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Abstract: In this paper we present the Crank-Nicolson finite difference scheme for space fractional radon
diffusion equation (SFRDE) in soil medium. We discuss that the scheme is unconditionally stable and
convergence of the scheme is also verified at the length. Validation of the solution is carried out with the help of
graphical illustration using ‘Mathematica’ software.
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I. INTRODUCTION

The Fractional Calculus (FC) is a generalization of classical calculus concerned with operations of integration and
differentiation of non-integer (fractional) order. The concept of fractional operators has been introduced almost
simultaneously with the development of the classical ones. The study of fractional calculus has been a highly
specialized and isolated field of mathematics. The fractional calculus was recognized to represent an useful tool
for understanding and modeling many natural and artificial phenomena. Fractional calculus has many
applications in biology, physics, engineering, economics etc. [1,2,6]. Most of the fractional differential
equations do not have analytical solution therefore approximation and numerical techniques are developed.
There are many numerical methods to find the solution of classical differential equations, while numerical
methods for the fractional differential equations are very limited. As the fractional derivatives are the
generalization of classical derivatives, the numerical techniques for the classical differential equations can be
extended to the fractional differential equations in some way. In the recent years, there are many numerical
techniques like finite difference method (FDM), finite element method (FEM), He’s variational iterational
method, Adomian decomposition method (ADM), matrix transform method (MTM), etc. Finite difference
method is very rich and continuous to be developed. Also this method is very powerful tool and widely used to
solve the differential equations as well as fractional differential equations in science and engineering. The main
cause of implementation of this method is simple and easy to be put into practice in computer programs. Many
papers have recently published on finite difference methods for solving the diffusion equation [3,4,78,9,10,11].

In this paper we discuss the fractional radon diffusion equation in soil medium. The diffusion theory
came from the famous physiologist Adolf Fick. He stated that the flux density J is proportional to the gradient
of concentration. This gives,

ac
J=-D- ) (1.2)
where J is the radon flux density is diffusion coefficient 'a_(t: is gradient of radon concentration and D is

diffusivity coefficient of radon. Now the change in concentration to change in time and position is stated by the
Fick’s second law which is the extension of Fick’s first law, that gives,
2
oD = 2280 e, 1) (1.2)
where 1 = 2.1x107%s~1 is the decay constant. Many researchers have discussed the radon transport through
soil, activated charcoal, concrete, etc. [5,12,13,14,15,16].
Here, we develop the space fractional crank-nicolson finite difference method for fractional order RDE
in soil medium. We consider the following space fractional radon diffusion equation [SFRDE],
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B
a‘;(;"t) =p? act(;"t) —AC(x0,0<x<L 1<B<2t>0,(xt)€[0,L] x[0,T] (1.3)
initial conditions: C(x,0) = 0,0 <x <L (1.4)
boundary conditions: €(0,t) = ¢, and ac(’t‘t) =0,t=>0 (1.5)
Definition1.1:-The Grunwald Letnikov space fractional derivative of order £ is defined by,
———~=0D = — lim -(G-1
9xF oDy C(x,t) = 77 lim e ﬁ)F(/+1)C( G —Dht)

hﬁ’ lim ZJ Oglg]C(x— (G — Dh,t)

where
__TIG-m
98 = rprgn

We organize the paper as follows: Section 2 is devoted for to develop Crank-Nicolson finite difference
scheme for space fractional radon diffusion equation. In section 3, we discuss the stability of the approximated
solution obtained by Crank-Nicolson finite difference scheme developed for fractional radon diffusion equation.
In section 4, we discuss the convergence of the scheme. In the last section we solved test problem and their
solution is represented graphically by mathematical software Mathematica.

Il. FINITE DIFFERENCE SCHEME
In this section, we develop the space fractional Crank-Nicolson finite difference method for fractional
order radon diffusion equation (1.3)-(1.5).

We define,
ty =kt; k=0,12,..,Nand x; = ih; i=0,1,2,..,M
where
_ T dh= L
T= N an =

Let C(x;ty);i=01.2,..,Mand k =0,1,2,...,N be the exact solution of space fractional radon diffusion
equation (SFRDE) (1.3)-(1.5) at mesh point(xl-,tk). Let c¥ be the numerical approximation of the
point C(x; ty ).

We consider the spatial § — order fractional derivative using the Grunwald finite difference formula at
all-time levels. The standard Grunwald estimates generally yields unstable finite difference equation regardless
of whatever results in finite difference method is an explicit or implicit system for related discussion. Therefore,
we use a right shifted Grunwald formula to estimate the spatial § — order fractional derivative.

For
i+1
BC(x,1) 1
W = onC(x, t) = h_ﬁz gB,jC(xi_(j_l)h, tk+1) + O(hz)
j=0
and the normalized Grunwald weights are given by,

gpo =1land gg; = (- 1)1E(ﬁ_1) ](ﬁ j+1) Jj=123,.

Using forward difference formula for time, right shifted Grunwald formula for second order space. Therefore,
Crank-Nicolson type numerical approximation to equation (1.3) is given as follows-

i+1 i+1

Cik+1 — Cik _ D 1 Ck+1 Ck /1 Ck+1
T | TP orp| L9 tisin + £, 98 Cimjrr| ~ AL
Jj=0 j=0
i+1 i+1
T
[Cikﬂ - Cik] = DW Zgﬁ,j Cik—J}L + Zgﬁ,j Cik—j+1 —At Cik+1
j=0 j=0

let

r—Dﬁanduzlr
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i+1 i+1
[cl*t —cf] =7 Z 9p,j Clha + Z 9p,j Cljaa | — 0 G
j=0 j=0
(1 + U)Cik+1 ;+%)gﬁ] Clk*ﬁ-l = Cik t+r ;+%)gﬁ] Clk]+1 (2-1)
i+1 i+1
(1+U)Ck+1—‘l”g Ck+1_r Z 9p, Clk-;il C +T'g'31C +r z gﬁ] ]+1
j=0,j#1 j=0,#1
since gg, = —f
(L + B =1 Bt g, G = (A= TB)CE + 72 11 95, C (2.2)
Therefore, the complete discretized problem is:
(1 + 7"‘3 + IJ) Cil - rZT—%)]il g[)’] Cll—j+1 = (1 - rB)CiO + TZ;+%)]¢1 g[)’] Cl—j+1, fOT' k=0 (23)
A+rp+ H)CikJr1 - 3+0]¢1 9B.j Czkth =(1- Tﬁ)Cf+ TZ;+%]]¢1 9p,j Clk—j+1 fork=1 (2.4)
initial conditions, ¢2,i = 0,1,2, ..., M (2.5)
boundary coTnditions, Ck=cC, andCk,, =Ck_1.;k=01.2,..,N (2.6)
andrzDﬁ;yz/lr
The matrix form of the above initial boundary value problem is
ACt =BC°+S;fork=10 2.7
(2.8)

ACK*1 = BCK+ ', fork > 1

where
1+rﬁ+u _Tgﬁ,[] ........................ vee \
/ _Tgﬁz 1+TB+“' _‘rgﬁ‘o .................. 2
= | —rgB 3 982 14rf+p  —Tgpo U : E
K ~Tr9pm ~rgpm-1 e, —r(gpo+9p2) 1+718+ u/
/ (1 — rB) rgﬂ’o ........................ \
982 (1-rp) Tgpo e e
B = | rgﬁ'?f ?’.9[»‘,2 (1 _ FB) —Tgp,o ...... 5 |
\ rgp.m TIpM—-1 e e s ‘r(gﬁo +9p2) (1- FB)/
rgﬁ’ZC$+rgﬁ_2(38 rgﬁlzC’(§+1+rgﬁ‘2C'(§
rgBSC(l) +rgp,’3C8 rng’é+1 +rgﬁ,3C’5
S=| T95,C0+795,C0 |i5'=| 785,007 +79,,Co
1. 0 k+1: k
"9 pm+1C0 T 795141 C0 T9pm+1C0 T 79pu11C0
T
ck=|ck ck ck ........ck] ;T=D2;B u=2t,i=012,..,M;k=0,12,..,N;
BB—-1)..(6—j+ 1) .
gpo =1land gg ;= (— 1)/ I j=123,.
Il. STABILITY

Theorem 3.1: The solution of approximated initial boundary value problem (2.3)-(2.6) for space fractional
radon diffusion equation (SFRDE) (1.3)-(1.5) is unconditionally stable.

max Elk
1<isM

Proof: We assume that, ||E¥||o, < |€F|
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Therefore, for k=0, from equation (2.3), we get

i+1
et =|a+rp+wel =1 Y ggeli
j=0,j#1
=|(1 —rp)e) + sz‘i%),jﬂ 9p.j EiO—j+1|
<[1—rB+7r Xt e gplels v (gp1=—B)
< |€e?]; v (X295, <0=1+1rYgs; <1

Therefore,
_ 1E oo < 11E®[]oo
Thus, the result is true for k = 0.
Suppose that, the result is true for Kk,
_ HE*]|oo < |IE°|o
To prove that the result is true for k+1, from equation (2.4), we have

i+1
el = [(L+ 7B+ weft -7 Z 9p.j €15
j=0,j#1
:|(1 —rB)ef + rZﬁ-Z%,jﬂ 9p.j Elk—j+1|
<[1—rB+7rEE e gplels  (gp1=—B)
Slelol’ “(Zgﬁ,]<0 :1+T'Zg[g‘]<1)

Therefore,
_ HEK* Y |o < 11E°]loo
Thus, the result is true for k+1.
Hence by mathematical induction, the result is true for all k.
_ N HEK* Y |o < 11E°]loo
Thus, the scheme is unconditionally stable.

IV. CONVERGENCE
In this section, we discuss the convergence of the approximate finite difference scheme (2.3) - (2.6). Let
C(x;, t) be the exact solution of the SFRDE (1.3)-(1.5) and C[ be the exact solution of the discrete
equation (2.3)-(2.6) at the mesh point(x;, t;), wherei =0,1,....M — 1;k = 1,2, ...,N.
We define,ef = C(x;, t,) — CF,wherei=01,..,M —1;k = 1,2,...,N and E* = (e¥, eX, ...,el_))

Theorem 4.1 The fractional order Crank-Nicolson finite difference scheme (2.3)-(2.6) for SFRDE (1.3)-(1.5) is
convergent and the solution Cik of the discretize scheme (2.3)-(2.6) and the solution C(x;, ti) of the equation
(1.3)-(1.5) satisfy,
[1C(xi, ti) — CKIl < 1IE]lo +0 (z +h%*B)i=01,..,.M—1;k=01,..,N
Proof: Let us assume that,
lef| = max| €f|=|El|_;forl=12,..
1<isM-1
and
TF = max | T} |; T]* = h?[0(z) + 0(h*™F)]
1<i<N
Therefore, from equation (4.1), we have
i+1
el = [ +rB+wel =1 > gpjel s
j=0,j%1
=|(1 - rp)e? +TZ;J;%J,j¢1 9p,j eio—j+1|
< |1 —rB+ rZ}J;%,,jilgﬁ,AelO ; since gg, = —P

< |e?| because ¥ gp; <0 = 1+7rX gg; <1
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Therefore,

[E o < 11E®||w + R?[0(z) + O(h*7F)]
Suppose that

IE¥|loo < [1El|eo + h?[0(2) + O(R*F)]
From equation (2.4), we have

i+1
lef* =X+ 7B +wef*t —r 2 9p.j e
K i+1 k
|(1 —rB)ef + Tzs'zo,j:tl 9p.j ei—j+1|
<|1—71B+ 71X 21 9plel s since gg1 = P

< |ef|, because ¥ gp; <0 = 1+1r¥ gp,; <1
Therefore,
IE¥* ! ||oo < |IE®||e0 + R2[0(2) + O(R*~F)]
Hence by mathematical induction, the result is true for all k.
IE*]loo < [1E®|le0 + R2[0(T) + O(R*F)]
This shows that fractional finite difference scheme (2.3)-(2.6) for SFRDE (1.3)-(1.5) is convergent.

V. NUMERICAL SOLUTION

The approximated solution of space fractional radon diffusion equation in soil medium with initial and
boundary conditions is achieved. The numerical solution of the space fractional radon diffusion equation
(SFRDE) by the finite difference scheme is validated by using software, it is important to use some analytical
model. Therefore, we have solved the problem at specific particular conditions by using Mathematica Software.
We consider the following, dimensionless space fractional radon diffusion equation with suitable initial and
boundary conditions.

aC(x,t aBC(xt
a(: ):D ai; ) —AC(x,1),0<x<L,1<p<2t=0,(xt)€[0,L] x[0,T]

initial condition: C(x,0) = 00 <x < L

boundary conditions: C(0,t) = ¢, and % =0,t=>0

with the radon diffusion coefficient D = 4.1 x 1077 m?/s. The numerical solutions obtained at t = 0.05 by
considering the parameters L = 1.7278cm, 1 = 2.1 X 107%s71,7 = 0.05,k = 4m?/kg,
p=05g/cm3,co =200Bq/m3,c(0,t) =40 x 103, a =0.9,a = 0.8 is simulated in the following
figure,
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E 4 200

+ 0.000015 [ + _7 \

< E 1500 \

o b

5 0.00001 E—y ] 5 1po \
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Fig. The approximate solution of radon diffusion equation for ¢ = 0.9 and a = 0.8

VI. CONCLUSION

We successfully develop the fractional order Crank-Nicolson finite difference scheme for space
fractional radon diffusion equation. Furthermore we discuss its stability and convergence of the scheme. As an
application of this method we obtain the numerical solution of text problem and its solution is simulated
graphically by mathematical software Mathematica.
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