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Abstract
Shehu transform was introduced by Maitama as a generalization of Sumudu and Laplace transform. In this paper,
convolution theorem and unigueness theorem for Shehu transform is proved. Furthermore, both the theorems have been
used to solve some integral equations.

Keywords: Integral transform, Shehu transform, Laplace transform, Integral equation.
1. Introduction

Abel’s integral equation have found to be very applicable in science and engineering such as determination of potentials,
stereology, seismic travel times, spectroscopy and optical fibers. Also, integro differential equations model many
situations from science and engineering, such as circuit analysis. Shehu transform introduced by Maitama[1] is found
to be applicable in solving differential equations, Heat and transport equations, Electric circuit problems, Particular
Abel’s equation, Volterra integral equation of first kind[2,3,4,5]. The main purpose of this paper is to solve convolution
type Volterra integral equation of first kind including Abel’s integral equation, Volterra integral equation of second
kind and integro differential equation by Shehu transform.

2. Preliminaries

Definition l: The Shehu transform of the function £ (t) of exponential order is defined over the set of functions,

t]
A= {f(t)/aM,kl,k2 >0,|f(t)] < MekLi, ifte(—=1"x]|o, oo)}

by the following integral

[oe]

SIF(D)] = F(s,u) = f e f(Ddt

)

The inverse Shehu transform is given by

STf(s,w)] = f(t),fort =0
(2)
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Properties of Shehu transform [:
1) Linearity Property: Let the functions av(t) and fw(t) be in set A, then
(av(t) + Bw(t)) € A , where a and S are nonzero arbitrary constants and S[av(t) + fw(t)] = aS[v(t)] +

BS[w(t)] 3)
2) S[1] =§
2
3) sl =%
e U n+1
o s[g]=() n=012---
5) S[e%] = —
2
6) S[te®]= (S_“au)z
tneat _ uTL+1
7) [ n! ]_ (s—au)n+1
. au?
8) S[sin(at)] = o
us
9) S[COS(Clt)] = m
sinh(at)] _  u?
10) S[ a ] T s2—q2y?

11) S[cosh(at)] = ﬁ
1-a
12) S[t=9] = (1;‘) r(l—a), 0<a<i

Proof: - By definition,

u 1-a
=(%) ra-o (4)
Replacing a by (1 — a) in (4), we get
a
siee = (%) M )
Theorem i1: - (Shehu transform of Derivative)

If the function f™(t) is the n'" derivative of the function f(t) € A with respect to ¢, then its Shehu transform is
defined by

n n 1)
SOl =S Fsw -2 (2) 40 6)
Whenn = 1, 2 in equation (6) above, we obtain the following

S[f' ()] = - F(s,u) = £(0) (7)

SIF" ()] = S F(s,u) = 2 £(0) = £(0). (®)
Where F(s,u) = S[f(t)].

Relation Between Shehu and Laplace transform

—(k+

By definition of Laplace Transform, we have

LIF(D] = f;" et f(t)dt = F(s) )

And by definition of Shehu transform, we have
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SIF(O] = [ e f(©)dt = ACs,u) (10)
From (9) and (10), we can establish the relation as
A(s,u) =F G) (12)

Convolution Theorem for Shehu Transform
Let f(t) and g(t) be defined in A having Laplace transform F(s) and G (s) and Shehu transforms A(s, u) and
B(s,u). Then a Shehu transform of the convolution of f and g:

(f * 9)(®) = [; f(x) gt — x)dx is given by

S[(f * 9)(®)] = A(s,w)B(s,w)
Proof: The Laplace transform of (f * g) is given by

LI(f * ) (®](s) = F(s)G(s)

From (11), we have

SI(f * DO w) = LI * D] (5)
And since A(s,u) = F (2), B(s,u) = 6 (%)
Then S[(f * )15, = F (2) 6 (3)
= A(s,u)B(s,u)
So, the theorem is proved.
Theorem: Uniqueness Theorem
If A(s,u) and B(s,u) are Shehu transforms of f(t) and g(t), then
A(s,u) =B(s,u) = f(£) = g(@®)
Proof: Consider A(s,u) = B(s,u)
= S[f(); (s,w)] = Slg(®); (s, )]
N S
=L[r@.5]=1[s@7]
By uniqueness of Laplace transform, we obtain
f@®) =g@®
Some special types of Integral equations:
1) Integro-Differential equation:
An integral equation in which various derivatives of the unknown function y(t) can also be present is said to
be an Integro-Differential equation.

For example: y'(t) = y(t) + f(t) + fotsin (t — x)y(x)dx
2) Integral Equation of Convolution Type:
The integral equation
t
y@© = O + [ k (et =0y
0
in which the kernel k(t — x) is a function of the difference only.

Using the definition of convolution, the above integral equation can be written as

y(@®) = f(®© + k() *y(®)

3. Main Result
Application of Shehu Transform to determine the solution of VVolterra Integral Equation with Convolution

Type Kernel:
Consider the Volterra integral equation of first kind
F@) = [k (t — Oux)dx 12)

Where k(t — x) depends only on the difference (t — x)
Applying Shehu transform to both sides of the equation (12), we have

SF@®] =S

t
f k(t— x)u(x)dx‘

0
= [k(@) * u(®)]
= F(s,u) = K(s,u)U(s,u)
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Where F(s,u) = S[f ()], K(s,u) = S[k(t)] and U(s,u) = S[u(t)]

= U(s,u) = :gg
Applying inverse Shehu transform, we get
u(®) = s 7] (13)
Similarly, consider the Volterra integral equation of second kind as
u(t) = f() + [ k (t — ©)ux)dx (14)

Applying Shehu transform to both sides of the equation (14), we obtain
U(s,u) = F(s,u) + K(s,u)U(s,u)

F(sw)

= U(s,u) = 1_;(Zu) (15)
_1[_FGsw)

=) =s" [1-;(1:,11)]

The resolvent kernel of equation (14) can be determined by the method of integral transform.

Let the kernel k(t, x) be defined as a difference kernel, then so is the resolvent kernel. Since the resolvent kernel R(t, x)
is the sum of the iterated kernels and they all depend on the difference (t — x), then

Ry(t,x) = k(t,x) = k(t —x) and

ko (t,%) = [ k(t — 2) k(z — x)dz

letz—x=u=z=x+u=dz=du

Or ka(t,x) = Jy k(t = x — i) k(u)d (16)
Similarly, we can determine the other integration. Thus, the solution of integral equation (14) is given by

u(®) = () + [y R(E = %) f (x)dx (17)
Applying Shehu transform to both sides of the equation (17), we obtain

U(s,u) = F(s,u) + R(s,u)F(s,u) (18)

Where R(s,u) = S[R(t — x)]
Using (15) in (18), we have

PO _ p(s,wit + R, 0]
1-K(s,u) Sl St
K(s,u)
= R(s,u) T—KG.u)
Applying inverse Shehu transform, we have
_ o=1] KGw)
Rt-x)=S [1—K(s,u)] (19)

Substituting the values of R(t — x) given by (19) in (17), we shall get the desired solution of (14).
Now we solve Abel’s integral equation

f© = (;‘(jga dx,0 < a < 1 (20)

by Shehu transform.
Applying Shehu transform on both sides of (20) and using convolution theorem, we obtain

SIf ()] = S[u(®)]s[t™]

1-a

u
= F(s,u) =U(s,u) (E) 'l-oa
(" e

= U(s,u) = r(1 )
a-1
F(a)F(l @) {F( )( ) F(s,u)}
= el —{S[t f(t)]}
S[u(®)] =—
Or
S[u()] = > S[G(0)] (21)

Where G(t) = [, (t —x)* f(x)dx, G(O) = o
We know that
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SIG'()] = ~SI6(D)] — G(0) = =S[G(0)]

From (21), we have
sina

S[u(t)] = S[G'(t)]

Applying inverse Shehu transform, we get

or u(t) = T2 1 — 0 f(x)dx| (22)

T

Which is the solution of Abel’s 1ntegral equation.

4. Examples:
In this section we solve some particular Abel’s integral equations, convolution type Volterra integral equations of
second kind and integro-differential equations.

1) Solve the Abel’s equation fot u(x)l dx =t(1+1t) (23)
(t-x)3
Solution: - Applying Shehu transform on both sides of (23), we obtain

-1
S [u(t) * tT] = S[t + t?]
By using convolution theorem and linearity property of Shehu transform, we get

s @) (@)= +2 )’

4 7
= U(s,u) = % [(2)3 +2 (2)3]

r(3)
On applying inverse Shehu transform, we obtain
il

e o)
ré)[ gt 2)]

B (“3‘*) s 32+ 3t)

2
3

2) Solve the inhomogeneous integral equation u(t) =1+ fo sin(t — x)u(x) dx (24)
Solution: - Applying Shehu transform on both sides of (24), we get

S[u(t)] = S[1] + S[sint * u(t)]
= S[u(D)] = g+ S[sin t]S[u(0)]

u? u
Su(®)] [1 - ﬂ] =5

U un3
= s[u(®)] ==+ (<)
S S
Applying inverse Shehu transform, we get

t? t?
u(t)—1+5—1+?
3) Solve the inhomogeneous integral equationu(t) = 1 — fo (t —x)ulx)dx (25)

Solution: - Applying Shehu transform on both sides of (25), we get

S[u(®] = S[1] - S[¢]S[u(®)]

= [1 + (%)2] S[u()] = =
us
= S[u(t)] = sz-l-—uz

Applying inverse Shehu transform, we get
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[ us
u@® =s [sz +u

4) Find the resolvent kernel of the Volterra integral equation and hence its solution

t
u(t) =f(t)+ f (t —x)ulx)dx
0

2] = cost

Solution: - Given equation can be written as

u(®) =f(@)+ult)*t (26)

Applying Shehu transform on both sides o (26) and using the convolution theorem, we get
2
S[u(®)] = S[F©)] + Sku(®)] (%)
= [1- (%)) st = sy

N
2
= S[u(®)] = 5 SIf®)] 27)
Let R(t — x) be the resolvent kernel of the given integral equation. Then we know that the required solution is given
by
u(®) = f(©) + [y R(t = %) f(x)dx (28)
Or u(t) = f(&) + R(®) * f() (29)

Applying Shehu transform on equation (29) and using convolution theorem, we get

S[u@)] = S[f ()] + S[R®IS[f ()]

2

From (27), we get

=z =1+S[R(®)]
2

= SIR®)] = —

Applying inverse Shehu transform, we get

R(t)=S71 [S;iz] = sin ht
= R(t — x) = sinh(t — x) (30)

Using (30) in (28), the required solution is
t

u(t) =f(t) + f sinh (t — x)f (x)dx
0

5) Solve the integro-differential equation
t

u'(t) =sint + f u (t — x) cosx dx,where u(0) =0
0
Solution: - Given equation can be written as
u'(t) = sint + u(t) * cost (31)
Applying Shehu transform on both sides of (31) and using convolution theorem, we get

S[u'(t)] = S[sint] + S[u(t)]S[cos t]
2

S u us
= Z S[u(t)] - u(O) = sz-l-—uz + S[u(t)]sz-l-—uz
Using initial condition, we get

S us u
Slu®] [ﬂ Cs2 4 uZ] TSZtul
= su) = (3)
= u(t) = S—l(—)3 =;—2!_§

5. Conclusion
Shehu transform is found to be very effective in solving Abel’s integral equation, Volterra integral equation of
first and second kind with resolvent kernel and integro-differential equation.
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