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Abstract
A large number of fractional derivative and Eulerian integral formulae of multivariable H-
Function containing general class of polynomial have been presented. Here, in this paper, our aim
is to establishing three fractional integral formulas involving the products of the multivariable H-
function and a general class of polynomials by using generalized fractional integration operators
given by Saigo and Maeda [M. Saigo, N. Maeda, Varna, Bulgaria, (1996), 386-400]. All the results

derived here being of general character, they are seen to yield a number of results (known and

new) regarding fractional integrals.In this paper we use fractional differential operators D, , and

k,o, X
DY to derive a number of key formulas of multivariable H-function. We use the generalized

Leibnitz’s rule for fractional derivatives in order to obtain one of the aforementioned formulas,
which involve a product of two multivariable’s H-function. It is further shown that ,each of these
formulas yield interesting new formulas for certain multivariable hypergeometric function such
as generalized Lauricella function (Srivastava-Dauost)and Lauriella hypergeometric function
some of these application of the key formulas provide potentially useful generalization of known
result in the theory of fractional calculus.
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1. INTRODUCTION AND DEFINITIONS

Fractional calculus which are derivatives and integrals of arbitrary (real and complex) orders have
found many applications in a variety of fields ranging from natural science to social science. In
recent years, it has turned out that many phenomena in engineering, physics, chemistry and other
sciences can be described very successfully by means of models using mathematical tools
deduced from fractional calculus

Fractional derivatives are also used in modeling many chemical processes, mathematical biology
and many other problems in physics and engineering (see, e.g., [3]-[1], [4], [5], [6]). Under various
fractional calculus operators, the computations of image formulas for special functions of one or
more variables are important from the point of view of the usefulness of these results in the
evaluation of generalized integrals and the solution of differential and integral equations (see, e.g.,
[7], [8],[9], [10], [11], [12], [13] and [14] and so on). Motivated essentially by diverse applications of
fractional calculus we establish three image formulas for the product of multivariable H-function
and general class of polynomials involving left and right sided fractional integral operators of
Saigo-Meada [15]. By virtue of the unified nature of our results, a large number of new and
known results involving Saigo, Riemann-Liouville and Erd’elyi-Kober fractional integral
operators and several special functions are shown to follow as special cases of our main results.
The generalized fractional integral operators of arbitrary order involving Appell function F3 in the
kernel were defined and investigated by Saigo and Maeda [15, p. 393, Egs. (4.12) and (4.13)]

The fractional derivative of special function of one and more variables is important such as in the
evaluation of series,[10,15] the derivation of generating function [12,chap.5] and the solution of
differential equations [4,14;chap-3] motivated by these and many other avenues of applications,
the fractional differential operators D,

cox and DY are much used in the theory of special
function of one and more variables .

We use the fractional derivative operator defined in the following manner [16]

. o Tore VHFTk+1 ek

D ) =T1I 1x (L)

=0 \/,u+rk—a+1

Where a#p+1 and a and k are not necessarily integers

The present work is an attempt in the direction of obtaining fractional calculus
formula by utilizing series expression method, introduced by srivastava [22]. The name general
class of polynomials, itself indicates the importance of the results, because we can derive a
number of fractional calculus formulae for various classical orthogonal polynomials.

Differential operator D! is defined by [5, p.49; 3; 9; 17, P-356]

JETIR2404547 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org ‘ f434


http://www.jetir.org/

© 2024 JETIR April 2024, Volume 11, Issue 4 www.jetir.org(ISSN-2349-5162)

1 X

— j (x—t)“f(t)dt , [Re(u)<0]
LD f(X) = i
dm
dx™

D (), [0 <Re(u) <m]

(1.2)

Where m is a positive integer
For =0 ,(1.2) Defines the classical Riemann-Liouville fractional derivative of order p (or-p)
when a—w ( 1.2) may be identified with the definition of the well known Weyl fraction derivative

of order p (or-p) [1,chap.13);3] the special case of fractional calculus operator , DY when a=0 is

written as DY thus we have

D = oD - (13)

X

In this paper we drive several fractional derivative formulas involving multivariable H-function
which as defined by srivastav and panda [8, p.271 (4.1) et. Seq.] and studied systematically by
then [6,7,8 also 11] for this multivariable H-function we adopt the contracted notations (due
essentially to Srivastava and panda [23] thus following the various conventions and notations
explained fairly and fully in their earlier works [6,7,8see also 11,13]

o) D) ol

_ogonmmn,.mon |
H[Zl’---’zr]—Hp,q:p:ql ----- Pt | ...(1.4)

Zr (bj'ﬂgl)mﬂgr))l,q:(dgnﬁgl))l,qlw'V(d][yggr))lv%

Denote the H-function of r-
variables z,,7,,...,Z, here for convenience

(a 1,0611- 1ol Er)) Abbreviates the p- member array
Lp

(aada?).. (a0} e ..(L5)

p

While (Cgi) : y%i) )1 Abbreviates the array of p, pairs of parameters
P2

(6 ) ) (i =1r) 19

and SO on ,suppose ,as usual that the parameters
a,, j=1..,p; CEI), J=1..,p;

b,, j=L..a; dVY, j=1..,0; Vie(i=1..r) (17)

complex number and

the associated coefficients
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a; j=Ll..p; 7, j=l.p;

j=1..,0;: 6" j=1.q ; Vie(l,..r
A ) o 1= € (L) . (18)

Are positive real numbers such that

S )N pl) N0 N ()
A=) =2 B+ =26 <0
j=1 j=1 j=1 j=1 ... (1.9)

and
SIFONE QU WU SO SO BI SR() i
QF‘_Z a| —Zﬂj +Z7/1 —_z 7| +Z5j —_z 57>0; Vvie[l..,r] . (1.10)
j=n+1 j=1 j=1 j=n+1 j=1 j=my+1
Where the integers n, p, q M,Nn,p,q are constrained by the inequalities

0<n<p,g20,1<m<q,0<n<p [i=L..r] and the equality (1.10) holds true for suitably

restricted values of the complex variables z,.....,Z,

Then it is known that the multiple Mellin-Barnes counter integral [11, p.251 (c.1)]
representing the multivariable H-function (1.4) converges absolutely under the condition (1.10)
when

‘arg(zi)‘<%z\Qi , Vie[l,..,r] .. (1.11)
(A} (max|z,],....|z,| = 0)

H(z...7,]= ]
0(|21|"1---’|Zr ") ’ (nzo;min|zl|,...,|z,|—>oo)

. (1.12)
Where with i=1,...r

& :min{Re (d%))} (i=%..m)

| .. (113)
- max{Re (cﬂ ) —17“)]}, (j=1...n)

Provided that each of the inequalities (1.10), (1.11) and (1.12) holds true.

Throughout the present paper .we assume that the convergence and existence condition
corresponding appropriately to the ones detained above are satisfied by each of the various H-
function involved in our results which are presented in the following sections

(i) The  H-Function
Defined by Saxena and kumbhat [21] is an extension of Fox’s H-Function on specializing the
parameters , H-Function can be reduced to almost all the known special function as well as
unknown

The Fox’s H-Function of one variable is defined and represented in this Paper as follows [see
Srivastava et al [22] ,pp 11-13 ]

M,N aj: %), p 1
H[x]=Hg, [X/( b } = 5 _[ o(&)x"d& .. (1.14)

(bj "Bj)l,Q 27Z-a)9:N—
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Hrb — B, erl a, —a,& ....(1.15)

o(&) = Q_l
H T1-b;+ 4, fjlzlﬂl“a For condition of the H-Function of one
variable (1.13) and on the contour L we
refer to srivastava et al [25]
Let be complex numbers,and let x € = (0, «) Follwing Saigo [24} Fractional integral

(Re(a)>0 and derivative Re(a) < 0 of first kind of a function f(x) on  are defined respectively in
the forms:

x~@ 8 x
(f) = s e =)t 2k (a+p; ..(116)  Re(@>0

(f), 0<Re(a) +n <1 n=1,2,3, ... ),

Where 2F1(a, b; ¢; z) is Gauss's hypergeometric function

Let o,BmandA  be complex numbers. Then there hold the following formulae. . the R.H.S. has
a definite meaning

= ...(1.17)
provided that Re(a)> max [0, Re(B-n)] —1

2.MAIN RESULT
In this section we shall prove our main formulas on fractional derivative and Eulerian integral of
multivariable H- Function containing general class of polynomial

Results -1

DX {x 5M1M2 {y x" yox “Z}I‘I'ﬁ,”{?:‘1 [z xt zlx‘ll]H[wlx’:’l ...... wyxP1]

Ny/My Na/Mz o

= Z Z Z( Nl)mll_;'{: E]_ZNZ)mZkz (;:1) A[lel-szzl}’lJTl yzh

jl_ﬂ fz—ﬂ =

[B—Aln—A4 HU n4+1,My Ny e e R
[—Ala+p +n—A P+ a+lpidi...prar

20 (B —A,44 ... i) (aj a:}, a;r})m (c} j}i)p.l ...... (cjr rfr)Lpr
2B u—m— A, Ap) (B B 5}.“‘])1@ (a4 6)),, - (d.5), |
X Hpui' gripraspede
WP (-k,pq ... .. P_;)(—gj-,Gj-i ...... gf)llp (u},Uj—i L (“J'S'UJ'S)l.pS
WsxP |Gn — ke, Py o By, B e HF) | (0V) e (1:}.[5]13’.{5})1%_

- (2)
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Provided that (in addition to the appropriate convergence and existence condition) that min(k, A
/P,0 )> 0 s <land Re( k+p]-].1+1) >0

min {01,021pi,0-i’5i} >0 (i=1...r)

max{‘arg ‘ ‘arg /)}<7z I’?e(k)+zr:p,§, >-1

Where & =(i=1,....,I)are given in (1.18)

Results -2
D {x* (x" +a)* SY [y x*] H[zyxM ... zx%r |

Hlw xP1(x" 4+ a)%1 ... ... w,xPr(x¥ 4+ a)r |
N/M = 1 )
A k—u Z Z (xv) (_N)M} A(N-j)yj 8
Cax a l (m)
J=0 1.m=0 a I-JI l
[ ey i— (r) g1 (r) i 7
le‘ql (—k—uj—vldy.. dp) {a_, - G a; }1.p'(cf yJ}Lp ...... ( 7Y }:l.;ar
H{J N+l My 0y ey, gy .
p+Lq+1l Py.Qye.Prdr
A
_zrx " (—k—ujtu—m—vl Ay ... ) {b_,- A ﬁ’jr }1.q:(d} 8}}141 ...... { jr jr}

ON+2 My Ny oMy N

X HP-I-Z Q+2 Py.Qq.PrQs

wlxplagl (0.Py P ) (A0 e T5) (gj.Gjl ...... G; ’}1.P (H}'U})l.Pl ...... (uj: :.UJ- :}

Wrxpragr

.(22)

Provided that (in addition to the appropriate convergence and existence condition) that min(k, A
,p,0)>0 <1land Re(k+pj-pt+l)>0

min {Ul,UZ’pi,O-i’é‘i} >0 (i=1..r)

max{‘arg ‘ ‘arg A)}<7z Re(k)+§,oi§i >-1

Where & =(i=1,....,I)are given in (2.1)

Results -3
D}y ¥ (¥t + @)t (b — xV2)78 SN1N2 [y x¥ .y x¥2]

H [zlx’:’l (x¥t +a)? (b — xV2)" % . .. z,xPr (xV1 4+ a)? (b — nvz)_af]
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Ny/My Nof/ My

_ _ (_Nl)mﬂ'l (_Nz)mzjz
=a*h~¢ Z Z Z A 7 A[N4];, N3], ]

J1=0 J2=0 Lm=0

() &)
a b Ut fitug Jotnk omt4n+z, ming m1% ];T% L
[I |m pl4n+2, q'4n+2 pr.aipy.az

(—4,0102)(1 =8 —m, 6;6:)(—u —uyjy —uz jo — vil —vom — gk, p1p2) g=0n-1

(=4 +1,010)(1 — 61,680 (—u —uyjy —uz j, — vyl —vom — gk + a,p102)g=on-1

(a5 ¢

(b6}

Provided that (in addition to the appropriate convergence and existence condition) that min (k,
AN,p,0)> 0 <1land Re(k+pj-p+1)>0

min {ul,uz,pilai,éi} >0(i=1..r)

max{‘arg(x%)‘,‘arg(x%)}qz Re(k)+§pi§i >—1

Where ¢, =(i=1,...,,r')are given in (3.1)

Proof:-Result -I First using The Fox’s H-Function of multivariable is defined in (1.14)
then apply Fractional integral formula (1.17) we shall utilize following definition introduced by
srivastava [26] or general class of polynomials for two variables

Ni/My = No/ Mo N maky (CN2)mok
{ Ehliﬂ lzfzziﬂ ’ :|IJ1 - 2U2 = A[Nljl'Nz’IZ] j"ril-.’l

Where m is an arbitrary positive integer and the coefficient (

are arbitrary constant real or complex

Now using by mellin barnes type contour integral for H- function for multivariable

We use the fractional derivative operator () and after simplification we get required result .
Proof:-Result -2 For the proof of this result we shall utilize following definition introduced by Fox’s
H-Function (1.14)

we shall using the following definition introduced by srivastava [9] or general class of polynomials

Where m is an arbitrary positive integer and the coefficient (

are arbitrary constant real or complex

Now using by mellin barnes type contour integral for H- function for multivariable

We use the fractional derivative operator () and after simplification we get required result .
Proof:-Result -3 We use the fractional derivative operator () and after simplification. then
we shall utilize following definition introduced by srivastava [26] or general class of polynomials
for two variables
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Now Taking by mellin barnes type contour integral for H- function for multivariables and then using beta
function we get required result.
3.Conclusion

In this paper we get fractional differential operator formulae involving special function and
general class of polynomials. Here we presented two very generalized and unified theorems
associated with the generalized fractional integral operators given by Saigo-Maeda. The main
fractional integrals whose integrands being the products of multivariable H-functions and a
general class of polynomials. The main results may find potentially useful applications in a
variety of areas.
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