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Abstract: 

In this paper, we have established a common fixed point theorem for rational type maps 

in complex valued metric spaces.  We have  proved the result for three maps by 
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1.0 Introduction: 

Azam et. al [1] in 2011 introduced the idea of complex valued metric space,  and  a 

common fixed points of a pair of mappings satisfying a contractive condition. Later on 

Bhatt [   ], F. Riuzkard et.al [9] [10] [11] and many others  established fixed point 

theorems in complex valued metric spaces. 

In this paper, we have established a common fixed point theorem for rational type maps 

in complex valued metric spaces.  We have  proved the result for three maps by 

using weakly compatible maps. 

2.0 Preliminaries:  

Here we will discuss some basic notions and established results which will be needed in 

the sequel. The following definitions is recently introduced by Azam et.al [ 1 ]. 
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Let C be the set of Complex numbers and z1, z2 ∈ ℂ. Define a partial order ≼ on  C as 

follows: 

z1 ≼ z2 if and only if Re(z1) ≤ Re(z2)  and Im(z1) ≤ Im(z2). 

Consequently, we can infer that z1 ≼ z2 if one of the following conditions is 

satisfied: 

Re(z1) = Re(z2)  and Im(z1) < Im(z2). 

Re(z1) < Re(z2)  and Im(z1) = Im(z2). 

Re(z1) < Re(z2)  and Im(z1) < Im(z2). 

Re(z1) = Re(z2)  and Im(z1) = Im(z2). 

In particular, we write z1  ≼  z2 if z1 ≠ z2 and one of (i), (ii), and (iii) is satisfied and we 

write  z1≺ z2 if only (iii) is satisfied.  

We Note that 0 ≼ z1 ⋦ z2 ⇒ |z1| < |z2|, and z1 ≼  z2,     z2 ≺ z3 ⇒ z1 ≺ z3. 

The following definition is recently introduced by Azam et al. [1]. 

Definition (2.1):[1]: “Let X be a nonempty set whereas C be the set of Complex numbers. 

Suppose that the mapping d : X × X → C , satisfies the following conditions: 

(d1): 0 ≼d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y; 

(d2):  d(x, y) = d(y, x) for all x, y ∈ X; 

(d3):  d(x, y) ≼d(x, z) + d(z, y), for all x, y, z ∈ X. 

Then d is called a Complex valued metric on X, and (X, d) is called a Complex 

valued metric space. 

Example(2.2):[1]:“Let X = C . Define the mapping d: X x X → C  by                                

d(z1, z2) = eik  | z1 - z2|, where k є R. 

Then (X,d) is a complex valued metric space.” 

Definition(2.3 ):[1]:Let (X,d) be a Complex valued metric  space and  {𝑥𝑛}𝑛≥1 be a 

sequence in X and x ∈ X. We say that 

(i) the sequence {𝑥𝑛}𝑛≥1  converges to x if for every c ∈ C , with            0 ≺ C  there 

is 𝑛0 ∈ N such that for all n > 𝑛0,  d(𝑛0, 𝑥) ≺ c . We denote this by 

     lim
𝑛→∞

{𝑥𝑛} = x, or {𝑥𝑛}→ x, as n → ∞ . 

(ii) the sequence {𝑥𝑛}𝑛≥1 is Cauchy sequence if for every c ∈ ℂ  with 0 ≺ c  there 

is 𝑛0 ∈ N such that for all n > 𝑛0, d(𝑥𝑛, 𝑥𝑛+𝑚) ≺ c ,  
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(iii) the metric  space (X, d) is a Complete Complex valued metric  space if every 

Cauchy sequence is Convergent. 

Definition(2.4): [1]: “A point 𝑥 ∈  𝑋 is said to be a fixed point of 𝑇: 𝑋 → 𝑋  if 𝑇𝑥 =  𝑥. 

Definition (2.5 ):[1]: “A point 𝑥 ∈  𝑋 is said to be a common fixed point of T and S if 𝑇𝑥 =

𝑥, 𝑎𝑛𝑑  𝑆𝑥 = 𝑥. 

Definition (3.2.16):[17]:”Let (X,d) be a complex valued metric space. A mapping T = X→X 

is called a contraction on X if there exists a constant k such that  

𝑑(𝑇𝑥, 𝑇𝑦)  ≼ 𝑘𝑑(𝑥, 𝑦) for all x,y in X.  when 𝑘 ∈ (0,1)”. 

3.0 Main Results: 

Theorem (3.1) Let E, F and T be three self maps of a complete complex valued metric space 

such that: 

(i) T is continuous 

(ii) ⌊𝐸, 𝑇} 𝑎𝑛𝑑 {𝐹, 𝑇}𝑎𝑟𝑒 𝑤𝑒𝑎𝑘𝑙𝑦 𝐶𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑙𝑒. 

(iii) 𝐸(𝑋) ⊆ 𝑇(𝑋)𝐹(𝑋) ⊆ 𝑇(𝑋) ⊆ 𝑇(𝑋) 

(iv) 𝜆ℂ𝑑(𝐸𝑥, 𝐹𝑦) ≤ 𝑞 max{ℂ𝑑(𝑇𝑥, 𝑇𝑦), ℂ𝑑(𝑇𝑥, 𝐸𝑥), ℂ𝑑(𝑇𝑦, 𝐹𝑦), ℂ𝑑(𝑇𝑥, 𝐹𝑦), 

ℂ𝑑(𝑇𝑦, 𝐸𝑥)} 

+𝑞2

ℂ𝑑(𝑇𝑥, 𝐸𝑥)ℂ𝑑(𝑇𝑦, 𝐹𝑦)

1 + ℂ𝑑(𝑇𝑥, 𝑇𝑦)
 

+𝑞3

ℂ𝑑(𝑇𝑥, 𝐸𝑥)ℂ𝑑(𝑇𝑦, 𝐹𝑦)

1 + ℂ𝑑(𝑇𝑥, 𝑇𝑦) + ℂ𝑑(𝑇𝑥, 𝐹𝑦) + ℂ𝑑(𝑇𝑥, 𝐸𝑥)
 

+𝑞4

ℂ𝑑(𝑇𝑦, 𝐸𝑥)ℂ𝑑(𝑇𝑥, 𝐹𝑦)

1 + ℂ𝑑(𝑇𝑥, 𝑇𝑦) + ℂ𝑑(𝑇𝑥, 𝐸𝑥)+ℂ𝑑(𝑇𝑦 𝐹𝑦)
 

+𝑞5

ℂ𝑑(𝑇𝑥, 𝐸𝑥)ℂ𝑑(𝑇𝑦, 𝐹𝑦)

1 + ℂ𝑑(𝑇𝑦, 𝑋𝑦) + ℂ𝑑(𝑇𝑥, 𝐸𝑥) + ℂ𝑑(𝑇𝑦 𝐹𝑦)
 

for all 𝑥, 𝑦 ∈ 𝑋 where 𝜆, 𝑞1,𝑞2,𝑞3,𝑞4,𝑞5 ∈ ∁+, and o < 𝑞1 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5 < 𝜆 

Then E, F and T have a unique common fixed point in X. 

Proof: 

Let 𝑥0 be any arbitrary point of X. Since E (X) ⊆ 𝑇(𝑋) we can choose a point in 𝑋1 that 

T𝑥1 = 𝐸𝑥0. Also F(x) ⊆ 𝑇(𝑥) We can choose a point 𝑥2such that Tx2 = Fx1. 

𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙, 𝑇𝑥2𝑝+1 = 𝐸𝑥2𝑝 𝑎𝑛𝑑 𝑇𝑥2𝑝+2 = 𝐹𝑥5𝑝+1 𝑓𝑜𝑟 𝑝 = 0,1,2, … 

Now, 

𝜆ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+20) 
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= ℂ𝑑(𝐸𝑥2𝑝, 𝐹𝑥2𝑝+1) 

≤ 𝑞1 max {
ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1), ℂ𝑑(𝑇𝑥2𝑝,𝐸𝑥2𝑝), ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1),

ℂ𝑑(𝑇𝑥2𝑝,𝐹𝑥2𝑝+1), ℂ𝑑(𝑇𝑥2𝑝+1, 𝐸𝑥2𝑝}.
} 

  

+𝑞2

ℂ𝑑(𝑇𝑥2𝑝,𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝+1)
 

+𝑞3

ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝, 𝐹𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+1)
 

+𝑞4

ℂ𝑑(𝑇𝑥2𝑝+1, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑥2𝑝, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝) + ℂ𝑑(𝑇𝑥2𝑝,𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)
 

+𝑞5

ℂ𝑑(𝑇𝑥2𝑝,𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝,𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑥2𝑝+1,𝐹𝑥2𝑝+1)
 

Or, 𝜆ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

≼ 𝑞1 max. {ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1), ℂ𝑑(𝑇𝑥2𝑝, 𝑝𝑥2𝑝+1), 

ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+2,), ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+2), ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+1)} 

+𝑞2

ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1), ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1)
 

+𝑞3

ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1)ℂ𝑑(𝑇𝑥2𝑝+1,𝐹𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1)
 

+𝑞4

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+1)ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝+1) + ℂ𝑑(𝑡𝑥2𝑝+1,𝑇𝑥2𝑝+2)
 

+𝑞5

ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝+1)ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝,𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)
 

Since  

ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) 

ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+2) 

ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1)   ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) 

                                           +ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 
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Therefore, 

𝜆ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≼ 𝑞1{ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)} 

                                       +𝑞2ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) + 𝑞3ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

                                              +𝑞4.0 + 𝑞5ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

Or, ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≼
𝑞1

𝜆−(𝑞1+𝑞2+𝑞3+𝑞5)
ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) 

Again, 

 𝜆ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) 

≼ ℂ𝑑(𝐹𝑥2𝑝+1, 𝐸𝑥2𝑝+2) 

= ℂ𝑑(𝐸𝑥2𝑝+2, 𝐹𝑥2𝑝+1) 

≼ 𝑞1 max{ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1), ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2), ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1), 

ℂ𝑑(𝑇𝑥2𝑝+1, 𝐸𝑥2𝑝+2), ℂ𝑑(𝑇𝑥2𝑝+2,𝐹𝑥2𝑝+1)} 

+𝑞2

ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2) ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)
 

+𝑞3

ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2) ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝐹𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐸𝑥2𝑝+2)
 

+𝑞4

ℂ𝑑(𝑇𝑥2𝑝+1, 𝐸𝑥2𝑝+2)ℂ𝑑(𝑇𝑥2𝑝+2, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)
 

𝑞5

ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2)ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝐹𝑥2𝑝+1)
 

 Or,  𝜆ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3)  ≼  𝑞1max {ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1), 

                                                            ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3), 

                                                  ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+3), 

                                                            ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+2)} 

+𝑞2

ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3)ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)
 

+𝑞3

ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3)ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+3)
 

+𝑞4

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+3)ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝐸𝑥2𝑝+3) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)
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+𝑞5

ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3)ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)

1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2)
 

Since,  

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+1) + ℂ𝑑(𝑇𝑥2𝑝+1,𝑇𝑥2𝑝+3) 

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≤ 1 + ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) 

+ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

So, 

𝜆ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) ≤ 𝑞1[ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) + ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3)] 

                                     +𝑞2ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) + 𝑞3ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) 

+𝑞4. 0 + 𝑞5ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) 

Or,  

𝜆ℂ𝑑(𝑇𝑥2𝑝+2, 𝑇𝑥2𝑝+3) ≼
𝑞1

𝜆 − (𝑞1 + 𝑞2 + 𝑞3 + 𝑞5)
ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) 

𝐿𝑒𝑡 ℎ =
𝑞1

𝜆 − (𝑞1 + 𝑞2 + 𝑞3 + 𝑞5)
< 1, 𝑤𝑒 ℎ𝑎𝑣𝑒 

ℂ𝑑(𝑇𝑥2𝑝+1, 𝑇𝑥2𝑝+2) ≼ ℎℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1) 

≼ ℎ2ℂ𝑑(𝑇𝑥2𝑝−1, 𝑇𝑥2𝑝)  

⋮                                                                           
                                    ≼ ℎ2𝑝ℂ𝑑(𝑇𝑥0, 𝑇𝑥1) 
Thus 

|ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑥2𝑝+1)|≤ ℎ2𝑝||ℂ𝑑(𝑥0 + 𝑥1)| → 0 𝑎𝑠 𝑝 → ∞ 

Hence {𝑇𝑥2𝑝} is convergent. Let z be the limit point of this sequence in X, and is 

subsequences 𝐸𝑥2𝑝 𝑎𝑛𝑑 𝐹𝑥2𝑝+1 of sequence{𝑇𝑥2𝑝} also converges to points to z. 

Since 𝐸(𝑋) ⊆ 𝑇(𝑋) to there is 𝑢 ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑧 = 𝑇𝑢 we now show that 𝐹𝑢 = 𝑇𝑢 = 𝑧 

ℂ𝑑(𝐹𝑢 𝑧) ≼ ℂ𝑑(𝐹𝑢, 𝐸𝑥2𝑝) + ℂ𝑑(𝐸𝑥2𝑝,𝑧) 

                ≼ ℂ𝑑(𝐸𝑥2𝑝,𝑧) 

                ≼ 𝑞1 max{ℂ𝑑(𝑇𝑢, 𝑇𝑥2𝑝), ℂ𝑑(𝑇𝑢, 𝐹𝑢), ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝), 

                                    ℂ𝑑(𝑇𝑢, 𝐸𝑥2𝑝), ℂ𝑑(𝑇𝑥2𝑝,𝐹𝑢)} 

http://www.jetir.org/


© 2022 JETIR April 2022, Volume 9, Issue 4                                                                      www.jetir.org (ISSN-2349-5162) 

JETIR2204573 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org f580 
 

+𝑞2

ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑢)
 

+𝑞3

ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑢) + ℂ𝑑(𝑇𝑥2𝑝, 𝐹𝑢) + ℂ𝑑(𝑇𝑢, 𝐸𝑥2𝑝)
 

+𝑞4

ℂ𝑑(𝑇𝑢, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑥2𝑝, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑢) + ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑢, 𝐹𝑢)
 

+𝑞5

ℂ𝑑(𝑇𝑢, 𝐸𝑥2𝑝)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑥2𝑝, 𝑇𝑢) + ℂ𝑑(𝑇𝑥2𝑝, 𝐸𝑥2𝑝) + ℂ𝑑(𝑇𝑢, 𝐹𝑢)
 

Taking limit as n approaches to infinity we get 

ℂ𝑑(𝐹𝑢, 𝑧) ≼ ℂ𝑑(𝑧, 𝐹𝑢) 

𝑜𝑟 (1 − 𝑞1)ℂ𝑑(𝐹𝑢, 𝑧) ≼ 0 ↔ 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐹𝑢 = 𝑧 

Since 𝑧 = 𝐹𝑢 ∈ 𝐹(𝑋) ⊆ 𝑇(𝑋), so there exists 𝑣 𝑖𝑠 𝑋 such that                 𝑧 = 𝑇𝜗.We can show 

that 𝐸𝜗 = 𝑇𝜗 = 𝑧 using the above argument. Therefore, we get 𝐹𝑢 = 𝐸𝑢 = 𝑇𝑢 = 𝔷. 

Now we claim that z is the unique common fixed point of E, F & T, Since E and T are 

weakly compatible so 𝐸𝑇𝑢 = 𝑇𝐸𝑢 This gives           𝐸𝔷 = 𝑇𝔷 

Thus ℂ𝑑(𝐸𝔷, 𝑧) = ℂ𝑑(𝐸𝔷, 𝐹𝑢) 

≼ 𝑞1 max{ℂ𝑑(𝑇𝑧, 𝑇𝑢), ℂ𝑑(𝑇𝑧, 𝐸𝑧), ℂ𝑑(𝑇𝑢, 𝐹𝑢), ℂ𝑑(𝑇𝑧, 𝐹𝑢), ℂ𝑑(𝑇𝑢, 𝐸𝑧)} 

+𝑞2

ℂ𝑑(𝑇𝑧, 𝐸𝑧)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑧, 𝑇𝑢)
+ 𝑞3

ℂ𝑑(𝑇𝑧, 𝐸𝑧)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑧, 𝑇𝑢) + ℂ𝑑(𝑇𝑧, 𝐹𝑢) + ℂ𝑑(𝑇𝑢, 𝐸𝑧)
 

+𝑞4

ℂ𝑑(𝑇𝑢, 𝐸𝑧)ℂ𝑑(𝑇𝑧, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑧, 𝑇𝑢)
+ 𝑞5

ℂ𝑑(𝑇𝑧, 𝐸𝑧)ℂ𝑑(𝑇𝑢, 𝐹𝑢)

1 + ℂ𝑑(𝑇𝑧, 𝑇𝑢) + ℂ𝑑(𝑇𝑧, 𝐸𝑧) + ℂ𝑑(𝑇𝑢, 𝐹𝑢)
 

Or ℂ𝑑(𝐸𝑧, 𝑧) ≼ (𝑞1+𝑞4)ℂ𝑑(𝐸𝑧, 𝑧) 

ℂ𝑑(𝐸𝑧, 𝑧) ≼ (𝑞1 + 𝑞4)ℂ𝑑(𝐸𝔷, 𝔷) 

Or, 1 − (𝑞1 + 𝑞4)𝑑(𝐸𝑧, 𝑧) which implies 𝑑(𝐸𝑧, 𝑧) = 0 and so 𝐸𝑧 = 𝑧 = 𝑇𝑧 By similar 

argument 𝐹𝑧 = 𝑇𝑧 = 𝑧 Thus we prove that z is a common fixed point of E, F and T. Let z 

and w be common fixed point of E, F and T. 

Then, 

𝑑(𝔷, 𝑤) = 𝑑(𝐸𝔷, 𝐹𝑤) 

≼ 𝑞1 max{𝑑(𝑇𝑧, 𝑇𝑤), 𝑑(𝑇𝑧, 𝐸𝑧), 𝑑(𝑇𝑧, 𝐹𝑤), 𝑑(𝑇𝑤, 𝐸𝑧)} 

+𝑞2

𝑑(𝑇𝑧, 𝐸𝑧)𝑑(𝑇𝑤, 𝐹𝑤)

1 + 𝑑(𝑇𝑧, 𝑇𝑤)
𝑞3

𝑑(𝑇𝑧, 𝐸𝑧)𝑑(𝑇𝑤, 𝐹𝑤)

1 + 𝑑(𝑇𝑤, 𝑇𝑤) + 𝑑(𝑇𝑧, 𝐹𝑤) + 𝑑(𝑇𝑤, 𝐸𝑧)
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+𝑞4

𝑑(𝑇𝑤, 𝐸𝑧)𝑑(𝑇𝑧, 𝐹𝑤)

1 + 𝑑(𝑇𝑧, 𝑇𝑤) + 𝑑(𝑇𝑧, 𝐸𝑧) + 𝑑(𝑇𝑤, 𝐹𝑤)
 

+𝑞5

𝑑(𝑇𝑧, 𝐸𝑧)𝑑(𝑇𝑤, 𝐹𝑤)

1 + 𝑑(𝑇𝑧, 𝑇𝑤) + 𝑑(𝑇𝑤, 𝐸𝑧) + 𝑑(𝑇𝑤, 𝐹𝑤)
 

𝑑(𝑧, 𝑤) ≼ 𝑞1𝑑(𝑧, 𝑤) + 𝑞4𝑑(𝑧, 𝑤) 

𝑜𝑟, 1 − (𝑞1 + 𝑞4) ≼ 𝑑(𝑧, 𝑤), 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛. 

Thus, 𝑑(𝑧, 𝑤) ≼ 0 𝑎𝑛𝑑 𝑠𝑜 𝑧 = 𝑤 

Therefore z is unique common fixed point of E,F and T. 

Corollary :(3.2) Let S and T be two self-maps of a complete complex value metric space 

(X,ℂ𝑑) such that 

𝜆ℂ𝑑(𝑆𝑥, 𝑇𝑦) ≼  𝐴 𝑚𝑎𝑥 {ℂ𝑑(𝑥, 𝑦), ℂ𝑑(𝑥, 𝑆𝑥), ℂ𝑑(𝑦, 𝑇𝑦), ℂ𝑑(𝑥, 𝑇𝑦), ℂ𝑑(𝑦, 𝑆𝑥)} 

+B 
ℂ𝑑(𝑥,𝑆𝑥)ℂ𝑑(𝑦,𝑇𝑦)

1+ℂ𝑑(𝑥,𝑦)
  + C 

ℂ𝑑(𝑥,𝑆𝑥)𝑑(𝑦,𝑇𝑦)

1+ℂ𝑑(𝑥,𝑦)+ℂ𝑑(𝑥,𝑇𝑦)+ℂ𝑑(𝑦,𝑆𝑥)
 

+D
𝑑(𝑦,𝑆𝑥)𝑑(𝑥,𝑇𝑦)

1+𝑑(𝑥,𝑦)+𝑑(𝑥,𝑆𝑥)+𝑑(𝑦,𝑇𝑦,)
  + E

𝑑(𝑥,𝑆𝑥)𝑑(𝑦,𝑇𝑦)

1+𝑑(𝑥,𝑦)+𝑑(𝑥,𝑆𝑥)+𝑑(𝑦,𝑇𝑦)
 

for all 𝑥, 𝑦 ∈ 𝑋 where 𝜆, A, B, C, D, E ∈⊄+ and o<A+B+C+D+E< 𝜆.  

Then S and T have a unique common fixed point. 

Proof: We put S=E, T=F and T=I(Identity map) and the result follows. 

Corollary (3.3) Let (X, ℂ𝑑) be a complete complex valued  metric space and T : X →X be self- 

mapping satisfying the following condition. 

𝜆ℂ𝑑(𝑇𝑛𝑥, 𝑇𝑛𝑦) ≤ 𝐴 max{ℂ𝑑(𝑥, 𝑦), ℂ𝑑(𝑥, 𝑇𝑛𝑥 ), ℂ𝑑(𝑦, 𝑇𝑛𝑦), ℂ𝑑(𝑥, 𝑇𝑛𝑦), ℂ𝑑(𝑦, 𝑇𝑛𝑥)}  

+𝐵
ℂ𝑑(𝑥, 𝑇𝑛𝑥)ℂ𝑑(𝑦, 𝑇𝑛𝑦)

1 + ℂ𝑑(𝑥, 𝑦)
+ 𝐶

ℂ𝑑(𝑥, 𝑇𝑛𝑥)ℂ𝑑(𝑦, 𝑇𝑛𝑦)

1 + ℂ𝑑(𝑥, 𝑦) + ℂ𝑑(𝑥, 𝑇𝑛𝑦) + ℂ𝑑(𝑦, 𝑇𝑛𝑥)
 

+𝐷
ℂ𝑑(𝑦, 𝑇𝑛𝑥)ℂ𝑑(𝑥, 𝑇𝑛𝑦)

1 + ℂ𝑑(𝑥, 𝑦) + ℂ𝑑(𝑥, 𝑇𝑛𝑥) + ℂ𝑑  (𝑦, 𝑇𝑛𝑦)

+ 𝐸
ℂ𝑑(𝑥, 𝑇𝑛𝑥)ℂ𝑑(𝑦, 𝑇𝑛𝑦)

1 + ℂ𝑑(𝑥, 𝑦) + ℂ𝑑(𝑥, 𝑇𝑛𝑥) + ℂ𝑑(𝑦, 𝑇𝑛𝑦)
 

for all 𝑥, 𝑦 ∈ 𝑋, where 𝜆, 𝐴, 𝐵, 𝐶, 𝐷 ∊ ₡  𝑎𝑛𝑑 0 < 𝐴 + 𝐵 + 𝐶 + 𝐷 +  

𝐸 < 𝜆. Then T has a unique fixed point. 

Corollary (3.4) [1]: Let (X, ℂ𝑑) be a complete complex valued metric space and let the mapping 

𝑆, 𝑇: 𝑋 → 𝑋 satisfy. 

ℂ𝑑(𝑆𝑥,𝑇𝑦) ≤ 𝛼ℂ𝑑(𝑥, 𝑦) + 𝛽
ℂ𝑑(𝑥, 𝑆𝑥)ℂ𝑑(𝑦, 𝑇𝑦)

1 + ℂ𝑑(𝑥, 𝑦)
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for all 𝑥, 𝑦 ∈ 𝑋, where 𝛼, 𝛽 are non-negative reals with 𝛼 + 𝛽 < 1. Then S and T have a 

unique common fixed point. 

Proof: The required proof can be obtained by assuming the following in the theorem 3.1 

1. E=S, F=T and T=I(identity map) 

2. 𝐴 max{ℂ𝑑(𝑥, 𝑦), ℂ𝑑(𝑥, 𝑆𝑥), ℂ𝑑(𝑦, 𝑇𝑦), ℂ𝑑(𝑥, 𝑇𝑦), ℂ𝑑(𝑦, 𝑆𝑥)} 

= 𝛼ℂ𝑑(𝑥, 𝑦) 

3.  𝛽 = 𝐵. 𝑎𝑛𝑑 𝐶 = 𝐷 = 𝐸 = 0. 𝑎𝑛𝑑 𝜆 = 1 

Corollary (3.3.) Theorem 2.1 of [24]: Let (X, ℂ𝑑) be a complete Complex valued metric 

space and mapping 𝑆, 𝑇: 𝑋 → 𝑋 satisfying 

ℂ𝑑(𝑆𝑥, 𝑇𝑦) ≤ ℎ 𝑚𝑎𝑥{ℂ𝑑(𝑥, 𝑦), ℂ𝑑(𝑥, 𝑆𝑥), ℂ𝑑(𝑦, 𝑇𝑦), ℂ𝑑(𝑥, 𝑇𝑦), ℂ𝑑(𝑦, 𝑆𝑥)} 

                    for all 𝑥, 𝑦 ∈ 𝑋 𝑤ℎ𝑒𝑟𝑒 0 < ℎ < 1
2⁄ .Then S and T have unique  

                    common fixed point in X. 

Proof. Putting B = C = D = E = 0 in Theorem (3.1) and putting    h = A   and     𝜆 = 1. we get 

the proof. 

Corollary (3.3.6): Theorem 3.1. of [7] 

Let (𝑥, 𝑃𝑧) be a complex valued metric space and 𝑆, 𝑇: 𝑋 → 𝑋 be self mappings satisfying 

the following conditions: 

𝑃𝑒(𝑆𝑥, 𝑇𝑦) ≤ 𝛼𝑃𝑒(𝑥, 𝑦) + 𝛽
𝑃𝑒(𝑥,𝑆𝑥)𝑃𝑒(𝑦, 𝑇𝑦)

1 + 𝑃𝑒(𝑥, 𝑦)
 

+𝛾
𝑃𝑒(𝑥, 𝑆𝑥)𝑃𝑒(𝑦, 𝑇𝑦)

1 + 𝑃𝑒(𝑥. 𝑦) + 𝑃𝑒(𝑥, 𝑇𝑦) + 𝑃𝑒(𝑦, 𝑆𝑥)
. 

For all x, y ∈ 𝑋, where 𝛼, 𝛽, 𝛾 are non-negative reals with 𝛼 + 𝛽 + 𝛾 < 1. Then S, T have a 

unique common fixed point. 

Proof: Putting in the theorem (3.1) 

1. E =S, F=T and T=I(identity map) 

2.  A max {ℂ𝑑(𝑥, 𝑦), ℂ𝑑(𝑥, 𝑆𝑥), ℂ𝑑(𝑦, 𝑇𝑦), ℂ𝑑(𝑑(𝑦, 𝑆𝑥), ℂ𝑑(𝑥, 𝑇𝑦)} 

                                                      = 𝛼𝑃𝑒(𝑥, 𝑦) 

3.  𝛽 = 𝐵, ∶ 𝛾 = 𝐶 ∶ 𝐷 = 𝐸 = 𝑂. 

4.  𝜆 = 1 we will get the result. 
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