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Abstract:

In this paper we have used Kamal transform for solving linear Volterra equation of second kind and by
determining the resolvent kernel of linear Volterra integral equation of second kind along with some of the
applications for appropriateness of transform. We have also given the application of Kamal transform to solve
Integro- Differential equation.
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1. INTRODUCTION

The Volterra Integral equation of first kind is given by [11-13]. The linear Volterra Integral equation of
second kind with convolution type kernel is given by [13].

y(x) = f(x) + f;ck(x, t) y(t)dt; Where the kernel g (x, t) is expressed by the
difference(x — t).

I.e. k(x,t) = k(x — t)and f(x)is real valued function, y(t) is unknown function.
The Kamal transform of the function F(t) is defined by [13]

F{F(t)} = fome_t/VF(x, t)dt = G(v),t =0, k; <v < k,, provided the integral on R.H.S. exists if F(t)s
sectionally continuous and of exponential order. Off course these conditions are sufficient for existence of
Kamal transform of F(¢).

The Kamal transform and inverse Kamal transform of some elementary functions is stated in [4, 6] and basic
properties in [5]. The methods of solving Volterra integral equation of first kind are studied in [7, 10], [1, 6,
9], Kamal transform is used to solve ordinary differential equations with non-constant co-efficient [3], partial
differential equation by [2] and linear partial Integro-differential equation by [8].

The objective of this work is to derive exact solutions for linear Volterra Integral equations of second kind
using Kamal transform, obtaining resolvent kernel and then solve linear Volterra Integral equation of second
kind and also derive the solution of Integro-differential equation using Kamal transform.
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2. THE CONVOLUTION OF FUNCTIONS
Convolution of two functions F(t) and G(t) denoted by F(t) * G(t); is defined by

F(t) * G(t) = [ F(x)G(x — )dx = [ F(x — )G(x)dx in[2, 3]
3. THE CONVOLUTION THEOREM

If K{F(t)} = I(v)and K{G(¢)} = J(v) then {F(t) » G(t)} = K{F (1)} K{G(t)} = I(v).](v) s given by [4,
5, 8].

The inverse Kamal transform: If K{F(t)} = G(v) then F(t) is called inverse Kamal transform of G (v).
F(t) = K~'{G(v)} Where K ~tis inverse Kamal Operator.

4. KAMAL TRANSFORM FOR LINEAR VOLTERRA INTEGRAL EQUATION OF
SECOND KIND

y (x) =(x) + jo" k(x,t) y(t)dt; Where the kernel k(x, t) is expressed by the difference (.
x—1t)

Appling the Convolution, this equation can be written as
y (x) = f(x) + k(x) * y(x) 1)

Appling Kamal transform to both sides of equation (1)

K{y(x)} = K{f ()} + K{k(x)}. K {y(x)}
~ K{y(x)} = Kly(}-Kif ()}

K{k(x)}
) _ [KiyG}] _ [KUFGO)
= K{y()} = [K{k(x)}] [K{k(x)} @
Appling inverse Kamal transform on both sides of equation (2)
_ =1 [[EORN _ -1 (K& o : - :
v(x) =K [[K{k(x)}]} K {[K{k(x)]}.Thlsglves solution for linear Volterra integral

equation of second kind.
5. APPLICATIONS

Here, some of the applications are given for the appropriate use of Kamal transform to solve linear Volterra
integral equation of second kind.

Application 1: Consider the linear Volterra integral equation of second kind
y(x) =1+ [, y(t)dt
Appling the Convolution theorem of Kamal transform to both sides of equation
We havey (x) = 1 + (1 * y(x)) (3)

Appling Kamal transform to both sides of equation (3), we have
K{y@}=k{1+(1+y®) =K}  1}+K{1=yx))

~ K{y()} = K{1} + K{ 1} K y(x)}
» K{y(x)} =v+v.K{y ()}
= (A-vky@}=v
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= K{y(x)}=— (4)
Now, operating inverse Kamal transform on both sides of equation (4) we will have
y() =k =] (5)

y(x) = e
Application 2: Consider the linear Volterra integral equation of second kind
y(x) = x + [ (x — )y(D)dt
Appling the Convolution theorem of Kamal transform to both sides of equation
y(x) =x+xx*y(x) (6)

Taking Kamal transform of both sides of equation (6), we get

K{y(x)} = K{x + (x * y(x))}
K{y(x)} = K{x} + K{x = y (x)
K{y(x)} = K{x} + K{x}. K {y(x
~ K{y(0)} =v? +v?K{y (x)}
» (1 =v)K{y()} = v?

)i

= K{y(x)} = % (7)

1-v2

Appling inverse Kamal transform operator, we have

y(x) = K‘l[ N ] (8)

1-v2

y(x) = sinht.
Application 3: The linear Volterra integral equation of second kind
Y(t)=t+ fOtY(u) sin(t —u) du
Appling the Convolution theorem to both sides of equation
Y(t) =t+Y(t) xsint 9)

Appling Kamal transform, we have
K{Y(t)} = K{t} + K{Y (t) = sint}

K{Y (0} = K{t} + K{Y (O)}. K {sint}

K(Y (0} = v? + (o5 K{Y (1)}

1402

1+v?

1= vr )| Ky (@)} = v?

> K{Y ()} = = (10)

1+v?2
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Appling inverse Kamal transform to equation (10)
v(©) = K {5} = sint.
Application 4: The linear integral equation
Y(£) =1+ [ Y(x)sin(t — x) dx
Appling the Convolution theorem,
Y(t) =14 Y(t) *sint
Using Kamal transform, we have
K{Y(t)} = K{1} + K{Y(t) * sint}
K{Y(t)} = K{1} + K{Y(t)}. K{sint}

K (0} = v+ (-5) K{r (1))

1+v2

[1- E)eoor-
= K{Y(O)}=v(1l +v? (12)
Appling inverse Kamal transform

YO) =K '(v+v})=K'(v) + K '(v?)

t2
Y(t) =l+;-

(11)

(13)

Now, let us verify that solution given by equation (13) satisfies the given Volterra integral equation of

second kind.
From equation (13), we have Y(x) =1 + x;
Then R. H. S. of given equation becomes

R.HS =1 +f;(1 +x?2)sin(t—x)dx

=1+ [(1 + x?z) cos(t — x)]x:: - fotcos(t —x).xdx
=1+ [(1 + x?z) cos(t — x)]::; — {[—xsin(t — ) %25 + fot sin(t — x) dx}

. e _ x=t
—2+5— cost — {[ xsin(t x)]iz? }

2 -I-[COS(t - x)]x=0
=1+ ; Hence, verified.

Definition 1: (Resolvent Kernel) — Suppose that the integral equation

y(x) = f(x) + [ k(x,t)y(t)dt has a solution y(x) = f(x) + [, R(x,t)f(t)dt then
R(x, t)is called the resolution kernel or reciprocal kernel of the integral equation.[2]

Application 5: Suppose the linear Volterra integral equation is
Y(t) = F(t) + [, e Y (x)dx
By Convolution theorem, we have

Y(t) =F(t) +et «Y(t)

(14)
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Taking Kamal transform of both sides of equation (14)
K{Y(t)} = K{F(t)} + K{et =Y (t)}

K{Y(t)} = K{F(t)} + K{et}.K{Y(t)}

K{Y(0)} = K{F(O)} + (=) k(Y (£)}
[1 - (I*’Tv)] K{Y(©)} = K{F(t)}

o (BEEYK{Y (D)} = K{F(0))
(=)

1-v

1

= K{Y(t)} = (1_‘2’;) K{F(6)} (15)

Now, let R(t — x) be the resolvent kernel then

Y(t) = F(t) + [ R(t — x)F (x)dx
(16)
Convolution theorem gives

Y(t) = F(t) + R(t) * F(t) (17)
Taking Kamal transform of both sides of equation (17)
K{y(©} = K{F(O} + K{R() * F( )+
K{Y(t)} = K{F(t)} + K{R(t)}. K{F

K{r(©)} = (1 + K{R(ODK{F ()}
O}

From equation (15),

(=2) K{F(©) = (1 + KRODKF ()

1-2v
~ 1+ KR} = —
= K{R(t)} = — (18)

1-2v

Appling inverse Kamal operator to equation (18), we have

R(t)=K—1{ v } (19)

1-2v

R(t) = e?!. So that the resolvent kernel is
R(t —x) = e2(t=% (20) Putting this in

equation (16), we get

Y(t) = F(t) + [, 29 F(t)dt (21)
which is a solution of given equation.
Application 6: Let the linear Volterra integral equation be

Y(t) = F(t) + [ (t — )Y (x)dx
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Appling Convolution theorem to this equation, we have
Y(t)=F(t)+t=Y(t)

Taking Kamal transform, we have

K{¥(©)} = K{FO}+ K{t «Y( )+

K{Y(t)} = K{F(t)} + K{t}.K{Y

K{Y(t)} = K{F(t)} + v?K{Y(t

~ (1= vH)K{Y ()} = K{F(t)}
()}

)+

S K0} = (=) K{F©)

1-v2

Now, let R(t — x) be the resolvent kernel then the solution is given by
Y(t) = F(t) + [, R(t — x)F(D)dt

By convolution theorem we can write this as
Y(t) =F(t) + R(t) = F(t)

Taking Kamal transform of both sides of equation (25), we have

K{y(©)} = K{F(©)} + K{R(t) * F(t)}

K{Y(0)} = K{F(©)} + K{R()}. K{F (1)

K{y(©} = (1 + K{R(ODK{F ()}

From equation (23),

(=) KF()} = (1 + KROPKF(©)}

1-v2

() =1+ K{R®)

1
v
1-v?

~ K{R(t)} =

Appling inverse operator to both sides of equation (26)

R(t) = K—l{ v }

1-v2

R(t) = Sinht.

So that the resolvent kernel is R(t — x) = sinh(t — x)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

Putting this in equation (24), we get the solution for given integral equation as

Y(t) = F(t) + f, sinh(t — x) F(t)dt

(29)

Definition 2: (Integro-Differential Equation) - An equation in which the derivatives of the unknown function

can also be present is called an Integro —Differential Equation. [2]

Application 7: Consider the integro-differential equation

y'(t) = sint + f(fy(t —x)cosxdx . y(0) =0
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Appling Convolution theorem of Kamal transform to this equation, we have
y'(t) = sint + y(t) * cost , y(0) =0 (30)
Taking Kamal transform of both sides of equation (30)
K{y'(t)} = K{sint} + K{y(t) = cost}
K{y'(t)} = K{sint} + K{y(t)}. K{cost}. Using initial condition, we have

WKy (©) - y(0) = = + (=25 Ky (0},

1+ 1+

F(E- ) Ky} =2

v 14v2 14v2
(o) KOO = 12
= K{y(t)} =v? (31)

Appling inverse Kamal transform operator to both sides of equation (31)

y(O) =K'} =<

Application 8: Consider the integro-differential equation
Y'(t)=t+ fOtY(t —x)cosxdx ,Y(0) =4
Appling Convolution theorem of Kamal transform, we have
Y'(t) =t+Y(t) xcost,Y(0) =4 (32)
Taking Kamal transform of both sides of equation (32), we get
K{Y'(t)} = K{t} + K{Y(t) = cost}
K{Y'(t)} = K{t} + K{Y ()}. K{cost}

K{Y ()}

v
14v2

WTK{Y (O} =Y (0)) =v? +

Using initial condition, we get

v
1+v2

1 K{Y ()} — 4 = v? + ——K{Y ()}

v 1+v2

f(G-=S)Kr(m)} = v? + 4

(oo ) KY () = v? + 4

v(1+v2)

= K{Y(®)} = (v +4).[v(1 + v?)]
=15 +5v3 +4v (33)
Appling inverse Kamal transform operator to both sides of equation (33),
Y(t) = K™'{v° + 5v° + 4v}
Y@©) =S+ 14
6. CONCLUSIONS

1. Used successively the Kamal transform to solve linear Volterra integral equation of second kind.
2. Used the Kamal transform to solve linear VVolterra integral equation of second kind by obtaining the
resolvent kernel.
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3. Integro-Differential Equations can be solved by using the Kamal transform.
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