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Abstract:

In this paper, we have established a common fixed point theorem for rational type maps
in complex valued metric spaces. We have proved the result for three maps by
using weakly compatible maps. Our result generalizes the result of Pathak [24], Deepak
et.al[7] Sendersija et.al/[2] and many others.
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1.0 Introduction:

Azam et. a/ [1] in 2011 introduced the idea of complex valued metric space, and a
common fixed points of a pair of mappings satisfying a contractive condition. Later on
Bhatt [ ], F. Riuzkard et.al [9] [10] [11] and many others established fixed point

theorems in complex valued metric spaces.

In this paper, we have established a common fixed point theorem for rational type maps
in complex valued metric spaces. We have proved the result for three maps by

using weakly compatible maps.
2.0 Preliminaries:

Here we will discuss some basic notions and established results which will be needed in

the sequel. The following definitions is recently introduced by Azam et.al [ 1 ].
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Let C be the set of Complex numbers and z1, z; € C. Define a partial order < on C as

follows:
z1 < zz if and only if Re(z1) < Re(zz) and Im(z1) < Im(z2).

Consequently, we can infer that z1 < z; if one of the following conditions is

satisfied:
Re(z1) = Re(z2) and Im(z1) < Im(z2).
Re(z1) < Re(z2) and Im(z1) = Im(z2).
Re(z1) < Re(zz) and Im(z1) < Im(z2).
Re(z1) = Re(zz2) and Im(z1) = Im(z2).

In particular, we write z1 < 7 if z1 # zz2 and one of (i), (ii), and (iii) is satisfied and we

write z1< z; if only (iii) is satisfied.
We Notethat 0 S z1 £ 722 = |z1| <|z2],and z1 < 72, Z2<7Z3=> 71 < Z3.
The following definition is recently introduced by Azam et al. [1].

Definition (2.1):[1]: “Let X be a nonempty set whereas C be the set of Complex numbers.

Suppose that the mapping d : X x X — C, satisfies the following conditions:
(d1): 0<d(x,y) forallx,y € Xand d(x,y) =0 ifand only ifx = y;
(d2): d(x,y)=d(y, x) forallx,y €X;
(d3):  d(x,y) <d(x,z)+d(zy), forallx,y,z€X

Then d is called a Complex valued metric on X, and (X, d) is called a Complex

valued metric space.

Example(2.2):[1]:“Let X = C . Define the mapping d: Xx X — C by
d(z1, z2) = ek | z1 - z2|, where k e R.

Then (X,d) is a complex valued metric space.”

Definition(2.3 ):[1]:Let (X,d) be a Complex valued metric space and {x,},>; be a
sequence in X and x € X. We say that

(i) the sequence {x,,},>1 converges to x if for every c € C, with 0 < C there
is ny € N such that for all n > n,, d(ny, x) < c. We denote this by

lim{x,}=x or{x,}>x,asn—- .
n—-oo

(ii) the sequence {x,,},,=1 is Cauchy sequence if for every c € C with 0 < c there

is ng € N such that for all n > ny, d(x;,, X4m) < C,
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(iii) the metric space (X, d) is a Complete Complex valued metric space if every

Cauchy sequence is Convergent.
Definition(2.4): [1]: “A point x € X is said to be a fixed pointof T: X — X ifTx = «x.

Definition (2.5 ):[1]: “A point x € X is said to be a common fixed pointof Tand Sif Tx =

x, and Sx = x.

Definition (3.2.16):[17]:"Let (X,d) be a complex valued metric space. A mapping T = X—X
is called a contraction on X if there exists a constant k such that

d(Tx, Ty) < kd(x,y) forallx,yin X. when k € (0,1)".
3.0 Main Results:

Theorem (3.1) Let E, F and T be three self maps of a complete complex valued metric space
such that:

(1) T iscontinuous

(i) |E,T}and {F,T}are weakly Compatible.

(iii) EX)STX)FX)STX)CSTX)

(iv) AC4(Ex,Fy) < gmax{C,(Tx,Ty),Cy(Tx,Ex),Cy(Ty,Fy),C;(Tx, Fy),

Ca(Ty, Ex)}

N Cy(Tx, Ex)Cy(Ty, Fy)
TR T

N Cy(Tx,Ex)C4(Ty, Fy)
B 1 C,(Tx, Ty) + Cy(Tx, Fy) + C4(Tx, Ex)

N Cq(Ty, Ex)Cq(Tx, Fy)

a1y Cy(Tx, Ty) + C4(Tx, Ex)+C,(Ty Fy)
N Cy(Tx,Ex)Cy(Ty, Fy)

951 1 C,(Ty, Xy) + C4(Tx, Ex) + C4(Ty Fy)

forall x,y € X whereA,q1q2939495 € Cy,ando<q; +q, +qz3 +q4 + g5 < A
Then E, F and T have a unique common fixed point in X.
Proof:

Let xy be any arbitrary point of X. Since E (X) € T(X) we can choose a point in X; that
Tx,; = Ex, Also F(x) € T(x) We can choose a point x,such that Tx, = Fx1.

In general, Tx,p1 = Exyp and Txpp1p = FXxspyq forp=10,1,2, ...
Now,

ACq(Tx2p+1, TX2p420)
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= Cq(Exzp, FX2p11)

Cq (Tpr: Tx2p+1)» Cq (Tpr,EXZp)' Cq (Tx2p+1r Fx2p+1)r}

< q max{
Cd(Tpr,Fx2p+1); (Cd(Tx2p+1: Epr}-

(Cd(szp,Exzp) + ((]d(szp+1, Fx2p+1)
1+ Cd(Tpr,Tpr+1)

(Cd(Tprﬂ Epr)(Cd(Tx2p+1: Fx2p+1)
3
1+ (Cd(TXZp,Tpr+1) + @d(szp»szpﬂ) + Ca(Tx2p41)

(Cd(Tpr+1r Epr)(Cd(Tpr: Fx2p+1)
4
1+ Cy(Txp,Txsp) + Ca(Tx2pExyp) + Cq(TXop11, FXapir)

Ca(Tx2p,Exap) + Ca(Txops1, FXop1)
° 1+ Cq(Txzp, Txaper) + Ca(Txap Exap) + Ca(TXapr1 FXapir)

Or, A@d(Tx2p+1r Tx2p+2)
< g1 max. {Cy(Txyp, TX2p11 ), Ca(TX2p, PX2p 1),
(Cd(Tpr+1,Tx2p+2,)' (Cd(Tpr' Tx2p+2)' (Cd(Tpr+1,Tx2p+1)}

Cq (Tpr» Tx2p+1): Cqa (Tx2p+1,Tx2p+2)
1+ Cy(Txzp, Tx2p41)

Cqa (Tpr» Tx2p+1)(:d (Tx2p+1,Fx2p+2)
1+ Ca(Tx2p Txapea) + Ca(Txopin, TXopir) + Ca(Txop, Txzps1)

+q;

+q

+q

+q

+q;

+q

Cq (Tx2p+1' Tx2p+1)Cd (Tx2p, TX2p12)
4
1+ (Cd(TprlTpr+1) + (Cd(Tpr,Tpr+1) + Cq(txzp41,TX2p+2)

+q

@d(Tpr,Tprﬂ)Cd (Tx2p41, TX2ps2)
5
1+ @d(szp; Tx2p+1) + (Cd(TXZp,Tpr+1) + Cy(Tx2p+1, Tx2p+2)

+q

Since

Cd(szp, Tx2p+1) <1+ Cy(Tx2p, Tx2p41)

Cd(szp, Tx2p+1) <1+ Cd(szp, Tx2p+1) + Ca(Tx2p, TX2p42)
Ca(Tx2p TXopr1) <1+ Cq(Txzp Txzpr1) + Ca(Tx2p, Tx2p1)

+Cq (TX2p+1, Tx2p42)
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Therefore,
ACq(Txz2p11, TXop42) S @1{Cal(Tx2p, Tx2ps1) + Ca(Txops1, TXopi2)}
+q2Ca(TXops1, TXopi2) + 43Ca(Tx2p11, TX2p2)

+q,.0 + qSCd(Tx2p+1: Tx2p+2)

qq
A—=(q,+49,+q3+q5)

Or, Cq(Tx2p+1, TX2p12) < Ca(Tx2p, Tx2p+1)

Again,
ACq (Tx2p+2; Tx2p+3)
< (Cd(Fpr+1'Ex2p+2)
= Cq(Exzpr2, FX2p11)
S 44 max{(Cd(szerz, Tx2p+1)» Cqa (Tx2p+21 Ex2p+2)» Cqa (Tx2p+1» Fx2p+1)»
Cq (Tx2p+1' Ex2p+2)' Ca(Txzp+2,FXx2p+1)}

Cd(Tx2p+2' Ex2p+2) Ca(Tx2p+1, Fx2p41)
14+ Ca(Tx2p+1, TX2p+2)

+4q;

(Cd(Tpr+2'Ex2p+2) Cq(Tx2p+1, FX2p11)
3
1+ (Cd(Tpr+2»Tx2p+1) + (Cd(Tpr+21Fx2p+1) + Ca(Tx2p11, EXopi2)

+q

Cq (Tx2p+1» Ex2p+2)(cd (Tx2p+2' Fx2p+1)
"1+ (Cd(Tpr+2» Tx2p+1) + (Cd(Tpr+21Ex2p+2) + (Cd(Tpr+1»Fx2p+1)

+q

Cd(Tx2p+2' Ex2p+2)(cd(Tx2p+1r Fx3p4+1)
5
1+ (Cd(Tpr+21 Tx2p+1) + Cd(Tx2p+21 Ex2p+2) + Ca(Tx2p11, FX2pi1)

q

Or, A(Cd(Tx2p+2,Tx2p+3) < qlmaX{Cd(Tx2p+2,Tx2p+1),
Cq (Tx2p+2! Tx2p+3)»
Cq (Tx2p+1' Tx2p+2) + Cq4 (Tx2p+1! Tx2p+3):
Ca(Tx2p42, Tx2p+2)}

Cy (Tx2p+2! Tx2p+3)(cd (TX2p+1,TX2p+2)

+q
? 14+ Ca(Txzp41, TX2p42)

Cd(Tx2p+2'Tx2p+3)Cd(Tx2p+1lTx2p+2)
3
1+ (Cd(Tx2p+2'Tx2p+1) + (Cd(Tpr+2»Tx2p+2) + Ca(Txzp 41, TX2p43)

+q

(Cd(Tpr+1: Tx2p+3)cd(Tx2p+2! TX2p+2)
4
1+ Cq(Txgps2 Txops1) + Ca(Txopras EXgpis) + Ca(Txopi1, TXopaz)

+q
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(Cd(Tpr+2: Tx2p+3)cd(Tx2p+1! TX2p+2)
5
1+ Ca(Txapr2, Txops1) + Ca(TXopaz Txopis) + Ca(Txops1, TXzpsz)

+q

Since,

Ca(Tx2ps1, TXopsa) € 1+ Cy(Tx2ps1, Txops2)

Ca(Txop41, Txzpyy <1+ Ca(Tx2ps2 Txops1) + Ca(Txzpr1 TXops3)
Cq(Txps1, Txzprz) < 1+ Cq(Txops1, Txopsz) + Ca(Txzpsz, Txop3)

+Ca(Tx2p41, Tx2p42)

So,
ACq(Tx2p12, TXopy3) < ql[(cd(TXZp+erx2p+2) + (Cd(Tpr+2'Tx2p+3)]
+CI2@d(Tx2p+2; Tx2p+3) + q3Ca(Tx2p42, TX2p43)
+q4-0 + q5Cq(Tx2p42, TXp43)
Or,
ACq(Tx2p+2, TX3p43) S 11— L Cd(Tx2p+1»Tx2p+2)
(@1 + 92+ 95+ qs)

Let h = N < 1,we have

A=(q1+9q,+ g3 +qs)

Ca(Txops1, Txopsz) S hCq(Txap, Txop41)
< hz@d(Tpr—l: Tpr)

< h?PCy(Txo, Tx,)
Thus

|Ca(TX2p) Txop41) 1< R?P|ICa(x + 1) = 0 asp - oo

Hence {szp} is convergent. Let z be the limit point of this sequence in X, and is

subsequences Ex,, and Fx,,,, of sequence{Tx,,} also converges to points to z.
Since E(X) € T(X) to thereisu € X such that z = Tu we now show that Fu = Tu =z
Ca(Fuz) < Cy(Fu, Exzp) + Cq(Exzp 2)

< (Cd(Exzp,z)

< g1 max{Cy(Tu, Txzp), Cq(Tu, Fu), C4(Tx2p, Exzp),

Cq (Tu, Exzp), Cq(Txpp Fu)}
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Ca(Tx2p, Exyp)Cq (Tu, Fu)

T Cq(Txzp, Tit)

Ca(Tx2p, Exyp)Cq (T, Fu)
* 1+ Cq(Taxzp, Tu) + Cq(Txzp, Fui) + Cq(Tu, Exyp)

+q

Ca(Tu, Exyp,)Co(Txpp, Fu)
"1+ €4 (Txgp, Tu) + Cq(Txzp, Exap ) + Cq(Tu, Fu)

+q

Ca(Tu, Ex,,)Cq(Tu, Fu)
° 1+ Cq(Txzp, Tu) + Cq(Txyp, Exzy) + Cq(Tu, Fu)

+q

Taking limit as n approaches to infinity we get
Cq(Fu,z) < C4(z,Fu)
or (1—-q,)Cy(Fu,z) < 0 © sothat Fu =z

Sincez = Fu € F(X) € T(X), so there exists v is X such that z = TY.We can show

that EY = TY = z using the above argument. Therefore, we get Fu = Eu = Tu = 3.

Now we claim that z is the unique common fixed point of E, F & T, Since E and T are

weakly compatible so ETu = TEu This gives E3=T3
Thus C;(E3,z) = C4(E3, Fu)
< q; max{C;(Tz, Tu),C4(Tz Ez),Cy(Tu, Fu),Cy(Tz, Fu),Cy(Tu, Ez)}

C4(Tz,Ez)Cy(Tu, Fu) N C4(Tz,Ez)Cy(Tu, Fu)
©2 ¢, (T2, Tw) B+ C (T2, Tw) + Cy(Tz Fu) + Cy(Tw, E7)

N C4(Tu,Ez)C4(Tz, Fu) N C4(Tz,Ez)Cy(Tu, Fu)
YTz, Tw) BT+ C, Tz Tw) + Cy(Tz, E2) + Cu(Tw, Fu)

Or Cy4(Ez z) < (q1494)Cq(Ez, 2)
Ca(Ez z) < (q1 + q4)Cq(E3,3)

Or, 1—-(q, + q4)d(Ez,z) which implies d(Ez,z) = 0and so Ez = z = Tz By similar

argument Fz = Tz = z Thus we prove that z is a common fixed point of E, F and T. Let z

and w be common fixed point of E, F and T.
Then,
d@,w) = d(E3, Fw)
< gy max{d(Tz,Tw),d(Tz,Ez),d(Tz, Fw),d(Tw, Ez)}

N d(Tz,Ez)d(Tw, Fw) d(Tz, Ez)d(Tw, Fw)
LT 4Tz, Tw) BT+ d(Tw, Tw) + d(Tz Fw) + d(Tw, EZ)
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N d(Tw,Ez)d(Tz, Fw)
U1 d(Tz, Tw) + d(Tz Ez) + d(Tw, Fw)
N d(Tz, Ez)d(Tw, Fw)
957 +d(Tz,Tw) +d(Tw,Ez) + d(Tw, Fw)

d(z,w) < q1d(z,w) + q,d(z,w)
or,1—(q, + q4) < d(z,w), a contradiction.
Thus,d(z,w) < 0Oandsoz=w
Therefore z is unique common fixed point of E,F and T.

Corollary :(3.2) Let S and T be two self-maps of a complete complex value metric space
(X,C,) such that

AC;(Sx, Ty) < Amax {Cy(x,y),Cq(x,Sx),Cyq (v, Ty), Cy(x,Ty), Cy(y, Sx)}

+B Cq(x,5x)Cq(y,Ty) Cq(x,Sx)d(y,Ty)
1+Cq(x,y) 1+Cq(x,y)+Cq(x,Ty)+Cq(y,Sx)
d(y,Sx)d(x,Ty) d(x,Sx)d(y,Ty)
1+d(x,y)+d(x,Sx)+d(y,Ty,) 1+d(x,y)+d(x,Sx)+d(y,Ty)

forall x,y € X where 4, A, B,C, D, E €¢* and 0<A+B+C+D+E< A
Then S and T have a unique common fixed point.
Proof: We put S=E, T=F and T=I(Identity map) and the result follows.

Corollary (3.3) Let (X, C,) be a complete complex valued metric space and T : X — X be self-
mapping satisfying the following condition.

ACy(T"x, T™y) < Amax{Cy(x,y),Cq(x, T"x ), Cq(y, T"™y), Cq(x, T"y), Cq(y, T"x)}

Cd(xi Tnx)«:d(leny) + Cd(x' Tnx)«:d(y! Tny)
1+ Cy(x,y) 1+ Cylx,y) + Cy(x, T™y) + C4(y, T™x)

«:d (y; TnX)(Cd(X, Tny)
1+ Cy(x,y) + Cy(x, T™x) + C4 (v, T™y)

Ca(x, T"x)Cyq(y, T™y)
1+ Cy(x,y) + Cy(x, T™x) + C4(y, T™y)

+D

+E

forall x,y € X, where ,,A,B,C,D e and0<A+B+C+D+
E < A. Then T has a unique fixed point.

Corollary (3.4) [1]: Let (X, C,) be acomplete complex valued metric space and let the mapping
S, T: X — X satisfy.

Cq(x,Sx)Cy(y, Ty)

Ca(SxTy) < aCy(x,y) + B T (i)
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for all x,y € X, where «, f are non-negative reals with ¢ + f# < 1. Then S and T have a
unique common fixed point.

Proof: The required proof can be obtained by assuming the following in the theorem 3.1
1. E=S, F=T and T=I(identity map)
2. Amax{Cq(x,¥), Cq(x,5x), Ca(y, Ty), Cq(x, Ty), C4(y, Sx)}
= aCq(x,y)
3. p=B.andC=D=E=0.and1=1
Corollary (3.3.) Theorem 2.1 of [24]: Let (X, C;) be a complete Complex valued metric
space and mapping S, T: X — X satisfying
Cq(Sx,Ty) < hmax{Cqy(x,y),Cyq(x,5x),Ca(y, Ty), Cq(x, Ty), Ca(y, Sx)}
forall x,y € X where 0 < h < 1/2.Then Sand T have unique

common fixed point in X.

Proof. Putting B=C =D =E =0in Theorem (3.1) and putting h=A and A = 1.we get
the proof.

Corollary (3.3.6): Theorem 3.1. of [7]

Let (x, Pz) be a complex valued metric space and S, T: X — X be self mappings satisfying
the following conditions:

P,(xSx)P.(y,Ty)
1+ P.(x,y)

Pe(x, SX)P. (v, Ty)
1+ Pe(x.y) + P,(x,Ty) + Pe(y, Sx)’

P,(Sx,Ty) < aP,(x,y) + B

Ty

For all x, y € X, where a, 8,y are non-negative reals witha + 8 +y < 1. Then S, T have a
unique common fixed point.

Proof: Putting in the theorem (3.1)
1. E =S, F=T and T=I(identity map)
2. A max {(Cd(xi y); (Cd(xi S.X'), (Cd(y; Ty); Cd(d(yr SX), Cd(x' Ty)}

= aP,(x,y)
3. f=B,:y=C:D=FE=0.
4. A1 =1 we will get the result.
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