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Abstract: In this paper we have established a fixed pointin b - metric space .Our results
generalize many previous results of the literature.
. Introduction: One of the most popular generalization of metric space is b-metric
space. It was introduced by Bakhtin 1989 [1] as quasi- metric space and proved a
contraction principle for such spaces. In 1993 Czerwik introduced them under the
name “b-metric space” first for S=2 [7] and then for an artribary S>1 in [8] with
application to fixed points. Later an many researcher Boriceanu [2,3] Bota [4] Chung
[6], Du [9], Kir [5] and many others established fixed point theorem in b-metric space.
In this paper. We have extended some known fixed point results in b-metrix
space. We have studied contractive type mappings and showed the validity of the

result in b-metric space. We have established results for single map and two maps.

Preliminaries

Definition (2.1) [8]: Let X be a nonempty set and s > 1 be a given real number. A function

d: XxX — R+ is said to be a b-metric on X if the following conditions hold:

(M) d(x,y)=0ifandonly if x =y;

(i) d(x, y) =d(y; x) forall x; y 2 X;
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(111) d(x, y) <s (d(x; z) + d(z; y)) for all x; y; z € X.

The pair (X; d) is called a b-metric space.

We observe that if s = 1, then the ordinary triangle inequality in a metric space is satisfied,
however it does not hold true when s > 1. Thus the class of b-metric spaces is
effectively larger than that of the ordinary metric spaces. That is, every metric space is a
b-metric space, but the converse need not be true. The following examples illustrate the

above remarks.

Example (2.2) [8]: Let X ={1, 0, - 1}. Defined : X x X — R* by d(x, y) = d(y, x) for
all x,yeX;dx, x)=0;xeX and d(-1, 0) =3; d(-1, 1) =d(0,1) = 1. Then (X, d) is a b-
metric space, but not a metric space since the triangle inequality is not satisfied. Indeed, we

have that
d(-1,1) +d(1,0)=1+1=2<3=d(-1, 0):
It is easy to verify that s = 3/2 .

Example (23)[8] : Let X = R and d : X x X —R"' Dbe such that
d(x; y) =j X- y j? for any x, y € X. Then (X; d) is a b-metric space with s =2, but not a
metric space.

Definition (2.4) [8]: Let (X, d) be a b-metric space, x € X and (x,) be a sequence in X.
Then

(i)  (xn) converges to x if and only if d(x,, x) = 0. We denote this by

lim x, = x as x,, = x(n = ©) X, .

n—oo

(i)  (xn)is Cauchyifand only if lim d(x,, x,) =0

mn—co
(i) (X; d) is complete if and only if every Cauchy sequence in X is convergent.
Proposition (2.5) [8] : In a b—metric space (X, d) the following assertions hold:
(i) a convergent sequence has a unique limit,
(i) each convergent sequence is Cauchy,
(i11)in general, a b—metric is not continuous.

In general a b—metric function d for k > 1 is not jointly continuous in all of its two variables.
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Definition (2.6 ) [8] : Let (X, d) be a b—metric space. If Y is a nonempty subset of X, then
the closure Y of Y is the set of limits of all convergent sequences of points in Y,

e,

Y = {x e X : there exists a sequence {X,} In Y such that
lim x,, =x}

n—oo

Definition. (2.7 ) [8]: Let (X, d) be a b—metric space. Then a subset Y ¢ X is called closed
if and only if for each sequence {X,} in Y which converges to an element x, we have
xeY (ie,Y=Y).

Definition (2.8) [8]: Let (X, d) be a b-metric space and let T : X —X be a given mapping.
We say that T is continuous at X, € X if for every sequence (x,) in X, we have x,, —
Xogasn — o = T(x,) — T(xy) asn - oo,

If T is continuous at each point X0 2 X, then we say that T is continuous on X.

3. Main Results:

Theorem 3.1: Let0 < a < 1, pand q be non-negative numbers such thatp + q< 1 and

() alp-q[<1-(p+q)
and T : X—=X be mapping of a complete b-metric space (X, d) such that whenever x, y
are distinct elements in X.

(i) d(Tx,Ty) < o max. {d(x,y),d (y,Tx),d (y,Tx)}
+(1—a)[pd(x,Ty)+qd(y,Tx)]. @

a+(l-a)ps ps
1-(1-a)ps 1-ps

such that max{ }<1 and s > 1.

Then T has a unique fixed point.
Proof: Let x,e X and {x }°, be asequence in X defined as

X, =TX,, =T"%,n=L42,3.....cccc..... (2
By (1) and (2) we obtain
d (X, X1 ) =d (TX,TX,)

<o max {d(x,,%),d (X5, T, ).d (%, Tx,)}
Jr(l—(;g){pd(xn T )+qd(xn,Txn_1)}.
— o max {d(xn X ),d(xn 1,xn),d(xn,xn+1)}
—a){ pd (%, %,4),0d (x,,%,)}.
Or, d(X, X, ) < amax{d( X,).d ( )
If. max.{d(x,,,%,),d (%, %)} =d(X,1,X), then
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d(X,%,,) < ad (X% )+(1-a)ps| d (%% )+d (X, %, )]
Or,l—[(l—a)ps]d(xn,xn+1)<a+(1 a)ps d(X,.,%,)
Or, d(X,X.)< (ij((ll—;)p

a)
a) ps
If max{d (X, ,,,),d (X, X,.,)} =

S
X )t =d (X, %, )- Then,
d (X0 Xoy) S ad (%, %0 )+ (1=a) ps[d (X4, %, ) +d (X, X, ) ]

n n+l n? “n+l n? *n+l

Or, (ijd(xn,xmk(l a)+p5[d wa %)+ (X %) ]

l-«

n? n+l

Or, (ij— Ljd(xn,xml)s ps[d (X, %, )+d (X, X,.,) ]

o+ S S
Thus, d(Xn Xn+1)<max{l+(( ));)S T pps}d(xn_l’xn)

a+(1+a)ps ps
< .
< B d(%,4,X,)when S =max. {1—(1—a)ps T ps}
Again,
n+1? “*n+2

d (X0 X2 ) = A (7%, T,

< a max. {d(x,,%.;),d (X, Tx,),d (X, T%,.1)}

(x
+(1=a)[ pd (X, Ty ) +0d (X0, T, ) ]
=a max. {d (%, X,,1),d (%, X0),d (X1 X2 )
+(1=a)[ Pd (X, Xy ) + 0 (X100 %000) ]
<a max. {d(X,, X, ),d (X0 X2 )

n+l? “*n+2

1 a [d n? n+1)+d( n+1? n+2):|
If d(x,,x,,,) is maximum, Then

n?! *n+2

d(xn+l’xn+2)éad( n+1? n+2) (1 CZ psl:d n’ n+1)+d( n+1? n+2)]

1
or (Ejd(xnwxmz)Sﬂijd(xnﬂ n+2 +pS|:d n’ “+1)+d( ! ”+2):|

l-«

S
Or d( n+l? n+2)<1_ppsd(xn Xn+1)

a+(1-a)ps ps | d(X, %)
Thus, d(x <max. , — d
us ( n+1? n+2) max {1_(1_0{) pS 1_ pS}d (Xn’xml) ﬁ (Xn Xn+1)

Proceeding it this way, we have :
d (Xn+1 n+2) < IBd ( n’ n+1)
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< B2 (X, X,)

< B (%, %)
However if p,q e[o,%), then f < 1.

If max. {p, q} = %. Then.

at(-a)X X _y15oy vy e[0,1), it follow from (i) that 0<B<1.
1—(1—a)X 1-x

Now we claim that {xn}::j is a Cauchy sequence in X.

Let m, n > 0 with m>n.
d (X, X, ) < S (X,, X0 ) 570 (X1, Xoip ) 570 (X Xig ) oo

n? n+l

<sB" (X5, %, )+ 528" (X, % ) +5° B2 (X, X)) +eee + 5" BT (X0, X, )

1-(sp)" "
1-sp

limd (x,,x,)=0
When we take m, n—oo, ™=

ssﬁ”d(xo,xi){

Hence {x,}” isa Cauchy sequence is X. Since {x,}" isa Cauchy sequence {x,} converges

to uin X (say) as X is a complete b-metric space.
Now we shall show that u is the fixed point of T. For this we consider :
d(Tu,Tx,) <amax.{d(u,x,),d (u,Tu),d (x,,Tx, )}

+ (1-a)[ pd (u,Tx,)+ad (x,,Tu)]
Taking n—oo we have.
d(u,Tu) <amax.{d(u,u),d(u,Tu),d (u,u)}+(1-a)[ pd (u,u)+qd(u,Tu) ]
Or,d(u,Tu)<ead(u,Tu)+(1-a)qd(u,Tu)
Or, (1-q)(u,Tu) <0, this possible only if d(u,Tu)=0 = Tu=u
Hence u is the fixed point of T. Now we claim that u is the unique fixed point of T. For
this Let u#v and Tv=v. New we have:
d(u,v) =d(Tu,Tv) <a@max.{d(u,v),d (u,Tu),d (v,Tv)} +(1-a)[ pd (u,Tv)+qd (v,Tv)]
<amax.{d(u,v),d(u,u),d(v,v)+(1-a)}] pd(u,v)+qd(u,v)]

=ad(u,v)+(1-a)(p+q)d(u,v).

Or, (Ljd(u,v)sﬂl_i]d(u,vﬁ(p+q)d(u,v)

l-«o a
Or, d(u,v),< (p+q) d(u,v)
Or, 1-(p+q)d(u,v)<0 whichisa contradiction Hence d(u,v)=0i.e. u =v. is unique fixed

point of T.
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