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Abstract: The kinematics of deformation in two dimensions in flat space background is investigated by solving the evolution equation 

for expansion scalar, shear, and rotation (i.e., ESR variables). The evolution equation i.e., Raychaudhuri equations along with the 

procedure to solve these equations are discussed explicitly. We analyze the initial conditions of the above-mentioned kinematical 

quantities (i.e., expansion scalar, shear, and rotation (vorticity). The conditions of convergence and divergence of expansion scalar are 

also examined in detail. 
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I.  Introduction 

 

To understand the phenomenon of deformation [1, 2] in a two-dimension medium, one needs to analyze the 

behavior of kinematical quantities which are expansion scalar, shear, and rotation (i.e., ESR variables) [3, 4]. In 

this paper, first, there is a representation of the deformation vector in terms of ESR variables. While analyzing 

the kinematics of such deformation we confront a local, first-order, non-linear, and coupled set of equations for 

the above-mentioned kinematical quantities known by the Raychaudhuri equations [1, 3]. The Raychaudhuri 

equations are well recognized in the study of space-time singularity in gravitation and cosmology [5]-[12]. Its 

analysis for expansion leads to the focusing of geodesics [2]. The Indian physicist Amal Kumar Raychaudhuri 

independently discovered these equations [1]. These equations are also used in the proof of singularity Theorem 

[7,13,14-17] (through the notion of focusing on geodesics). 

  In this paper, efforts have been made to highlight another way of solving Raychaudhuri equations in an 

explicitly different manner. The plan of this paper is as follows. After introduction in section I, the Raychaudhuri 

equations in two-dimensional curved spaces are derived in section II. In section III, we acquire the solution of 

Raychaudhuri equations by implementing the techniques of variable separable method and the method of solving 
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homogeneous differential equation [6,15]. Subsequently, we focus on the initial values of the variables. Further, 

in section I, we will emphasize exploring the condition of convergence and divergence of expansion scalar. 

Finally, the results obtained are summarized in Section V. 

II: The Evolution of Raychaudhuri Equation 

 
The Raychaudhuri equations can be derived by looking at the evolution of the deformation vector [3]. A deformation vector 

can be represented by 𝜉𝑗 which characterizes the vector joining any two infinitesimally separated points of the medium [3]. 

The time rate of change of deformation vector is  

𝑑𝜉𝑖

𝑑𝑡
  =     𝐵 𝑗

𝑖(𝑡)𝜉𝑗  +  𝑂 (𝛥𝑡2)                 (1) 

  

Here   𝐵 𝑗
𝑖  is an arbitrary second rank tensor specifying the time evolution o f  the deformation vector. We differentiate 

equation (1) once again with time and using equation (1) subsequently, we obtain  

𝜉̈(𝑖 ) = (   𝐵 𝑗
𝑖 + 𝐵𝑘

𝑖  + 𝐵𝑗
𝑘  )𝜉𝑗                         (2) 

 

 

The general expression for the evolution tensor can be described in terms of expansion scalar (𝜃), 

shear   (𝜎𝑖𝑗) and rotation  (𝜔𝑖𝑗)  as, 

 

𝐵𝑖𝑗 =
1

2
𝜃𝛿𝑖𝑗 + 𝜎𝑖𝑗 + 𝜔𝑖𝑗 

            

Here isotropic expansion is trace scalar, shear is a symmetric traceless tensor and rotation is an antisymmetric 

tensor as described below [3],  

                 
1

2
𝜃𝛿𝑖𝑗 = (

1

2
𝜃 0

0
1

2
𝜃

)    𝜎𝑖𝑗 =  (
𝜎1 𝜎2

𝜎2 𝜎1
)    𝜔𝑖𝑗 =  (

0 −𝜔
𝜔 0

)   

Here 𝜎1 and 𝜎2  are the shear components while 𝜔 is the only rotation component [3]. The governing equation 

for evolution tensor further reads as,  

𝐵̇𝑘
𝑖 𝐵𝑗

𝑘 = 0 

 
 which leads to the following set of four equations for kinematic variables, 

 
𝑑𝜃

𝑑𝑠
+

𝜃2

2
+ 2(𝜎1

2 + 𝜎2
2 − 𝜔2) = 0                                                                    (3) 

 

 
𝑑𝜎1

𝑑𝑠
+ 𝜃𝜎1 = 0                                                                                                 (4)     

 
𝑑𝜎2

𝑑𝑠
+ 𝜃𝜎2 = 0                                                                                                 (5)                    

 
𝑑𝜔

𝑑𝑠
+ 𝜃𝜔 = 0                                                                                                 (6)                    
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 These are the Raychaudhuri equations for expansion scalar, shear, and rotation in two dimensions. 

 

III: The Solution of Raychaudhuri Equation 

 
The Raychaudhuri equations. (3) -(6) are non-linear differential equation. We apply the method of variable 

separable to solve these equations as discussed below: 

From equations (4) and (5), we obtain 

   
𝑑𝜎1

𝑑𝜎2
=

−𝜃𝜎1

−𝜃𝜎2
 ⇒

𝑑𝜎1

𝑑𝜎2
=

𝜎1

𝜎2
                                                                                              (7) 

 

we acquire the condition  𝜎1 = 𝐶1𝜎2   and after solving equations (5) and (6) in the same way, we arrived at the 

following equations  

    𝜎2 = 𝐶2𝜔 

    𝜎1 = 𝐶1 𝐶2𝜔                                                                                                                                (8)  

       

 Equation (3) can be rewritten to the following equation after the replacement of values from equation (8)  

 

  
𝑑𝜃

𝑑𝑠
+

𝜃2

2
+ 2𝐶3𝜔2 = 0                                                                                            (9)                                                                                           

 

With,  𝐶3 = 𝐶1𝐶2
2 + 𝐶2

2 − 1 

 

 
Here 𝐶1, 𝐶2  and 𝐶3 are arbitrary integral constants. The equation (3) can be rewritten in the following form  

          
𝑑𝜃

𝑑𝑠
= −( 

𝜃2+4𝐶3𝜔2

2
 )                                                                                              (10)                                                                

 

 

The equation (10) along with equation (6), we have,   

 
𝑑𝜔

𝑑𝜃
= ( 

2𝜃𝜔

𝜃2+4𝐶3𝜔2
 )                                                                                              (11)                                                     

 
 Here we acquire a homogeneous differential equation (11) in terms of expansion scalar and rotation which can 

be solved specifically [6] to obtain the value of expansion scalar in terms of rotation as below: 

 

 𝜃 = ±√
𝜔

𝐶4
+ 4𝐶3𝜔2                                                                                                 (12) 

                               
 

where 𝐶4 is a new constant of integration. As we have  
𝑑𝜔

𝑑𝑠
= −𝜃𝜔  and after using equation (12) 

 

 
𝑑𝜔

𝑑𝑠
= −𝜔√

𝜔

𝐶4
+ 4𝐶3𝜔2 

 

Integrating both the sides leads to,  

 

 𝜔 =
4 𝐶4

(𝑠+𝐶5)2−16𝐶3𝐶4
2                                                                                                    (13) 
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Here C5 is another constant. The expansion scalar and component of shear [16] may then be obtained 

accordingly as below: 
 

  𝜃 =
2 (𝑠+𝐶5)

(𝑠+𝐶5)2−16𝐶3𝐶4
2                                                                                              (14) 

 

𝜎1 =
4𝐶1𝐶2𝐶4

(𝑠+𝐶5)2−16𝐶3𝐶4
2          (15)   

 

𝜎2 = 𝐶2𝜔,                                                                                                                                            (16) 
 

𝜎2 =
4𝐶2𝐶4

(𝑠+𝐶5)2−16𝐶3𝐶4
2                    (17)                                                                                                                

                                                                                                                       
The initial conditions on ESR variables with s =0, reads as below: 

 𝜃0 =
2𝐶5

𝐶5
2−16𝐶3𝐶4

2                                                                                      (18) 

 

 𝜎10
=

4𝐶1𝐶2𝐶4

𝐶5
2−16𝐶3𝐶4

2                                                                                                                      (19)     

 

𝜎20
=

4𝐶2𝐶4

𝐶5
2−16𝐶3𝐶4

2                                                                                                                        (20) 

 

𝜔0 =
4𝐶4

𝐶5
2−16𝐶3𝐶4

2                                                                                                                          (21) 

 

The integration constants𝐶1, 𝐶2 may however be written in terms of the initial values of ESR  

variables as below: 

 𝐶1 =
𝜎10

𝜎20

                                                                                                                      (22) 

  

 𝐶2 =
𝜎20

𝜔0
                                                                                                                      (23) 

 

𝐶3 =
𝜎10

2 + 𝜎20
2 −𝜔0

2

𝜔0
2                                                                                                                                  (24)                                      

 

 𝐶4 =
𝜔0

𝜃0
2−4(𝜎10

2 +𝜎20
2 −𝜔0

2)
                                                                                                                      (25) 

  

 𝐶5 =
2𝜃0

𝜃0
2−4(𝜎10

2 +𝜎20
2 −𝜔0

2)
                                                                                                 (26) 
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The Raychaudhuri equations are solved here in an explicitly different manner as compared to [3]. The initial 

values of the variables have been attained by putting 𝑠 = 0 in terms of five arbitrary constants. The convergence 

of expansion scalar for various physically combination of integration parameters or initial values of ESR variables 

is analyzed and presented in Table I. 

 

Table I: The conditions for convergence and divergence of kinematical quantities. 
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 - - 
 

  
- 

 

6 
 

 - - 
 

  
- 

 

7 
 

 - - - 
 

 

8 
 

 _ - - 
 

 

 

This clearly indicates the role of different constants and initial conditions on the convergence and divergence of 

the expansion scalar.  

IV. CONCLUSIONS 

      In this paper, we have used a different technique to solve these equations than the techniques used in [3]. The 

Raychaudhuri equations in the background of flat two-dimensional space are solved by applying variable 

separable method. The equations (18) – (21) show the variation of all kinematic variables while Table I represents 

the condition of convergence and divergence of expansion scalar, shear tensor and rotation tensor with various 

conditions on concerned parameters. It is observed that rotation defines the convergence of expansion scalar while 

shear always assist it. The results obtained are consistent with those obtained in [3]. We also intend to report on 

the analytical solutions of Raychaudhuri Equations in three dimensions in flat space background as derived in [3]. 
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