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Abstract. The main object of the paper is to introduce a new Banach space valued sequence space cesy (X, p).
Various algebraic and topological properties of the space have been examined. Some inclusion relations
between the space have been investigated. Our results generalize and unify the corresponding earlier results
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1. Introduction

By a lacunary sequence 6 = (k,);r = 0,1,2, ..., where k, = 0, we shall mean an increasing sequence of non-
negative integers with h,. = k,, — k,_; = oo asr — oo. The intervals determined by 8 will be denoted by I,, =
(k,_1, k], and the ratio k,./k,_; will be denoted by g, . The space of lacunary strongly convergent sequences
Ny was defined by Freedman et al. [1] as follows:

Ng = {x = (xp):lim,,coh7 ' Tiey, |2 — | = 0 for some 3.

There is a strong connection [9] between Ny and the space w of strongly Cesaro summable sequences, which
is defined by

w = {x = (x): lim,,on "t X7 |xx — I| = 0 for some [}.

In the special case where 8 = (2") , we have Ny = w. Infact, for a lacunary sequence 8, Ny = w if and only if
1 < liminf,.q, < limsup,.q,, < o[1, p. 511].

Letw, £° denote the spaces of all scalar and real sequences, respectively. For 1 < p < oo, the Cesaro sequence

space ces, defined by
o 1 n p
cespz{xE{’O:Z Elekl < o0}
n k

=1 =1

is a Banach space when equipped with the norm
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- n p 1/p
™ §<1 | |>
X = - X
n k
n k=1

=1

This space was first introduced by Shiue [7], which is useful in the theory of Matrix operator and others (see
[3, 4]). Some geometric properties of the Cesaro sequence space ces, were studied by many authors.

Sanhan and Suantai [6] introduced and studied a generalized Cesaro sequence space ces(p), where p = (p,,)
is a bounded sequence of positive real numbers.

Quite recently, Karakaya[2], Ozturk and Basarir[5] introduced a new sequence space involving lacunary
sequence and examined some geometric properties of this space equipped with Luxemburg norm.

Let (X, Il. II) be a Banach space over the complex field C. Denote by w(X) the space of all X-valued sequences.
Let p = (py) be a bounded sequence of positive real numbers.
We now introduce the Banach space valued sequence space cesg (X, p) as follows.

Pr

- 1
cesp(,p) =Jx e wl: Y (= > Il | < o0
r=1 \ ' k€l,
Some well-known spaces are obtained by specializing X and p.
(i) If X=0¢C, then cesg(X,p) = £(p,0) (Karakaya [2]).

i) If X=C p,=p(1<p<o) for all n and 6 =(2"), then cesy(X,p) = ces, (Shiue [7]).
(iii) If X=C and 6=(2"), then ces(f,p)=ces(p) (Sanhan and Suantai [6]).

The following inequalities are needed throughout the paper.

Let p = (py) be a bounded sequence of strictly positive real numbers. If H = sup,py, then for any complex

ag and by )
(1) lag + by |Px < C(la|Px + |by|PF),
where C = max(1,2f71), Also for any complex A

(2) |A[Pk < max(1, [A").

2. Linear topological structure of cesy (X, p) space

In this section we establish some algebraic and topological properties of the sequence space defined above.
In order to discuss the properties of cesg(X,p), we assume that (p,) is bounded.

Theorem 2.1.cesg(X,p) is a linear space over the complex field C.

The proof is a routine verification by using standard techniques and hence is omitted.

JETIR2201602 \ Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org \ f740


http://www.jetir.org/

© 2022 JETIR January 2022, Volume 9, Issue 1 www.jetir.org (ISSN-2349-5162)

Theorem 2.2.cesqy(X, p) is a topological linear space, paranormed by

L
Pr\ M

9(x) = Z L 21)

" kel,

where H =supp, < © and M = max(1, H).

The proof follows by using standard techniques and the fact that every paranormed space is a topological
linear space [8, p. 37].

Corollary 2.3. If p is a constant sequence, then cesg (X, p) is a normed space for p > 1 and a p-normed space
for p <1

Theorem 2.4.cesg(X,p) is a Fréchet space paranormed by (2.1).

Proof. In view of Theorem 2.2 it suffices to prove the completeness of cesy(X,p). Let (x(i)) be a Cauchy
sequence in cesg(X,p). Then g(x® — x0)) > 0asi,j > oo, thatis

1
Pr\ M

Z an(” ol >0, as  i,j— o, (2.2)

" kel,

which implies that for each fixed k, ”x,({i) (1) ” — 0asi,j - o and so ( ,(ci)) is a Cauchy sequence in X for

each fixed k. Since X is complete, there exists a sequence x = (x;) such that x;, € X for each k € N and
lim;_,,x; = x; for each k. Now from (2.2), we have for € > 0, there exists a natural number K such that

Pr

z z ” o _ (J) <eM for i,j>K. (2.3)

" kel,

Since for any fixed natural number r,, we have from (2.3),

Pr

Z z ” @ _ (]) <eM for i,j>K,

" kel,

by taking j — oo in the above expression we obtain

Pr
Z Z” (l)—xk” <eM for i>K.

" kel,

Since ry is arbitrary, by taking ry — oo, we obtain

Pr
Z Z ” () —Xk” <eM  for i>K,

" kel,

thatis, g(x® — x) < e fori > K.
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To show that x € cesg(X, p), let i > K and fix ry. Since p,,/M < 1 and M > 1, using Minkowski’s inequality,
we have

[
[y

Pr\ M To M
S(Eyia) ) -(S(E5 ke n
" kel, r=1 keL,
T 7o %
(S]] (S5 b
r=1 k€L, r=1 kEIT
<e+g(x(‘)),

from which it follows that x € cesg (X, p) and the space is complete.
Corollary 2.5. If p is a constant sequence and p =1, then cesg(X,p) is a Banach space.

3. Inclusion between cesg (X, p) spaces

We now investigate some inclusion relations between cesg(X,p) spaces.

Theorem 3.1. If p = (p,) and g = (q,-) are bounded sequences of positive real numbers with 0 < p, < q, <
ol for each T, then cesg(X,p) S cesp(X, q).

Pr
Proof. Let x € cesg(X,p). Then )72, (hl ket 1k ||) < oo, This implies that

hLTZkEIr |[xx |l < 1 for sufficiently large values of r, say r > r, for some fixed r, € N. Since p,- < q,, we have

ar Pr

Z N sz ool <

" kely r2ro \ | k€l
This shows that x € cesg(X, g) and completes the proof.
Theorem 3.2. If (¢t,) and (u,.) are bounded sequences of positive real numbers with
0 < t,,u, < o and if p, = min(¢,, u,), ¢, = max(t,,u, ), then c

esg(X,p) = cesg(X,t) Ncesg(X,u) and cesg(X,q) = G where G is the subspace of w(X) generated by
cesg(X,t) U cesg(X,u).

Proof. It follows from Theorem 3.1 that cesg(X,p) S cesg(X,t) N cesg(X,u) and that

G S cesg(X,q). For any complex 4, |A|Pr < max(|A|'r, |A|¥r); thus cesg(X,t) N cesg(X,u) S cesg(X,p). Let
A={r:t,>u,}and B = {r: t, < u,}. If x € cesg(X, q), we write

vy =x,(reA) and y,=0(r € B);and

z,=0(red) and z. =x.(r€B).

dr

Z = tr=Z+Z=z o2 ) <o

kEIT TEA TEB kelr
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and so y € cesg(X,t) € G. Similarly, z € cesy(X,t) € G. Thus, x =y +z € G. We have proved that
cesg(X,q) € G, which completes the proof.

Corollary 3.3. The three conditions cesg(X,t) € cesg(X,u), cesg(X,p) = cesg(X,t) and cesg(X,q) =
cesg(X,u) are equivalent.

Corollary 3.4.cesg(X,t) = cesg(X,u) if and only if cesg (X, p) = cesg(X, q).
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