
© 2022 JETIR September 2022, Volume 9, Issue 9                                                           www.jetir.org (ISSN-2349-5162) 

JETIR2209541 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org f154 
 

SOLUTION OF NON-LINEAR EXPONENTIAL 

DIOPHANTINE EQUATION (𝒙𝒂  + 𝟏)𝒎  + (𝒚𝒃  + 𝟏)
𝒏

 =  𝒛𝟐 
 

1*Deepak Gupta, 2Satish Kumar, 3Sudhanshu Aggarwal 
1Research Scholar, Department of Mathematics, D. N. (P.G.) College, Meerut-250002, U.P., India 

2Associate Professor, Department of Mathematics, D. N. (P.G.) College, Meerut-250002, U.P., India 

3Assistant Professor, Department of Mathematics, National Post Graduate College, Barhalganj, Gorakhpur-273402, 

U.P., India 

Email: 1deepakgupta1763@gmail.com, 2skg22967@gmail.com, 3sudhanshu30187@gmail.com 

*Corresponding Author 

ABSTRACT: In this paper, authors discussed the solution of non-linear exponential Diophantine equation (𝑥𝑎 + 1)𝑚  +

(𝑦𝑏 + 1)
𝑛

= 𝑧2, where 𝑥 is a prime divisor of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8) and 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑧 ∈ 𝑊, here 𝑊 is 

the set of whole numbers. Authors illustrate that this Diophantine equation has no solution in whole numbers. 
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1.INTRODUCTION: Diophantine equation is an equation in which we discussed about only integer’s solutions. The study 

of Diophantine equations is a major part of theory of numbers. In current years, many researchers work on the solution of 

exponential Diophantine equation of the form 𝑝𝑥  +  𝑞𝑦  =  𝑧2, where 𝑝, 𝑞 are distinct primes and 𝑥, 𝑦, 𝑧 are non-negative 

integers. In [1], Acu proved that the Diophantine equation 2𝑥  +  5𝑦  =  𝑧2 has only two solutions {𝑥 =  3, 𝑦 =  0, 𝑧 =

 3} and {𝑥 =  2, 𝑦 =  1, 𝑧 =  3}. In [2], Asthana and Singh proved that the Diophantine equation 3𝑥  +  13𝑦  =  𝑧2, where 

𝑥, 𝑦, 𝑧 are non-negative integers, has only four solutions which are (𝑥, 𝑦, 𝑧) =  (1, 0, 2), (1, 1, 4), (3, 2, 14), (5, 1, 16).  

In [3], Burshtein proved that the Diophantine equation 𝑝𝑥 +  (𝑝 +  4)𝑦  =  𝑧2, where 𝑥, 𝑦, 𝑧 are positive integers 

such that 𝑥 +  𝑦 =  2, 3, 4 and 𝑝, (𝑝 +  4) are primes has  unique solution (𝑝, 𝑥, 𝑦, 𝑧)  =  (3, 2, 1, 4). In [4], Burshtein find 

all the solutions of the Diophantine equation 𝑝𝑥 +  (𝑝 +  6)𝑦 =  𝑧2, where 𝑥, 𝑦, 𝑧 are positive integers such that 𝑥 +  𝑦 =

 2, 3, 4 and 𝑝, (𝑝 + 6) are primes. In [5], Gupta and Kumar discussed the exponential Diophantine equation 𝑛𝑥 +

(𝑛 +  3𝑚)𝑦  =  𝑧2𝑘, where 𝑛 is a number of the form (6𝑟 +  1) and 𝑥, 𝑦, 𝑧, 𝑚, 𝑘, 𝑟 ∈ 𝑊.  

In [6], Gupta and Kumar discussed the solution of exponential Diophantine equation 𝑎𝑢  + (𝑎 +  5𝑏)𝑣  =  𝑐2𝑤, 

where 𝑎 is a number of the form (5𝑟 +  1) and 𝑢, 𝑣, 𝑤, 𝑏, 𝑐, 𝑟 ∈ 𝑊. In [7], Gupta et al. discussed the non-linear Diophantine 

http://www.jetir.org/
mailto:deepakgupta1763@gmail.com
mailto:skg22967@gmail.com


© 2022 JETIR September 2022, Volume 9, Issue 9                                                           www.jetir.org (ISSN-2349-5162) 

JETIR2209541 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org f155 
 

equation 𝑝𝑥 +  (𝑝 +  6)𝑦 =  𝑧2, where 𝑝 and 𝑝 +  6 both are primes and 𝑥, 𝑦, 𝑧 are positive integers. In [8], Kumar et al. 

discussed the exponential Diophantine equation 601𝑝  + 619𝑞 =  𝑟2, where 𝑝, 𝑞, 𝑟 ∈  𝑊. In [9], Kumar et al. discussed 

on the equation 𝑝𝑥 + (𝑝 +  12)𝑦 =  𝑧2 and show that under some conditions this equation has no solution in W. In [10],  

Kumar et al.  discussed the non-linear Diophantine equations 31𝑥  + 41𝑦  =  𝑧2 and 61𝑥  +  71𝑦  =  𝑧2, where 𝑥, 𝑦, 𝑧 are 

positive integers.  

In [11], Mishra et al. studied the Diophantine equation 211𝛼 + 229𝛽  =  𝛾2, where 𝛼, 𝛽, 𝛾 ∈  𝑊. In [12], Sroysang 

studied the Diophantine equation 31𝑥  +  32𝑦  =  𝑧2 and show that this equation has no solution in W. In [13], Sroysang 

proved that the Diophantine equation 2𝑥  + 19𝑦  =  𝑧2 has unique solution in 𝑊, which is 𝑥 =  3, 𝑦 =  0, 𝑧 =  3. In [14], 

Oliveria proved that the Diophantine equation 𝑝𝑥  +  (𝑝 +  8)𝑦  =  𝑧2, where 𝑥, 𝑦, 𝑧 are positive integers and 𝑝, 𝑝 +  8 are 

primes with 𝑝 >  3 has no solution. 

In the present paper, authors proved that exponential non-linear Diophantine equation (𝑥𝑎 + 1)𝑚  + (𝑦𝑏 + 1)
𝑛

=

𝑧2, where 𝑥 is a prime divisor of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8) and 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑧 ∈ 𝑊, has no solution in 𝑊. 

2. PRELIMINARIES: 

Quadratic Residue 

If 𝑎 is an integer coprime to 𝑝, where 𝑝 is a prime then 𝑎 is said to be quadratic residue (𝑚𝑜𝑑 𝑝) iff 𝑥2  ≡ 𝑎(𝑚𝑜𝑑 𝑝) 

has a solution otherwise 𝑎 is said to be quadratic non-residue (𝑚𝑜𝑑 𝑝). 

Legendre Symbol 

If 𝑝 is an odd prime and 𝑎 is any integer such that g.c.d.(𝑎, 𝑝)  = 1, then Legendre symbol (
𝑎

𝑝
) is defined as 

(
𝑎

𝑝
)  =  {

   1 ,                       𝑖𝑓 𝑎 𝑖𝑠 𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑟𝑒𝑠𝑖𝑑𝑢𝑒 (𝑚𝑜𝑑 𝑝)

−1 ,          𝑖𝑓 𝑎 𝑖𝑠 𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑛𝑜𝑛 − 𝑟𝑒𝑠𝑖𝑑𝑢𝑒 (𝑚𝑜𝑑 𝑝)
 

Proposition: 2.1 If 𝑝 is an odd prime, then 

(
2

𝑝
)  =  {

   1         𝑖𝑓 𝑝 ≡ 1(𝑚𝑜𝑑 8) 𝑜𝑟 𝑝 ≡ 7(𝑚𝑜𝑑 8)

−1         𝑖𝑓 𝑝 ≡ 3(𝑚𝑜𝑑 8) 𝑜𝑟 𝑝 ≡ 5(𝑚𝑜𝑑 8)
 

3. MAIN THEOREM: 

Theorem: 3.1 If 𝑥 is a prime divisor of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8) then the non-linear exponential Diophantine 

equation (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= 𝑧2, has no solution in 𝑊, where 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑧 ∈ 𝑊.  

Proof: We have   𝑥 ≡ 0(𝑚𝑜𝑑 𝑥) 

⇒ 𝑥𝑎 ≡ 0(𝑚𝑜𝑑 𝑥) 
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⇒ 𝑥𝑎 + 1 ≡ 1(𝑚𝑜𝑑 𝑥) 

⇒ (𝑥𝑎 + 1)𝑚 ≡ 1(𝑚𝑜𝑑 𝑥). 

Since 𝑥 is a factor of 𝑦, therefore, 𝑦 ≡ 0(𝑚𝑜𝑑 𝑥) 

⇒ 𝑦𝑏 ≡ 0(𝑚𝑜𝑑 𝑥) 

⇒ 𝑦𝑏 + 1 ≡ 1(𝑚𝑜𝑑 𝑥) 

⇒ (𝑦𝑏 + 1)
𝑛

≡ 1(𝑚𝑜𝑑 𝑥). 

Thus we obtain, (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

≡ 2(𝑚𝑜𝑑 𝑥) 

⇒ 𝑧2 ≡ 2(𝑚𝑜𝑑 𝑥). 

Now, since 𝑥 is an odd prime such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8), therefore we have (
2

𝑥
)  =  −1 

⇒ 2 is a quadratic non-residue (𝑚𝑜𝑑 𝑥) 

⇒ 𝑧2 ≡ 2(𝑚𝑜𝑑 𝑥) does not have a solution. 

Hence, the equation (𝑥𝑎 + 1)𝑚  + (𝑦𝑏  + 1)
𝑛

 =  𝑧2 has no solution in 𝑊. 

Corollary: 3.1.1 The exponential Diophantine equation  (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= 𝑤2𝑘, where 𝑥 is a prime divisor of 𝑦 

such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8), has no solution in 𝑊, where 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑤, 𝑘 ∈ 𝑊.  

Proof: Let 𝑤𝑘  = 𝑧, then the exponential Diophantine equation (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= 𝑤2𝑘 becomes (𝑥𝑎 + 1)𝑚  +

(𝑦𝑏 + 1)
𝑛

= 𝑧2, which has no solution by Theorem 3.1. 

Corollary: 3.1.2 The exponential Diophantine equation  (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= (𝑤 + 1)2𝑘, where 𝑥 is a prime factor 

of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8), has no solution in 𝑊, where 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑤, 𝑘 ∈ 𝑊. 

Proof: Let (𝑤 + 1)𝑘 = 𝑧, then the non-linear exponential Diophantine equation (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= (𝑤 + 1)2𝑘 

becomes (𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= 𝑧2, which has no solution by Theorem 3.1.  

Note: In this paper, we have shown that the Diophantine equation(𝑥𝑎 + 1)𝑚 + (𝑦𝑏 + 1)
𝑛

= 𝑧2, where 𝑥 is a prime factor 

of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8) and 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑧 ∈ 𝑊, has no solution in 𝑊. 
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4. CONCLUSION: In this article, authors proved that the non-linear exponential Diophantine equation (𝑥𝑎 + 1)𝑚 +

(𝑦𝑏 + 1)
𝑛

= 𝑧2, where 𝑥 is a prime divisor of 𝑦 such that either 𝑥 ≡ 3 𝑜𝑟 5(𝑚𝑜𝑑 8) and 𝑎, 𝑏, 𝑚, 𝑛, 𝑦, 𝑧 ∈ 𝑊, has no 

solution in 𝑊. 
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