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ABSTRACT

The paper presented here, is a very special type of a standard quadratic congruence of composite modulus.
It is considered for study and formulation of its solutions. The problem is studied rigorously and correctly
formulated. It was found not formulated by the earlier mathematicians. So, the present authors attempted
to establish a formulation of the solutions of the said congruence. The authors considered the problem,
studied it and formulated the solutions. The authors have provided a formula for the solutions of the said
quadratic congruence and presented here.
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INTRODUCTION

In the book of Number Theory by Zuckerman [1], the congruence: x? = a (mod 2™);n > 3, is found
formulated with four incongruent solutions for a = 1 (mod 8); the same problem is also found in the book
of Thomas Koshy , similarly formulated [2] but no discussion is found about the congruence: x? =
0 (mod 2™) nowhere. The authors have found that such types of congruence have many nonzero solutions.
Hence, the authors considered the said congruence for formulation of its solutions.

The authors already have formulated the congruence and got published in different international journals

(31, [41, [3], [, [7]. [8], [9], [10], [11], [12].
PROBLEM-STATEMENT

The problem of study is stated here in the form of two theorems:

Theorem-1: The solutions of the standard quadratic congruence: x? = 0 (mod 2™) has exactly 2™/?
nonzero solutions given by x = 22k (mod 2™), if n is an even positive integer & k some positive integer.
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n—-1
Theorem-1: The solutions of the standard quadratic congruence: x? = 0 (mod 2™) has exactly 272 k

n+1
nonzero solutions given by x = 22 k (mod 2™),if n is an odd positive integer & k some positive
integer.

ANALYSIS & RESULTS

Proof of Theorem -1:

Let n be even positive integer.

The congruence under consideration is: x2 = 0 (mod 2™). It is always solvable.

n
For its solutions, consider x = 2z k (mod 2™),if n is an even positive integer.

n N2
Then, x? = (25 k) = 2"k.k = 0 (mod 2™M).

Hence, x = 2? k (mod 2™);k =1,2,3, ....... gives the solutions of the congruence.
If k = 22 + 1, then x = 2. (27 + 1) (mod 2")

= 2" + 27 (mod 2")

= 0 + 27 (mod 2")

= 2% (mod 2™).

This is the same solution as for k = 1.

n
Also it is seen that for k = 2z + 2, the solution is the same for k = 2.

Therefore, all the solutions are given by

n

x =23k (mod 2"k =1,2,3, ..., 25,
Proof of Theorem-2:
Let n be an odd positive integer.

The congruence under consideration is: x2 = 0 (mod 2™). It is always solvable.

n+1

For the solutions, consider x = 272 k (mod 2"),if n is an odd positive integer.
n+1 2
Then, x? = (2 2 k) = 21k = 2™k, 2k = 0 (mod 2M).

n+1 n-1

Hence,x =22 k (mod 2™);k=1,2,3, ... ..,2% gives the solutions of the congruence.

n+1

n-1i n—1
Ifk=22 +1,thenx =22 .(2z +1) (mod 2")

n+1

=2"+ 22 (mod?2"M)

n+1

=0+22 (mod?2")

n+1

=22 (mod?2").

This is the same solution as for k = 1.

n—-1
Also it is seen that for k = 2 2 + 2, the solution is the same for k = 2.
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Therefore, all the solutions are given by

n—-1

X = ZnT_l k (mod2™);k=1,2,3,.....,27 2.
ILLUSTRATIONS

Example-1: Consider the congruence: x? = 0 (mod 256).

It can be written as: x2 = 0 (mod 28).

It is of the type: x2 = 0 (mod 2™) with n = 8, an even positive integer.

Its solutions are given by:

x =22k (mod2™);k =1,2,3, ..., 22.
= 2%k (mod 28);k =1,2,3, .........., 2%
= 16k (mod 256);k=1,2,3,...........,16.

= 16,32,48,64,80,96,112,128, 144,160,176,192, 208, 224, 240,256 (mod 256).
These are the sixteen nonzero solutions of the congruence.
Example-2: Consider the congruence: x? = 0 (mod 128).
It can be written as: x2 = 0 (mod 27).
It is of the type: x2 = 0 (mod 2™) withn = 7,an odd positive integer.

Its solutions are given by:

n+1 n-1
x=22 k(mod2");k=1,2,3,.......,2° 2 .
=2%% (mod 2”);k=1,2,3, .. ..., 25.

= 16k (mod 128);k=1,2,3, ...........,8.

= 16,32,48,64,80,96,112,128 (mod 128).
These are the eight nonzero solutions of the congruence.
CONCLUSION

The congruence x? = 0 (mod 2™) has nonzero solutions:

x = 22k (mod 2™);k = 1,2,3, ....., 22, if n is an even positive integer.

Also, the congruence x? = 0 (mod 2™) has nonzero solutions:

n-1
2

n+1
x=22 k(mod2™);k=1,2,3,....,2
MERIT OF THE PAPER

, if n'is an odd positive integer.

The solutions of the present quadratic congruence is formulated successfully by formulating in two different
cases. A single formula gives all the solutions of the congruence. Therefore it can be said that the
formulation of solutions is the merit of the paper.
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