; 184, 200; 232, 248; 272, 296; 328, 344 (mod 384) 

These are the sixteen solutions. 

EX-2: Consider the congruence 𝒙𝟐 ≡ 𝟔𝟒(𝒎𝒐𝒅 𝟔𝟒𝟎) 

It can be written as:  𝒙𝟐 ≡ 𝟐𝟔 (𝒎𝒐𝒅 𝟐𝟕. 𝟓)  𝒊. 𝒆.  𝒙𝟐 ≡ 𝟐𝟐.𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟓)  

It is of the type 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑) 𝒘𝒊𝒕𝒉 𝒎 = 𝟑, 𝒑 = 𝟓. 

Its solutions are 

 𝒙 ≡ 𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

     ≡ 𝟐𝟑+𝟏. 𝟓𝒌 ± 𝟐𝟑  (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟓) 

     ≡ 𝟐𝟒. 𝟓𝒌 ± 𝟐𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑+𝟏. 𝟓) 

     ≡ 𝟖𝟎𝒌 ± 𝟖 (𝒎𝒐𝒅 𝟔𝟒𝟎); 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕 . 

    ≡ 𝟎 ± 𝟖; 𝟖𝟎 ± 𝟖; 𝟏𝟔𝟎 ± 𝟖; 𝟐𝟒𝟎 ± 𝟖; 𝟑𝟐𝟎 ± 𝟖; 𝟒𝟎𝟎 ± 𝟖; 𝟒𝟖𝟎 ± 𝟖; 𝟓𝟔𝟎 ± 𝟖 (𝒎𝒐𝒅 𝟔𝟒𝟎) 

   ≡8, 632; 72, 88; 152, 168; 232, 248; 312, 328; 392, 408; 472, 488; 552, 568 (mod 640) 

These are the sixteen solutions. 

Example-3: Consider the congruence  𝒙𝟐 ≡ 𝟐𝟔 (𝒎𝒐𝒅 𝟐𝟔. 𝟓) 

It can be written as:  𝒙𝟐 ≡ 𝟐𝟐.𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑. 𝟓)  

It is of the type 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 𝒘𝒊𝒕𝒉 𝒎 = 𝟑, 𝒏 = 𝟔, 𝒑 = 𝟓. 

Its solutions are 

 𝒙 ≡ 𝟐𝒎. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

     ≡ 𝟐𝟑. 𝟓𝒌 ± 𝟐𝟑  (𝒎𝒐𝒅 𝟐𝟐.𝟑. 𝟓) 

     ≡ 𝟐𝟑. 𝟓𝒌 ± 𝟐𝟑 (𝒎𝒐𝒅 𝟐𝟐.𝟑. 𝟓) 

     ≡ 𝟒𝟎𝒌 ± 𝟖 (𝒎𝒐𝒅 𝟑𝟐𝟎); 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕. 

    ≡ 𝟎 ± 𝟖; 𝟒𝟎 ± 𝟖; 𝟖𝟎 ± 𝟖; 𝟏𝟐𝟎 ± 𝟖; 𝟏𝟔𝟎 ± 𝟖; 𝟐𝟎𝟎 ± 𝟖; 𝟐𝟒𝟎 ± 𝟖; 𝟐𝟖𝟎 ± 𝟖 (𝒎𝒐𝒅 𝟑𝟐𝟎) 

   ≡8, 312; 32, 48; 72, 88; 112, 128; 152. 168; 192, 208; 232, 248; 272, 288 (mod 320) 

These are the sixteen solutions. 

Example-4: Consider the congruence  𝒙𝟐 ≡ 𝟐𝟖 (𝒎𝒐𝒅 𝟐𝟖. 𝟑) 

It can be written as:  𝒙𝟐 ≡ 𝟐𝟐.𝟒 (𝒎𝒐𝒅 𝟐𝟐.𝟒. 𝟑)  

It is of the type 𝒙𝟐 ≡ 𝟐𝟐𝒎 (𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 𝒘𝒊𝒕𝒉 𝒎 = 𝟒, 𝒏 = 𝟖, 𝒑 = 𝟑. 

Its solutions are 
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 𝒙 ≡ 𝟐𝒎. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑) 

     ≡ 𝟐𝟒. 𝟑𝒌 ± 𝟐𝟒  (𝒎𝒐𝒅 𝟐𝟐.𝟒. 𝟑) 

     ≡ 𝟐𝟒. 𝟑𝒌 ± 𝟐𝟒 (𝒎𝒐𝒅 𝟐𝟐.𝟒. 𝟑) 

     ≡ 𝟒𝟖𝒌 ± 𝟏𝟔 (𝒎𝒐𝒅 𝟏𝟐𝟖𝟎); 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕, 𝟖, 𝟗, 𝟏𝟎, 𝟏𝟏, 𝟏𝟐, 𝟏𝟑, 𝟏𝟒, 𝟏𝟓. 

    ≡ 𝟎 ± 𝟖; 𝟒𝟖 ± 𝟖; 𝟗𝟔 ± 𝟖; 𝟏𝟒𝟒 ± 𝟖; 𝟏𝟗𝟐 ± 𝟖; 𝟐𝟒𝟎 ± 𝟖; 𝟐𝟖𝟖 ± 𝟖; 𝟑𝟑𝟔 ± 𝟖; 

𝟑𝟖𝟒 ± 𝟏𝟔; 𝟒𝟑𝟐 ± 𝟏𝟔; 𝟒𝟖𝟎 ± 𝟏𝟔; 𝟓𝟐𝟖 ± 𝟏𝟔; 𝟓𝟕𝟔 ± 𝟏𝟔; 𝟔𝟐𝟒 ± 𝟏𝟔; (𝒎𝒐𝒅 𝟏𝟐𝟖𝟎) 

   ≡8, 312; 32, 48; 72, 88; 112, 128; 152. 168; 192, 208; 232, 248; 272, 288 (mod 1280) 

These are the thirty two solutions. 

 

CONCLUSION 

Therefore, it is concluded that the first congruence under consideration has incongruent solutions given by 

𝒙 ≡ 𝟐𝒎+𝟏. 𝒑𝒌 ± 𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎+𝟏. 𝒑); 𝒌 =, 𝟏, 𝟐, … … 𝟐𝒎. 

Also, the second congruence under consideration has sixteen incongruent solutions given by 𝒙 ≡ 𝟐𝒎. 𝒑𝒌 ±

𝟐𝒎(𝒎𝒐𝒅 𝟐𝟐𝒎. 𝒑); 𝒌 =, 𝟏, 𝟐, … … 𝟐𝒎. 

  

Merit of the paper 

The quadratic congruence considered for formulation are successfully formulated and the formulation help 

the authors to find the solutions very easily. It made the study of congruence easy. These are the merit of 

the paper.  
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