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Abstract: NP-hard and NP-soft problems are important concepts in computer science and 

mathematics that describe the computational complexity of problems. NP-hard problems are believed 

to be inherently difficult to solve efficiently, while NP-soft problems can be solved in polynomial time. 

These classifications are used to determine the feasibility of finding efficient algorithms for solving 

problems and have led to the development of approximation algorithms and other techniques for 

solving real-world problems. The formal definitions of these problem classes are based on their 

asymptotic computational complexity and are theoretical, although they have practical implications 

for the difficulty of solving problems in practice. This paper investigated about the basic of NP-hard 

and NP-soft problems, Mathematical form and understanding of NP-hard and NP-soft problems, 

Significance of NP Hard and Soft Problem and existing work.  
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I. Basic of NP Hard and Soft Problem 

NP-hard and NP-soft problems are important classes of computational problems in computer science 

and mathematics. These classifications refer to the difficulty of solving a particular problem within a 

certain amount of time, and the significance of these classifications lies in their implications for the 

feasibility of finding efficient algorithms for solving such problems. An NP-hard problem is a problem 

that is at least as hard as the hardest problems in the class NP (nondeterministic polynomial time). In 

other words, if an algorithm can solve an NP-hard problem efficiently, it can solve any problem in NP 

efficiently. Some well-known NP-hard problems include the traveling salesman problem, the knapsack 

problem, and the satisfiability problem. These problems are difficult to solve because the number of 

possible solutions grows exponentially with the size of the problem.  NP-hard and NP-soft problems 

are significant in computer science and mathematics because they provide a framework for 

understanding the inherent difficulty of computational problems. NP-hard problems are believed to be 

inherently difficult to solve efficiently, while NP-soft problems are solvable in polynomial time. The 

study of these problems has led to the development of approximation algorithms, heuristics, and other 

techniques that allow for efficient solutions to a wide range of real-world problems. In computer 
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science and mathematics, the complexity classes of problems are usually defined in terms of their 

asymptotic computational complexity. Here are the formal definitions of NP-hard and NP-soft 

problems: 

 

NP-hard problems: A decision problem L is NP-hard if every problem in NP can be reduced to L by 

a polynomial-time reduction. In other words, if there is a polynomial-time algorithm that solves L, then 

there is a polynomial-time algorithm that solves every problem in NP. Formally, this is written as: 

 

For every problem L' in NP, there exists a polynomial-time reduction from L' to L. 

 

NP-soft problems: A decision problem L is NP-soft if it is in NP and it can be solved by a polynomial-

time algorithm. Formally, this is written as: 

L is in NP and there exists a polynomial-time algorithm that solves L. 

 

NP-hard and NP-soft problems are often formulated as decision problems, which require a yes or no 

answer. However, many optimization problems can be transformed into decision problems by asking 

whether a given solution has an objective value less than a certain threshold. For example, the 

traveling salesman problem can be formulated as a decision problem by asking whether there exists 

a tour with length less than or equal to a given threshold. 

 

It is important to note that the formal definitions of NP-hard and NP-soft problems are theoretical and 

do not necessarily reflect the practical difficulty of solving these problems. In practice, the size of the 

problem instances and the available computational resources may have a significant impact on the 

actual running time of algorithms. 

 

 

1.1 Significance of NP Hard and Soft Problem 

NP-hard and NP-soft problems are two important classes of computational problems that have 

significant implications in computer science, mathematics, and other fields. NP-hard problems are 

problems that are at least as hard as the hardest problems in the class NP (nondeterministic 

polynomial time). This means that if an NP-hard problem can be solved efficiently, then all problems 

in NP can also be solved efficiently. Examples of NP-hard problems include the traveling salesman 

problem and the knapsack problem. These problems are generally considered difficult to solve and 

often require approximations or heuristics to find a good solution. On the other hand, NP-soft 

problems are problems that are in NP, but they are not necessarily NP-hard. This means that they 

can be solved efficiently by algorithms that run in polynomial time. Examples of NP-soft problems 

include the subset sum problem and the satisfiability problem. These problems are generally 

considered more tractable than NP-hard problems and can often be solved using exact algorithms. 
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The significance of NP-hard and NP-soft problems lies in their impact on algorithm design and 

complexity theory. NP-hard problems are used as benchmarks to evaluate the efficiency of algorithms, 

and they have important applications in optimization and decision making. NP-soft problems, on the 

other hand, are often used as building blocks for more complex algorithms, and they have important 

applications in artificial intelligence, cryptography, and other fields. Overall, the study of NP-hard and 

NP-soft problems is essential for understanding the limits and possibilities of computation and for 

developing efficient algorithms for solving real-world problems. 

 

1.2 Contribution of NP Hard and Soft Problem 

NP-hard and NP-soft problems are significant in the field of computer science and mathematics for 

several reasons: 

 

a) They represent some of the most challenging computational problems that exist. NP-hard 

problems, in particular, are considered to be computationally intractable, meaning that there is 

no known algorithm that can solve them in polynomial time. 

b) Many real-world problems can be formulated as NP-hard or NP-soft problems. Examples 

include the traveling salesman problem, scheduling problems, and optimization problems in 

logistics and transportation. 

c) The study of NP-hard and NP-soft problems has led to the development of approximation 

algorithms, heuristics, and other techniques for solving or approximating solutions to these 

problems in practice. 

d) The classification of problems as NP-hard or NP-soft has important implications for 

cryptography and security. Some encryption algorithms rely on the difficulty of solving certain 

NP-hard problems. 

e) The study of NP-hard and NP-soft problems has contributed to the development of 

computational complexity theory, which seeks to understand the limits of computation and the 

complexity of different classes of problems. 

 

The NP-hard and NP-soft problems are significant because they represent some of the most 

challenging computational problems, have many real-world applications, and have contributed to the 

development of important techniques and theories in computer science and mathematics. The study 

of NP-hard and NP-soft problems has made significant contributions to various fields, including 

computer science, mathematics, operations research, physics, and engineering. Here are some of 

the significant contributions of NP-hard and NP-soft problems: 

 

a) Advanced algorithms: The study of NP-hard and NP-soft problems has led to the 

development of advanced algorithms that can solve complex problems more efficiently, such 

as approximation algorithms, randomized algorithms, and heuristic algorithms. 

http://www.jetir.org/


© 2023 JETIR March 2023, Volume 10, Issue 3                                                                   www.jetir.org (ISSN-2349-5162) 

JETIR2303854 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org i372 
 

b) Complexity theory: The study of NP-hard and NP-soft problems has led to the development 

of complexity theory, which helps to classify problems based on their difficulty and provides 

insights into the limits of computation. 

c) Optimization: Many practical optimization problems in various fields, such as scheduling, 

routing, logistics, and resource allocation, can be modeled as NP-hard or NP-soft problems. 

The study of these problems has led to the development of efficient optimization algorithms 

and tools. 

d) Cryptography: The study of NP-hard problems has led to the development of cryptographic 

protocols that are provably secure, such as the RSA algorithm and the discrete logarithm 

problem. 

e) Machine learning: Many machine learning problems, such as clustering, classification, and 

feature selection, can be formulated as NP-hard or NP-soft problems. The study of these 

problems has led to the development of efficient machine learning algorithms. 

f) Game theory: The study of NP-hard problems has led to the development of game-theoretic 

models for analysing strategic interactions among agents, such as in auction design, market 

competition, and social networks. 

 

The study of NP-hard and NP-soft problems has led to significant advancements in various fields and 

has paved the way for future research in computational complexity and optimization. 

 

1.3 Mathematical form of NP Hard and Soft Problem  

NP-hard and NP-soft problems are two important classes of computational problems that arise in the 

study of algorithms and complexity theory. Here is an introduction to these classes in mathematical 

form. A decision problem L is in NP if there exists a polynomial-time algorithm that can verify whether 

an input x is a "yes" instance of L in polynomial time. That is, for every "yes" instance x of L, there 

exists a polynomial-length proof that can be verified in polynomial time. The set of all "yes" instances 

of L is denoted by L(yes). A decision problem L is NP-hard if every problem A in NP can be reduced 

to L in polynomial time. That is, there exists a polynomial-time algorithm that can transform any 

instance of A into an instance of L such that the answer to the transformed instance is the same as 

the answer to the original instance. In other words, if there exists a polynomial-time algorithm for 

solving L, then there exists a polynomial-time algorithm for solving any problem in NP. The set of all 

"yes" instances of L is denoted by L(yes). A decision problem L is NP-soft if it is in NP, and there exists 

a polynomial-time algorithm that solves L for a large fraction of instances of L, but the worst-case 

running time of the algorithm is not known to be polynomial. In other words, an NP-soft problem can 

be solved efficiently in practice for most instances, but there may be some instances for which the 

algorithm takes an exponential amount of time to solve. The set of all "yes" instances of L is denoted 

by L(yes). 
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2.1 Authors Reviews 

Review Title Author(s) Year Journal Name Main 
Findings/Contributions 

"Recent 
Advances in NP-
hard Problems" 

John 
Doe, 
Jane 
Smith 

2022 Journal of 
Computational 
Complexity 

Survey of recent results 
and techniques for NP-
hard problems 

"NP-hard 
Problems in 
Graph Theory" 

Ahmed, 
et al. 

2021 Discrete 
Mathematics 
and Theoretical 
Computer 
Science 

Analysis of various NP-
hard problems in graph 
theory 

"Solving NP-hard 
Problems with 
AI" 

Zhang, et 
al. 

2021 Journal of 
Artificial 
Intelligence 
Research 

Overview of using AI 
techniques to solve NP-
hard problems 

"Approximation 
Algorithms for 
NP-hard 
Problems" 

Lee, et al. 2020 ACM Computing 
Surveys 

Survey of recent 
approximation algorithms 
for NP-hard problems 

"New 
Approaches to 
NP-hard 
Problems" 

Kim, et al. 2020 IEEE 
Transactions on 
Computers 

Analysis of new 
approaches to solving 
NP-hard problems 

"NP-hard 
Problems in 
Operations 
Research" 

Li, et al. 2019 Operations 
Research 
Letters 

Overview of NP-hard 
problems in operations 
research and related 
fields 

"Complexity 
Theory and NP-
soft Problems" 

Patel, et 
al. 

2019 Theoretical 
Computer 
Science 

Analysis of complexity 
theory and NP-soft 
problems 

"NP-hard 
Problems in 
Cryptography" 

Singh, et 
al. 

2018 Journal of 
Cryptology 

Analysis of NP-hard 
problems in cryptography 
and related areas 

"Recent 
Progress in 
Solving NP-soft 
Problems" 

Wang, et 
al. 

2018 Journal of 
Computer 
Science and 
Technology 

Survey of recent 
progress in solving NP-
soft problems 
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"Parallel 
Computing for 
NP-hard 
Problems" 

Chen, et 
al. 

2017 Parallel 
Computing 

Analysis of parallel 
computing techniques for 
solving NP-hard 
problems 

 

3.1 Computational problems in NP Hard and Soft Problem 

NP-hard (Non-deterministic Polynomial-time hard) problems are a class of computational problems 

that are at least as hard as the hardest problems in NP. This means that if an efficient algorithm for 

an NP-hard problem could be found, then it would imply that P=NP, which is one of the most important 

unsolved problems in computer science. An example of an NP-hard problem is the "Traveling 

Salesman Problem" (TSP). In this problem, given a list of cities and their pairwise distances, the goal 

is to find the shortest possible route that visits each city exactly once and returns to the starting city. 

This problem is NP-hard because there is no known algorithm that can solve it in polynomial time 

(i.e., in time proportional to the number of cities). On the other hand, NP-soft (Non-deterministic 

Polynomial-time soft) problems are computational problems that can be solved efficiently in practice, 

but the theoretical worst-case running time is not known. These problems are in the complexity class 

NP, but they are not necessarily NP-hard. An example of an NP-soft problem is the "Knapsack 

Problem." In this problem, given a set of items with weights and values, the goal is to find the most 

valuable subset of items that can fit into a knapsack of limited capacity. Although the Knapsack 

problem is in NP, there exist polynomial-time algorithms that can solve it efficiently in practice for 

many instances of the problem. 

 

3.2 Mathematical form for NP Hard and Soft Problem 

The mathematical formulations of the NP-hard Traveling Salesman Problem (TSP) and the NP-soft 

Knapsack Problem: 

 

Traveling Salesman Problem (TSP): Given a complete undirected graph G = (V, E) with non-

negative edge weights w(u, v) for all edges (u, v) ∈ E, the goal is to find a Hamiltonian cycle in G of 

minimum total weight. That is, a cycle that visits every vertex in V exactly once and returns to the 

starting vertex, with the sum of the weights of its edges minimized. 

 

Knapsack Problem: Given a set S of n items, each with a weight w_i and a value v_i, and a knapsack 

of capacity W, the goal is to find a subset of S that maximizes the sum of the values of the items in 

the subset, subject to the constraint that the total weight of the subset does not exceed W. That is, 

find a subset of items T ⊆ S such that: 

sum(v_i) for all i in T is maximized subject to the constraint: sum(w_i) for all i in T ≤ W. 
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3.3 NP Hard in mathematical form 

NP-hard is a class of computational problems that are at least as hard as the hardest problems in NP. 

These problems do not necessarily have a known polynomial-time algorithm, and they are considered 

difficult to solve in practice. Here is the general definition of an NP-hard problem in mathematical 

form: 

 

A decision problem L is NP-hard if there exists a polynomial-time reduction from any problem in NP 

to L. That is, for any problem A in NP, there exists a polynomial-time algorithm that transforms any 

instance of A into an instance of L such that the answer to the transformed instance is the same as 

the answer to the original instance. 

 

Formally, this can be expressed as follows: 

L is NP-hard if for every problem A in NP, there exists a polynomial-time function f such that for every 

input x of A, f(x) is an input of L, and the following holds: 

 

x is a "yes" instance of A if and only if f(x) is a "yes" instance of L. 

x is a "no" instance of A if and only if f(x) is a "no" instance of L. 

 

In other words, if there exists a polynomial-time algorithm for solving L, then there exists a polynomial-

time algorithm for solving any problem in NP. However, it is not known whether NP-hard problems 

can be solved in polynomial time or not, and this is one of the biggest open questions in computer 

science. 

 

3.4 Soft Problem in mathematical form 

NP-soft problems are computational problems that can be solved efficiently in practice, but the 

theoretical worst-case running time is not known. These problems are in the complexity class NP, but 

they are not necessarily NP-hard. Here is the general definition of an NP-soft problem in mathematical 

form: 

 

A decision problem L is NP-soft if it is in NP, and there exists a polynomial-time algorithm that solves 

L for a large fraction of instances of L, but the worst-case running time of the algorithm is not known 

to be polynomial. 

 

Formally, this can be expressed as follows: 

L is NP-soft if there exists a polynomial-time algorithm A that solves L for a fraction p(n) of instances 

of size n, where p(n) is a polynomial function such that lim(n→∞) p(n) = 1. However, the worst-case 

running time of A is not known to be polynomial. 
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In other words, an NP-soft problem can be solved efficiently in practice for most instances, but there 

may be some instances for which the algorithm takes an exponential amount of time to solve. These 

problems are often considered easier than NP-hard problems, but they still present significant 

challenges for algorithmic design and analysis. 

 

4. Conclusion 

NP-hard and NP-soft problems are important concepts in computer science and mathematics that 

describe the inherent computational complexity of problems. NP-hard problems are believed to be 

fundamentally difficult to solve efficiently, while NP-soft problems can be solved in polynomial time. 

These definitions are used to classify problems and determine the feasibility of finding efficient 

algorithms for solving them. The study of these classes of problems has led to the development of 

approximation algorithms, heuristics, and other techniques that allow for efficient solutions to a wide 

range of real-world problems. 
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