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Abstract : In this study, we defined the Faltung type Volterra integral equation and the Faltung type Volterra integro-differential
equation in the sense of multiplicative calculus. The solutions of the Faltung type multiplicative Volterra integral equation and the
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I. INTRODUCTION AND PRELIMINARIES

The non-Newtonian calculus, which was presented by Grossman and Katz [13], is a new structure made up of the branches of
the geometric, bigeometric, harmonic, biharmonic, quadratic, and biquadratic calculus. It has numerous applications in science,
engineering, and mathematics. Among the topics studied are interest rates, biology, blood viscosity, the theory of economic
elasticity, including image processing and artificial intelligence, computer science, differential equations and functional analysis. A
new kind of derivative and integral was established by Grossman and Katz [13] by replacing addition and subtraction with
multiplication and division. Stanley [23] dubbed this new branch of calculus, which was established in this manner, multiplicative
calculus. Multiplicative calculus offers new vantage points for use in the sciences and engineering. Aniszewska [5] used the
multiplicative version of the Runge-Kutta method for solving multiplicative differential equations. Bashirov, Misirli and Ozyapict
[7] demonstrated some applications and usefulness of multiplicative calculus for the attention of researchers in the branch of
analysis. Bhat et al. [9] defined multiplicative the Fourier transform and found the solution of multiplicative differential equations
by applying multiplicative Fourier transform. Bhat et al. [10] defined the multiplicative Sumudu transform and solved some
multiplicative differential equations by using multiplicative Sumudu transform. Glingdr and Durmaz [16] defined multiplicative
Volterra integral equations and find the solution of these equations by using successive approximation method. Also, they
investigated the relationship of the multiplicative integral equations with the multiplicative differential equations. For more details
about non-Newtonian calculus, see in [8, 11-16, 21, 22, 25, 26].

The integral transforms have recently been the focus of the studies, because the integral transforms provide simple and
minimal computations for solving complicated problems in engineering and science. The Laplace transform is the most widely used
of several integral transforms used to solve integral equations. Asiru [6] applied the Sumudu transform to solve integral equations
of the convolution (Faltung) type. Song and Kim [27] examined convolution type Volterra integral equations by utilizing the Elzaki
transform. Aggarwal et al. [1-4] used Aboodh, Kamal, Mahgoub and Shehu transformations to solve linear Volterra integral
equations with an integral in the form of Faltung. Giingér [17, 18] used Kaharrat-Toma and Kashuri-Fundo transforms to solve
convolution type linear Volterra integral equations. Mansour et al. [20] revealed how to use the SEE transform to solve Faltung
type Volterra integro-differential equation of the first kind. For relevant terminology on integral equations, the reader should
consult [19, 24].

In this work, the notion of multiplicative integral is used to define the Faltung type multiplicative Volterra integral equation and
the Faltung type multiplicative Volterra integro-differential equation. The multiplicative Sumudu transform is used to find the exact
solution of first and second kind Faltung type multiplicative Volterra integral equation and also Faltung type multiplicative Volterra
integro-differential equation of first kind. The method of solving these equations using the multiplicative Sumudu transform is
described, along with a few examples. Moreover, the multiplicative Sumudu transform is used to examine the solution of
multiplicative linear differential equations with initial conditions, by transforming them into multiplicative Volterra integral
equations.
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Now, we will provide some essential details:

Definition 1. [7] Let g be a function whose domain is R the set of real numbers and whose range is a subset of R. The
multiplicative derivative of the g at t is defined as the limit

dgt) .
a9 © = m(

glc+ h))%
g )’

Briefly, the limit is also called x-derivative of g att. If g is a positive function on an open set A € R and its classical derivative
g' (t) exists, then its multiplicative derivative also exists and

[&] ,

g @) =ela®] = e(Ineg)"(®)

where Ino g(t) = Ing(t). Moreover, if g is multiplicative differentiable and g*(t) # 0, then its classical derivative exists and

g'(t) = g(t) In g*(t). If n-th derivative g™ (t) exists, then its n-th multiplicative derivative g*™ (t) also exists and g*™(t) =
(neg)™() , _

e ,n=2012,.. .

Definition 2. [23] Let g be a positive function and continuous on the interval [a, b], then it is multiplicative integrable or briefly *-
integrable on [a, b] and

b b
* j g(t)dt = elamlg@)ar,

Theorem 1. [7] If g and h are integrable functions on [a, b] in the sense of multiplicative, then
@+ " (9" = (« L g0®)’
@) * [ (gOh®)" == [7 g « [} h()®
@ - F (29)" = o

h(t) - *f: h(t)dt

(@) * [} g(®)% =+ [£ g(©)% + [T g(£)%
where A€ER anda <c < b.

Definition 3. [10] Let f(t) be a positive definite function given on interval [0, o). Then, multiplicative Sumudu transform of
f(t) is defined as

) edt tdt

% [ .t 1.0 L
Slf (O] = F() = < F& ) — [ = el e on _ gsmso)
0 0

Some functions' multiplicative Sumudu transforms are as follows:

f(®) Smlf (O] = Ea(w)
1 1
et et
n n
et en!u
at 1
€ ei-au
. au
eS| ez
cos(at) .
e e1+a2u?
. au
esmh(at) eT-aZuZ
cos(at) 1
e e1-a2u?

Theorem 2. [10] Multiplicative Sumudu transform is multiplicatively linear. In other words, if f; and f, are two given functions
which have multiplicative Sumudu transform exist, then

Smlf£2] = Smlfi) 1Sl o1
where A4, 1, are arbitrary exponents.
Definition 4. [10] If E,, () is the multiplicative Sumudu transform of the function £, i.e. S,,,[f(t)] = E,(w) then S;;1[E,(w)] is
called as the inverse multiplicative Sumudu transform of E,,.

Theorem 3. (Multiplicative Faltung (Convolution) Property) If S;;1[E, (w)] = f(t) and S71[G(w)] = g(t), then

i [Fn(a)o®] = | et
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Proof. Applying multiplicative Sumudu transform to multiplicative integral * fot f(z)g(f‘z)dz, we find

t t
. [*f f(Z)g(t_Z)dz] s, [efo g(t—z)lnf(z)dz]
0
S[ln oJo g(t—z)lnf(z)dz]
=e

_ es[fot g(t—z)lnf(z)dz]'
From the Faltung (convolution) property of Sumudu transform, we obtain

t
- [*J- f(z)g(t—z)dz] = euS[lnf(t)]S[g(t)]
0

= [eS[lnf(r)]]“S[g“ﬂ
= [Fn ()],

Theorem 4. Let f is continuous on the interval [0, A] also suppose that there exist positive real numbers k,a and t, such that

If(@®)] < kee™ fort > to and let f* be a piecewise continuous function on the interval [0, A]. Then multiplicative Sumudu
transform of multiplicative derivative is

1
Salf* ()] = m(u)“
f(o)“

1
foru < -.
a

Proof. It is obtain that
t dt

£ ()] = j o

— eﬂfo e ulnf (dt

t o
_ elfoo e ulne f®at

o) —
_eu o f(t)e dt

Af'®
= eALnt;lou 0 f(t)eudt

by using the definition of the multiplicative Sumudu transform. Since f* is a piecewise continuous function on [0, A] and hence
f* is continuous on every finite interval (0, A) except possibly at a finite number of points B, B4, ..., B, in (0,A). We can write
the integral as follows by using these points as endpoints of the domain of integration

t t t
f()__d f()__d f()"d+ + f()__dt_
) f ® f©® f® f©®
Using the integration by parts method separately to each term on the right-hand side of this expressmn we get

B B2 A
f(t) _t t t
ﬂf O dt——( lnf(t)| +e ulnf(t)l +-te ulnf(t)| > (J. e ulnf(t)dt+ J. e u]nf(t)dt+...+ﬁfe u]nf(t)dt)_

B1
Since f (t) is continuous, the above expressmn can be written as

t -
% “udt = —e Mulnf(A) — —ln £0) +— j euln f(t) dt.
0
Hence we find
ALO,5ge 1, £ n 0+ [A e Hin F(Dat
eu 0 f(f) = @u u u? 7’0 .
As A - oo, 2e™/uln f(4) > 0 and s0 ere I g fory < ~. Therefore, we obtain

1 1 (00 —L
Sulf*(D)] = e i@ e an
m

1

¢ 1
= <eif;°e_”lnf(t)dt)u 1
1
e]nf(o)“
1

-t 5]

foru < % This completes the proof.

Corollary 1. Let £, f* ... f*®™=1 be continuous function and f*™ be a piecewise continuous function on the interval 0 <t < A
also suppose that there is positive real numbers k, @ and t, such that

F@OI < ke, If* (O] < ke®™, ..., |[F* @ V(@) < ke*™
for t > t,. Then multiplicative Sumudu transform of f*( (t) exists and can be calculated by the formula
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B

Sm [f*(n) (t)] = 1 n-1

FOW @G . e

1
foru < —.
a

Theorem 5. If S, [f (t)] = En(w), then S, [f (©)¢] = F,;‘l(u)“sz(u)”.
Proof. By using the multiplicative Leibniz formula [16], we have

. d'E,(w) d ® 18—5‘“
B = = = du(* | ro )

* t
— d_ e%f;o e ulnf(t)dt
du

¢
i(e% I eu lnf(t)dt>

du

t
—e e%f(;” e Uinf(t)dt

—t =t
_ ef(;” —zeu (tnf(D)dt-[;° Zze W Inf(t)de
t t ~
= (e%fé” eu(lnf(t)%dr)" <e%f8’° eulnf(f)‘“> '

kS 1
= Spulf O 1w By (u) .
If this equation is adjusted, the desired equality S,,,[f ()] = F,;(u)”sz(u)” is found.

N|"l

Definition 5. [16] If the multiplicative integral exists, an equation with an unknown function under one or more signs of
multiplicative integration is called a multiplicative integral equation (MIE). The linear multiplicative Volterra integral equation of
the second kind (LMVIESK) is constructed as

)dz

(O = £(©) * f NORG
0

where the unknown function y(t) that will be determined, k(t, z) is kernel of the equation. The first kind linear multiplicative
Volterra integral equation (LMVIEFK) is given as

£(t) == f Y (@)™,
0

Il. FALTUNG TYPE MULTIPLICATIVE VOLTERRA INTEGRAL EQUATIONS

This section presents the concept of Faltung type multiplicative Volterra integral equations and discusses the solutions of these
equations by use of the multiplicative Sumudu transform.
We focus on the Faltung (convolution) type kernel k(t,z), which is represented by the difference (t — z). The Faltung type
LMVIESK has the form
t
YO =@+ [ yoyen®
0
and Faltung type LMVIEFK has the formula

F@© = [ yayren®

Theorem 6. The solution of Faltung type MVIEFK
F© = [ v @
is given by ’
Y = 576 0)] = 572 [, (O]
where k is the kernel and S, {y(t)} = Y;,, (w).

Proof. If we apply the multiplicative Sumudu transformation to either side of (1), we get
t
Sulf (O] =S [* f y(Z)"“‘Z)dz]-
0

Utilizing the multiplicative Faltung theorem of the multiplicative Sumudu transform, we find
Salf(®)] = Suly(@)]*F®)

Suly(D)] = S, lf (©)]FTET @
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Having applied the inverse multiplicative Sumudu transform on either side of (2), we obtain

y(® = 55 [swlF @

which represents the desired solution.

Theorem 7. The solution of Faltung type MVIESK
t
—z dz
y© =@+ [ y@He @
0

is given by

1+usS[k(D)]
y(®) = S5 VW) = S5 [Sm[f(t)] uSTk(D)] ]

where k is the kernel and S, {y(t)} = Y;,, (w).

Proof. We can write
t
Suly(®] = Sm [f(t) . f y(z)"<f-z>”‘z]
0
t
Sy (O] = Sulf (OISm [ f Y(Z)"“‘Z)dz] .
0
by taking multiplicative Sumudu transform to either side of (3). We find the following expression
1
Sy (D] = Smlf (]Sl (D]

1+uS[k(t)]
Suly ()] = S [f (£)] uslk 4
by using the multiplicative Faltung theorem of the multiplicative Sumudu transform. Having applied the inverse multiplicative
Sumudu transform on either side of (4), we obtain the solution as

1+uS[k(t)]

y(x) =Syt [Sm[f(t)] ustk(®] |,

The approach for solving Faltung type MVIE by using the multiplicative Sumudu transform is explained with the help of a few
examples that are shown below.

Example 1. Using the multiplicative Sumudu transform method, find the solution of Faltung type LMVIEFK

t _ dz
et? =*J y(z)e(t D 4
0

Let us write S,,[v(t)] = Yy (w). Apply the multiplicative Sumudu transform
t _pdz
Smle”’] = 5 [ f ¥ ]
0

Now, by implementing Faltung theorem for multiplicative Sumudu transform, it is found as
e = 5[y ()]l
1
e = Spuly(D)]" =
Hence, we find

Snly(O] = Y (w) = 72
We obtain by using the inverse multiplicative Sumudu transform as
y(t) = 5&1[6211—2112]
- 57711[8211]5;11[8—2142]
= e2te™t”,
As a result, we find the solution as

() = e,
Example 2. Use the multiplicative Sumudu transform method to solve Faltung type LMVIESK

t

y(t) = esint *f y(z)2cos(t—z)dz_
0

Let us write S,,,[v(t)] = Y, (w). Having applied the multiplicative Sumudu transform

t
Sm[y(t)] = Cgyn [eSint % f y(Z)ZCOS(t—z)dZ]
0
t
= Sm[eSin t]‘sm [* f y(Z)ZCOS(t—Z)dz]
0

¢ 2
=Sm[esint]$m [*f y(Z)cos(t—z)dz] .
0
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Utilizing Faltung theorem for multiplicative Sumudu transform, we have
Vi (1) = S [€57 18,0 [y (£)]205Tc0 )
1

= e (¥, () "2,

Hence, we write

Smly(©)] = Y (u) = e@17
Operating inverse multiplicative Sumudu transform, we obtain
1 u
(¢w7)" (o) ] _ ot

y(t) = ete’,

u?

y(©) =Sy [e(u-l>2] =Sm'

Consequently, we arrive at the answer as

Now, we will give an example of how to solve a linear multiplicative differential equation with initial condition by transforming
this equation into a multiplicative integral transform with the aid of the multiplicative Sumudu transform.

Example 3. Take the initial value problem
{ u”(u(t) =1 5)
u(0) =e,u"(0)=1
This is equivalent to multiplicative Volterra equation
t
y© =ex [ y@eEo”
0

If we apply multiplicative Sumudu transform on either side, we obtain

y dz
Smly(©)] = Sm [e‘l* f y(2)@0 ]
0
-1 [ [ (_t)dz]
= m Sm Z
[e™"] J;y(z)

Let us write S,,,[y(x)] = Y, (w). Considering the multiplicative Faltung theorem for multiplicative Sumudu, we have
Yo(w) = e_lgm[y(t)]_us[t]
= e 1Y, (u) ¥

Hence, we find

1
Smly(@®)] = Yn(w) = e v+
Then having applied the inverse multiplicative Sumudu transform, we get

y(©) = 55t [e 1]

1 -1
— ¢—1 u2+1
= Sm [eu +1]

= pg—cost

y(t) = p—cost
Since equation (5) is equivalent to the second-order differential equation

u'(Hu(t) — (u'(t))2 + (u(t))*Inu(t) = 0,u(0) = e,u'(0) =0
its solution is also u(t) = e~ °s¢t,

Consequently, we have the solution as

I11. FALTUNG TYPE MULTIPLICATIVE VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

This section introduces the idea of multiplicative Volterra integro-differential equations, and we deal with the solution of Faltung
type multiplicative Volterra integro-differential equations of the first kind by using the multiplicative Sumudu transform.
The multiplicative Volterra integro-differential equation is constructed as
t
* dz
y OO = O« [ 7@
0
() . . s . . . L .

where y*™(t) = ddTy. The first kind of multiplicative Volterra integro-differential equation is defined as

t t
f y(2)f e 4 f YO = (1), ky(t,7) # 0
0 0

where initial conditions are prescribed. We will focus on equations where the kernels k, (t, z) and k,(t, z) are difference kernels,
i.e., each kernel depends on the difference t — z. Therefore, the Faltung type multiplicative Volterra integro-differential equation of
the first kind has form

t t
f y(z)’““‘z"”-*f Y@ (@)D = £(6),  ky(t,2) %0
0 0

JETIR2212261 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | c428


http://www.jetir.org/

© 2022 JETIR December 2022, Volume 9, Issue 12 www.jetir.org (ISSN-2349-5162)
Theorem 8. The solution of Faltung type multiplicative Volterra integro-differential equation of the first kind

t t
f (@)D f Yy (kDT = £(1), ky(t,2) # 0 (6)
0 0

is given by

Slkz (01 LAG) u 15[k, (0] un—1
y(t) = St || y(0)wSTra@+sTka 01y * (0) w1 (Ol+5Tk2 @1, y* (=) (0)uSTeaOT+sTk2 @1 | (S, [f(t)]) s ka@1+5Tk2 )]

where u™S[k, (t)] + S[k,(t)] # 0.
Proof. Taking multiplicative Sumudu transformation of either side of (6) gives
t t
Sm [* f y(Z)"l“‘Z)dz] -Sm [* f y ™ (Z)"Z“‘Z)dz] = Smlf (O]
0 0

Utilizing Faltung theorem for multiplicative Sumudu transform, we have

Smly(®)]*a Ol s, [y ™ (0)]» kO] = 5, [£ ()]
From the property of multiplicative Sumudu transform of multiplicative derivatives of functions, we find

@y us[kez ()]
S t)\u
Syt ], — ’”[yfn).]l - = Salf (D]
y(O)(E) y*(O)(ﬂ) ,,_y*("‘l)(())ﬂ
S [ ()]S[kZ(?]
y(@®)] -
Sm [y(t)]uS[kl(t)] S[ko ()] ms[kz(t)] = Sm [f(t)]
Y(0) Wy (0) W ..y (D (0)Slkz @)
(uns[kl(t)]+8[k2(t)]) S[ko (D] Slka ()]
SO T = (y(0) Wy (@) W Ly D) O 5, ()]

Using the initial conditions provided and solving for S,,,[y(t)], we get
S[ka )] uS[kz ()] uLs[ky (8)] un-1
Sm [y(t)] = (y(O)u"S[kl(t)HS[kz(t)]y*(())u"S[kl(t)]+s[k2(t)] ___y*(n—l) (O)uns[kl(t)]+§[k2(t)]> (5m[f(t)])uns[kl(t)]+s[k2(t)] 7

provided that u"S [k, (t)] + S[k,(t)] # 0. Having applied the inverse multiplicative Sumudu transform of either side of (7), the
exact solution is readily obtained.

The approach for solving these equations by using the multiplicative Sumudu transform is explained with the help of a few
examples that are shown below.

Example 4. Use the multiplicative Sumudu transform method to solve Faltung type multiplicative Volterra integro-differential
equation

t t
o 3t-3sint =*J y(Z)(t_z)dz.*J y*(z)(t_z)zdz
0 0

with y(0) = 1.
Let’s taken S, [y (x)] = Y, (w). Having applied the multiplicative Sumudu transform, we find

t t
Sm[e3t—3sint] =Sm [*J Y(Z)(t_z)dz.*f y*(z)(t_z)ZdZ]
i ’ - dz ’ t 20z
Sule'T? Sule™™]72 = 5, [ [ v ]sm [ [y ]
0 0
—3u t e t 2dz
e3t eivuZ = §,, *f y(2)E27 S, *J- y*(2)¢t2
0 0

i t dz t 2dz
etz =8, [* f y(z)(t—z) ]Sm [* J- y*(z)(t—z) ]
0 0

Utilizing Faltung theorem for multiplicative Sumudu transform and the property of multiplicative Sumudu transformation of
multiplicative derivative of functions, we have

3u3
e = S, [y(O)]1s,, [y* (£)]+1]
1 2u3
Y., (W)
= ¥y | PO
y(0)u
= Yy ()3,

Hence, we get

Y, (u) = e1+a?,

Implementing the inverse multiplicative Sumudu transform, it is found as
u .
y(t) =83t [em] = eSint,
Consequently, we arrive at the answer as
y(t) = esint.
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Example 5. Use the multiplicative Sumudu transform method to solve Faltung type multiplicative Volterra integro-differential
equation

el+sint—cost —x fty(z) COS(f—Z)dZ.* fty*(:a)(z)sin(t—z)dz
0 0
with y(0) = e,y*(0) = e,y**(0) = e~ L.
Let’s taken S,,[v(x)] = ¥, (u). Having applied the muItipIicative Sumudu transform, we find

t
S [el+sint—cost — [ f y(z)cos(t z) dz f *(3)(Z)sin(t—z)dz]
m

e1+1+u2 1+u2 = [ f y(z)cost= 2)? ] [ f y*®)(z)sintt- Z)dz]

Utilizing Faltung theorem for multiplicative Sumudu transform and the property of multiplicative Sumudu transformation of
multiplicative derivative of functions, we have

1
€1+1+%_1+7 =S, [y(t)]ué'[cos t]Sm [y*(3) (t)]uS[sin t]

( )L3 1+u?
Uu)u
Yin

@@ y @)y 6
Vi ()

—_— 1t u’
eu(ut+1)pZ 10 U241

=Yn (u)m

Hence, we get
ud+u+1 1
Ym(u) = e 1+u?2 = e%e1+u?,

Implementing the inverse multiplicative Sumudu transform, it is found as
1
y(t) — 5;11 [euel+u2] — etecost
Consequently, we arrive at the answer as
y(t) = pttcost

IV. CONCLUSIONS

In this paper, the concept of multiplicative integral is used to define the Faltung type multiplicative Volterra integral equations
and the Faltung type multiplicative Volterra integro-differential equations. The Faltung type multiplicative Volterra integral
equation of the first and second kinds, as well as the Faltung type multiplicative Volterra integro-differential equation of the first
kind, are solved using the multiplicative Sumudu transformation. With the aid of various illustrative examples, the method for
resolving these equations using the multiplicative Sumudu transform is shown. The given applications show that the accurate
solutions of these integral equations are achieved with little computing effort and time. Also, a numerical example is given for
solving multiplicative ordinary differential equations by the multiplicative Sumudu transform after converting them to
multiplicative Volterra integral equations. So, we see from this example that we can obtain the solutions of some ordinary
differential equations with the aid of the relation between multiplicative calculus and classic calculus.
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