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Abstract  :   Spherically Symmetric  wet dark fluid  Cosmological models with bulk viscous magnetic field is 

obtained in the presence of a Scalar tensor theory of gravitation proposed by Saez Balllestor [1]  To get a 

determination Solution of the field equations, we take a relation between metric potential  𝑏 = 𝑎𝑛 . Since physical & 

Kinematical properties of the models  are  also discussed .  
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Introduction : 

Cosmological models with bulk – viscosity are important since bulk  - viscosity has a greater rule in getting 

accelerated expansion of the universe popularly known as inflationary phase bulk viscous cosmological models in 

general relativity have been discussed by several authors Tripathy et. al [2], [3] have studied the Bianchi type  

cosmological models in  the presence of cosmic strings & bulk viscosity . Bulk Viscous cosmological models have 

been discussed in Brans-Dicke theory of gravitation by many authors Rao et. al. [4]  have discussed viscosity in a 

Scalar tensor theory proposed by Saez & Ballester [1] 

In recent years, there has been lot of interest In Scalar tensor theories of  gravitation proposed by Brans &Dicke [5] 

,Nardvedt [6] and Saez & Ballester [1]. Among them Bans –Dicke and  Saez – Ballester scalar –tensor theories are 

considered to be viable alternatives to general relativity Brans –Dicke theory  include a long range Scalar field 

interacting equally with all forms of matter ( with the exception of electromagnetism )  while in Saez – Ballester 

Scalar-tensor theory metric is coupled with a dimensionless scalar field  in a simple manner. A brief review of Saez 

Ballester theory is given by Reddy   et al. [7]   Electromagnetic field a property of space caused  by the motion of 

an electric charge.  A stationary change will produce only an electric field in the surrounding space. If the charge is 

moving, a magnetic field is also reduced. An electric field can be produced also by a changing magnetic field. The 

mutual interaction of electric and magnetic fields produces an electromagnetic field, which is considered as having 

its own existence in space apart  from the changer currents ( a stream of moving charges ) with which it may be 

related under certain circumstances , this electromagnetic field can be described as a wave transporting 

electromagnetic energy. Recently  the occurrence of magnetic fields with on galactic  scales & their importance for 

a variety of  astrophysical phenomena has been point art by several authors. Such as Yadav [8], Pradhan [9], Singh 

[10], Das [11], Kandalkar et al. [12] 

Very recently, there has been considerable interest in cosmological models with dark energy in GR because of the 

fact that our universe is currently undergoing an accelerated expansion which has been confirmed by a hast of 
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observations, such as type Ia  supernova ([13],[14]). Several models have  been proposed to explain dark energy 

([15], [16],[17], [18], [19]). 

The study of cosmological models in the frame of scalar tensor theories has been the active area of research for  the 

last fewcade. In Particular  Singh & Agrawal [20] Shri Ram & Tiwari [21] Reddy & Naidu [22]  Rao et al [23] are 

some of the authors who have investigated  several aspects of the cosmological models in Saez  Ballester scalar- 

tensor theory . 

Motivated by the  above discussion in this paper, we  have focused upon the problem  of establishing a formative 

far studying a new  integrability of magnetized bulk viscous Kantowski Sachs wet dark fluid cosmological model in 

a scalar tensor theory of  relativity. The behavior of the models are also discussed. 

The Metric and  Field Equations: 

We consider a spherically symmetric homogeneous anisotropic space time with metric 

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2𝑑𝑟2 + 𝑏2𝑑Ω2
                                                                                                   (1) 

Where 𝑎, 𝑏  are functions of 𝑡 alone. 

The field equations given by Saez and Ballester [1] for the combined scalar and tensor field are 

𝑅𝑖𝑗 −
1

2
𝑔𝑖𝑗𝑅 − 𝜔𝜙𝑛 (𝜙,𝑖𝜙,𝑗 −

1

2
𝑔𝑖𝑗𝜙,𝑘𝜙 ,𝑘) = −𝑇𝑖𝑗                                                                     (2) 

and the scalar field 𝟇 satisfies the equation 

2 𝜙𝑛𝜙,𝑖
,𝑖 + 𝑛𝜙𝑛−1𝜙,𝑘𝜙,𝑘𝑖 = 0                                                                                                       (3) 

here 𝟂 and 𝑛are  constants, 𝑇𝑖𝑗 is the energy momentum tensor of the matter and comma and semicolon denote 

partial and covariant differentiation respectively. 

 The energy momentum for magnetized bulk viscous wet dark fluid is 

𝑇𝑖𝑗 = (𝜌𝑊𝐷𝐹 + 𝑃𝑊𝐷𝐹)𝑢𝑖𝑢𝑗 +  𝑃𝑊𝐷𝐹𝑔𝑖𝑗 − 𝜉𝜗(𝑢𝑖𝑢𝑗 + 𝑔𝑖𝑗) + 𝐸𝑖𝑗                                                 (4) 

Where 𝞺 is the rest energy density of the system, 𝜗 = 𝑢;𝑖
𝑖  is scalar expansion, 𝞷 the coefficient of bulk viscosity, the 

vector represent a 𝑢𝑖describe the cloud four velocities and 𝑥𝑖 represent a direction of anisotropy that is direction of 

string, satisfy the standard relation  

𝑢𝑖𝑢𝑖 = −𝑥𝑖𝑥𝑖 = −1  𝑎𝑛𝑑     𝑢𝑖𝑥𝑖 = 0                                                                                           (5) 

𝐸𝑖𝑗 is energy momentum for magnetic field given by 

𝐸𝑖𝑗 =
1

4𝜋
(𝐹𝑖𝛼𝐹𝑗𝛽𝑔𝑖𝑗 −

1

4
𝑔𝑖𝑗𝐹𝛼𝛽𝐹𝛼𝛽)                                                                                            (6) 

where 𝐹𝑖𝑗 is the electromagnetic  field tensor which satisfies the Maxwell equation 

𝐹[𝑖𝑗;𝛼] = 0  (𝐹𝑖𝑗√−𝑔)
;𝑗

= 0                                                                                                      (7)  

In commoving co-ordinates, the incident magnetic field is taken along x-axis, with the help of Maxwell equation 

(7), the only non-vanishing component of 𝐹𝑖𝑗 is the equation 
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𝐹23 = 𝑐𝑜𝑛𝑠 𝑡𝑎𝑛 𝑡 = 𝐴                                                                                                                   (8) 

The non- vanishing components of the Einstein field equations are  

1

𝑏2 + 2
�̇��̇�

𝑎𝑏
+

�̇�2

𝑏2 +
𝜔

2
𝜙𝑛�̇�2 = 8𝜋𝜌𝑊𝐷𝐹 +

𝐴2

𝜇2𝑏4                                                                                (9) 

1

𝑏2 + 2
�̈�

𝑏
+

�̇�2

𝑏2 −
𝜔

2
𝜙𝑛�̇�2 = −8𝜋𝑝𝑊𝐷𝐹 +

𝐴2

𝜇2𝑏4 + 𝜉𝜗                                                                    (10) 

�̈�

𝑎
+

�̈�

𝑏
+

�̇��̇�

𝑎𝑏
= −8𝜋𝑝𝑊𝐷𝐹 −

𝐴2

𝜇2𝑏4 + 𝜉𝜗                                                                                          (11) 

�̈� + �̇� (
�̇�

𝑎
+ 2

�̇�

𝑏
) +

𝑛

2

𝜙2̇

𝜙
= 0                                                                                                        (12) 

The physical quantities that are of the importance in cosmology are proper volume𝑉, expansion scalar 𝜃   and shear 

𝜎2and have the following expression for the metric 

𝑉 = 𝑎𝑏2𝑠𝑖𝑛𝜗                                                                                                                               (13) 

𝜃 =
�̇�

𝑎
+ 2

�̇�

𝑏
                                                                                                                                  (14) 

𝜎2 =
2

3
(

�̇�

𝑏
−

�̇�

𝑎
)

2

                                                                                                                           (15) 

where an overhead dot indicate ordinary time derivative. 

Solutions of the Field Equations and the Model:  

The field equations (9)-(12) are four independent equations in six unknown quantities 𝑎, 𝑏, 𝜌𝑊𝐷𝐹, 𝑝𝑊𝐷𝐹. Two 

additional conditions relating these unknown are required  to obtain exact solutions  of system.  

Firstly, we assume the relation 

𝑏 = 𝑎𝑛                                                                                                                                          (16) 

From (10) and (11) , we obtain 

�̈�

𝑏
−

�̈�

𝑎
+ (

�̇�

𝑏
)

2

−
�̇��̇�

𝑎𝑏
= 2

𝐴2

𝜇2𝑏4                                                                                                         (17)

 

Using equation (16) in (17), we obtain 

�̈� + 2𝑛
�̇�2

𝑎
= 2

𝐴2

𝜇2(𝑛−1)
𝑎−4𝑛+1 −

1

(𝑛−1)
𝑎−2𝑛+1

                                                                            (18) 

Let us consider 
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 �̇� = 𝑓(𝑎) 

�̈� = 𝑓𝑓 ′𝑤ℎ𝑒𝑟𝑒𝑓 ′ =
𝑑𝑓

𝑑𝑎                                                                                                                 (19) 

Using (19), (18) reduces to 

𝑑

𝑑𝑎
(𝑓2) + 4𝑛

𝑓2

𝑎
=

4𝐴2

𝜇2(𝑛−1)
𝑎−4𝑛+1 −

2

(𝑛−1)
𝑎−2𝑛+1

                                                                     (20) 

After simplifying (20) , we obtain 

𝑓2 =
2𝐴2

𝜇2(𝑛−1)
𝑎2(1−2𝑛) −

1`

(𝑛2−1)
𝑎2(1−𝑛) + 𝑆𝑎−4𝑛

                                                                        (21) 

where  S is integrating constant 

Using (19), (21) becomes 

𝑑𝑎

𝑑𝑡
= [

2𝐴2

(𝑛−1)𝜇2 𝑎2(1−2𝑛) −
1

𝑛2−1
𝑎2(1−𝑛) + 𝑆𝑎−4𝑛]

1

2

                                                                      (22) 

Then the metric(1) becomes as 

𝑑𝑠2 = − [
2𝐴2

(𝑛−1)𝜇2 𝑎2(1−2𝑛) −
1

(𝑛2−1)
𝑎2(1−𝑛) + 𝑆𝑎−4𝑛]

−1

𝑑𝑎2 + 𝑎2𝑑𝑟2 + 𝑎2𝑛𝑑Ω2
                   (23) 

Using suitable transformation  

𝑑𝑠2 = − [
2𝐴2

(𝑛−1)𝜇2 𝑇2(1−2𝑛) +
1

(𝑛2−1)
𝑇𝑎2(1−𝑛) + 𝑆𝑇−4𝑛]

−1

𝑑𝑇2 + 𝑇2𝑑𝑟2 + 𝑇2𝑛𝑑Ω2                (24) 

For the model of equation (24), the other physical and geometrical parameters can be easily obtained. 

Some Physical Properties of the Model 

The scalar of expansion , the shear scalar , spatial  volume  , Pressure and density of WDF are given respectively by 

𝜃 = (1 + 2𝑛) [
2𝐴2

(𝑛−1)𝜇2 𝑇−4𝑛 −
1

(𝑛2−1)
𝑇−2𝑛 + 𝑆𝑇−(4𝑛+2)]

1

2

                                                        (25) 

𝜎2 =
2

3
(𝑛 − 1)2 [

2𝐴2

(𝑛−1)𝜇2 𝑇−4𝑛 −
1

(𝑛2−1)
𝑇−2𝑛 + 𝑆𝑇−(4𝑛+2)]                                                      (26) 

The Special Volume in the model is given by  

𝑉 = 𝑇2𝑛+1𝑠𝑖𝑛𝟅                                                                                                                           (27) 

 The Scalar field in the model given by 
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𝜙 = {𝑛+2

2
[
−𝑘1

𝑇−2𝑛

2𝑛
+ 𝑘2

]}
2

𝑛+2                                                                                                    (28) 

where𝑘1
and 𝑘2

 are constant of integration 

The Physical quantities that are important in cosmology : 

Energy Density of WDF 

𝜌𝑊𝐷𝐹 =
1

8𝜋
{

1

𝑇2𝑛 + 𝑛(𝑛 + 2) [
2𝐴2

(𝑛−1)𝜇2

1

𝑇4𝑛−1 −
1

𝑛2−1

1

𝑇2𝑛−1 +
𝑆

𝑇4𝑛+1
] −

𝐴2

𝜇2

1

𝑇4𝑛 +
𝜔

2
(

𝑛+2

2
{

𝑘1

2𝑛

1

𝑇2𝑛 +

𝑘2})

2𝑛

𝑛+2
.

𝑘1
2

𝑛2(𝑛+2)2
[

𝑛+2

2
(

−𝑘1

2𝑛

1

𝑇2𝑛 + 𝑘2)]

−2𝑛

𝑛+2 1

𝑇2(2𝑛+1) . [
2𝐴2

(𝑛−1)𝜇2

1

𝑇2(2𝑛−1) −
1

(𝑛2−1)

1

𝑇2(𝑛−1) +
𝑆

𝑇4𝑛
]}      (29) 

The Pressure of WDF: 

We further assume that the coefficient of bulk viscosity is inversely proportional  to expansion  i.e.
 𝜉𝟅 = 𝒄𝒐𝒏𝒔𝒕 𝑴

 

𝜌𝑊𝐷𝐹 =
1

8𝜋
{

1

𝑇2𝑛 + 𝑛(𝑛 − 2) [
2𝐴2

(𝑛−1)𝜇2

1

𝑇4𝑛−1 −
1

𝑛2−1

1

𝑇2𝑛−1 +
𝑆

𝑇4𝑛+1
] + 𝑛 [

2𝐴2(1−2𝑛)

(𝑛−1)𝜇2

1

𝑇4𝑛 +
1

(𝑛+1)

1

𝑇2𝑛 −
2𝑛𝑠

𝑇2(2𝑛+1)
] +

  
𝜔

2
(

𝑛+2

2
{

𝑘1

2𝑛

1

𝑇2𝑛 + 𝑘2})

2𝑛

𝑛+2
.

𝑘1
2

𝑛2(𝑛+2)2
[

𝑛+2

2
(

−𝑘1

2𝑛

1

𝑇2𝑛 + 𝑘2)]

−2𝑛

𝑛+2 1

𝑇2(2𝑛+1) . [
2𝐴2

(𝑛−1)𝜇2

1

𝑇2(2𝑛−1) −
1

(𝑛2−1)

1

𝑇2(𝑛−1) +
𝑆

𝑇4𝑛
] −

𝐴2

𝜇2

1

𝑇4𝑛 − 𝑀}                                                                                            (30) 

Hubble’s Parameter 𝑯: 

𝐻 =
1 + 2𝑛

3
[ 2𝐴2

(𝑛 − 1)𝜇2

1

𝑇4𝑛−1
−

1

(𝑛2 − 1)

1

𝑇2𝑛−1
+

𝑆

𝑇4𝑛+1

]

1

2 

The coefficient of bulk viscosity: 

𝜉 =
𝑀

(1 + 2𝑛)
[ 2𝐴2

(𝑛 − 1)𝜇2

1

𝑇4𝑛
−

1

(
𝑛2 − 1)

1

𝑇2𝑛
+

𝑆

𝑇4𝑛+2

]
−

1

2 

 

The spatial volume 𝑉  tend to zero when 𝑇 → 0 and increases as 𝑇 → ∞.  

The expansion and shear scalar are infinite at 𝑇 = 0and decreases with the  increases in cosmic time. Thus, the 

universe starts evolving with the zero volume at the initial epoch with infinite rate of expansion which slows down 

for the later times of the universe. 

The anisotropy parameter of the expansion 𝑙𝑖𝑚
𝑇→∞

(
𝜎

𝜃
) ≠ 0 is found to be constant. Thus, the model does not approach 

to isotropy for the future evolution of the universe. 
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It can be observed that the spatial volume increases as T increases  while the scalar of expansion𝜗 and the shear 

scalar 𝜎2  decreases .At the initial epoch, the physical quantities𝜗 , 𝜎2  , 𝜌𝑊𝐷𝐹𝑃𝑤𝐷𝐹diverge. As𝑇 ⟶ ∞ 𝟅, 𝜎2,  𝜌𝑊𝐷𝐹 

,𝑃𝑤𝐷𝐹 vanishes. The model  (21) has no  initial singularity. The scalar field in the model vanishes as 𝑇 ⟶ ∞ . 

Conclusions : 

In discussing the large scale structure and behavior of the universe, spatially homogeneous and anisotropic 

cosmological model play a vital rule in the frame work of general relativity. Also, it is well know that scalar field 

and magnetized bulk viscosity have significant role in getting an accelerated universe . Here  we have studied 

Kantowski –Sachs magnetized bulk viscous wet dark fluid in scalar tensor theory.  To be able to  obtain a more 

general we assume that the coefficient of bulk is inversely proportional to the expansion i.e. 𝜉𝜗 = 𝐶𝑜𝑛𝑠𝑡 𝑀,   and 

expansion is proportional to shear i.e. 𝜗 𝛼 𝜎 

The presence of a magnetic field affect energy density, pressure (P) co-efficient of  bulk viscosity  𝞷, scalar field  𝟇  

and expansion as well as acceleration of universe. The bulk viscosity plays a greater role in the evolution of the 

properties of the model also helps us to get  a universe with accelerated expansion. Hence the presence of bulk 

viscosity should be taken into  account in the description of the universe. 
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