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ABSTRACT:

A fuzzy set in a set M is a function u: M—[0,1]. A fuzzy set in M is called a fuzzy bi-ideal of M if (i)

u(x —y) = min{u(x),u(y)} for all x,y eM. (ii) u (xayBz) = min {u(x),u(z)} for all x,y,z € M and o, B €T.
A fuzzy bi-ideal u of M is called c-prime if for all x,y € M,y € T, u(xyy) < max{u(x), u(y)}.An interval valued

fuzzy subset fi of M is called an interval valued fuzzy bi-ideal of M if (i) fi(x — y) = min'{ji(x), fi(y)} for all

x,y € M. (ii) fi(xaypBz) = min'{ji(x),[i(z)} for all x,y,z € M and a, 8 € T. In this paper, we introduce interval

valued c-prime fuzzy bi-ideals in I'-near-rings and obtain some of their properties.
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1. Introduction

Zadeh introduced the concept of fuzzy sets in
1965 [15] and also generalized it to interval valued
fuzzy subsets [16]. Gamma-near-ring was introduced
by Satyanarayana [9] in 1984. The concept of bi-
ideals of gamma-near-rings was applied to gamma-
near-rings by Tamizhchelvam et al. [10].
Meenakumari [6] introduced C-Prime fuzzy bi-ideals
in gamma-near-rings and discussed some of its
properties. V. Chinnadurai [4] introduced interval
valued fuzzy ideals of gamma-near-rings and also
developed interval valued fuzzy weak bi-ideals of

gamma-near-rings [3].

In this paper, we define a new notion called
interval valued c-prime fuzzy bi-ideals in gamma-
near-rings. We also investigate some of its properties

and illustrate with examples.

2.Preliminaries
Definition2.1 [8]

A near-ring is an algebraic system (R, +, .)
consisting of a non empty set R together with two
binary operations called + and . such that (R, +) is a
group not necessarily abelian and (R, .) is a
semigroup connected by the following distributive
law :(x +z).y=x.y+ z.y valid for all x,y,z €
R. We use the word ‘near-ring’ to mean ‘right near-

ring’. We denote xy instead of x . y.
Definition 2.2 [9]

A I'-near-ring is a triple (M, +,T") where
() (M,+) isagroup.

(i) ' is a nonempty set of binary operators on M such

that foreacha € I', (M, +,a) is a near-ring,
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(i) xa(yBz) = (xay)Bz for all x,y,z € M and
af €r.

Definition 2.3 [7]

A T-near-ring M is said to be zero-symmetric
ifxa0 =0forallx e Manda € TI.

Throughout this paper, M denotes a zero-symmetric

right ['-near-ring with atleast two elements.
Definition 2.4 [9]

A subset A of a I'-near-ring M called a left
(resp. right) ideal of M if

(i) (A4,+)is a normal subgroup of (M,+) (i.e)x —
y € Aforallx,y € A and

y+x—y eAforxe A,y e M.

(i ualx+v) —uav € A (resp. xau € A)
forallx €A, €eTandu,v € M.
Definition 2.5 [6]

A fuzzy bi-ideal pof M is called c-prime if for
all x,y € M,y €I',u(xyy) < max{u(x),u(y)}.

Definition 2.6 [10]

A subgroup B of (M ,+) is called a bi-ideal
of M ifand only if BFTMI'B < B.

Definition 2.7 [1]

A subgroup H of (M, +) is said to be a weak
bi-ideal of M if HTH I'H < H.

Definition 2.8 [16]

Let X be any set. A mapping fi: X —

D[0,1] is called an interval valued fuzzy subset

(briefly, an i.v. fuzzy subset) of X where D[0,1]
denotes the family of closed subintervals [0,1] and
fi(x) = [u (x),ut(x)] for all x € X where u=(x)
and p*(x) are fuzzy subsets of X such that p=(x) <
ut (x) forall x € X.

Definition 2.9 [11]

By an interval number @, we mean an interval
[a=, a*]suchthat0 < a~ < at < 1andwhere a”
and a* are the lower and upper limits of a
respectively. The set of all closed subintervals of [0,
1] is denoted by D[0,1]. We also identify the
interval [a,a] by the number a € [0,1].
la;” ;*].5, = [b~, b;"] €

For any
interval numbersa, =
D[0,1],j € &  we define
[max{a; ,b;} ,max{a} ,bj*}] , min{a, b} =

[min {a; ,b-‘},max{aj b} infla, =

maxi{a, 5} =

[njeﬂa' jead ] , supicT}=

[Ujeaa ,Ujeqaj] and let

(i) d< b ©a <banda* <bh*,
(i) d=b ©a =b-anda* =b*.
(il d<b o a< bandda # b,

(iv) kd= [ka ,ka*],whenever 0 <k < 1.
Definition 2.10 [11]

Let g be an iv fuzzy subset of
X and [t,,t,] € D[0,1]. Then the set
U(ji: [ty, t5]) = { x € X[fi(x) = [ty, t,]} is called the

upper level subset of fi.
Definition 2.11 [1]

An v fuzzy subset fi in a I'-near-ring M is

called an i.v fuzzy left (resp. right) ideal if
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Q) ftis an i.v fuzzy normal divisor with
respect to the addition,

(i) flualx +v) —uav) = fi(x), (resp.
fixau) = fi(x)) for all x,u,v € M and
a€elrl.

The condition (i) of definition 2.11 means that {i
satisfies:

(i)  filx —y) = mini{fi(x), ()3},
(i) [y +x—y)> i), forallx,y e M

Note that {i is an i.v fuzzy left (resp. right) ideal of I'-
near-ring M, then fi(0) > fi(x) for all x € M, where

0 is the zero element of M.
Definition 2.12 [2]

An iv fuzzy subset fi of M is called an i.v
fuzzy bi-ideal of M if

(i) filx —y) = min'{ji(x),fi(y)} for all
x,y €M.

(i)  filxayBz) = min'{fi(x),{i(z)} for all
x,v,zZ €EManda,B €T.

3. Intervalvalued c-prime fuzzy bi-ideals of

I' —near-rings

In this section, we introduce the notion of i.v.c-prime
fuzzy bi-ideal of M and discuss some of its

properties.

Definition3.1

An i.v. fuzzy set ji of M is called an i.v. c-
prime fuzzy bi-ideal of M, if
()i(x —y) = min* { fi(x),fi(y)}forall x,y € M.
(i) filxayBz) = min'{{i(x),i(z) Hor all x,y,z €
Mand a,B €T.

(iii) filxyy) < maxi{ji(x),ji(y)} for all y € I and
x,y € M.
Example 3.2

Let M ={0,a, b, c} be a non-empty set with
binary operation + and I'= {«, S }be a non-empty set
of binary operations as shown in the following tables

+ |0 |a |b |c

0 |0 |a |b |c

a |a |0 |c |b

(@]

ol O
ol @
o| T
o

o))
o}]
o))
D

B |0 |a |b |c
0 0 0 0 0
a 0 0 0 0
b |0 |a C b
C 0 |a b |c

Letfi: M — [0,1] be an i.v fuzzy subset defined by

fi(0) = fi(a) = [0.6,0.7],{i(b) = fi(c) = [0.2,0.3].
Then {i is an i.v c-prime fuzzy bi-ideal of M.

Theorem 3.3

Let {i be an i.v fuzzy subset of M. Then fiis an
i.v c-prime fuzzy bi-ideal of M if and only if U(ji :
[t1,t;]) is a c-prime bi-ideal of M for all [¢,,t,] €
D[0,1].
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Proof: Assume that {i is an i.v c-prime fuzzy bi-ideal
of M. Let [t;,t,] €D[0,1] such that x,y € U(ji:
[ti,t2]) - Then, fi(x —y) = min'{fi(x), i(y)} =
min'{[t,, t,], [t;, t,1} = [t t,]. Thusx,y € U(ji:
[ty,t;]) and a,f €T .
min'{ji(x), i(2)} = min'{[ty, t,], [t;,t,]} =

[t;,t,]. Therefore, xayfz € U(ji: [ty t,]). Let

We have [i(xaypBz) =

x,y € U(ji: [ty t,]) and a, B €. Then we have
i(xay) = max'{fi(x), i(y)} < max‘{[ty, t,],

[t1, .1} = [t1, to] -
t,]). Hence U(ji: [ty, t,]) is a c-prime fuzzy bi-

Therefore xay € U(ji: [ty

ideal of M. Conversely, Assume that U(fi : [ty, t5])
is a c-prime fuzzy bi-ideal of M for all [t,¢t,] €
D[0,1] .
min‘{fi(x), fi(y)}. Choose [0,0] < [t,t,] < [1,1]
such that fi(x —y) < [ty, t,] < min'{ji(x), i(y)} .
This implies that fi(x) > [ty, t,],{i(y) > [t t,] and

Let x,y € M. Suppose fi(x—y)<

filx —y) <[ty, t,]. Then we have x,y € U(ji:
[t t,]) but x—y ¢ U(fi: [ty,t,]) which is a
contradiction. Thus we get fi(x—y)=
min‘{fi(x),fi(y)}. If there exist x,y,z € M and
a,B €I  such that [i(xaypBz) < [ty t,] <
min'{fi(x), i(y)}. Then f(x) > [ty, ], fi(2) >
[t,, t,] and fi(xayfz) < [tit,] so x,y€ U(ji:
[tit,]) but xayBz & U(ji: [t;t,]) which is a
contradiction. If there exists x,y € M, a € I" such
that fi(xay) > max!{ji(x), fi(y)}. Choose [t;,t,]
such that fi(xay) > [ty,t,] > maxi{ji(x), fi(y)} .
Then fi(x) < [tq, t5], fi(y) < [ty,t,] and fi(xay) >
[t,t,] . Then xay € U(ji: [ty,t,]) but x,y ¢
U(ji: [ty, t,]) which is a contradiction.  Hence
fi(xyy) < max{fi(x),{i(y)}. Therefore fiis an i.v.

c-prime fuzzy bi-ideal of M.

Theorem 3.4

Let fi = [u~, u*] be an i.v fuzzy subset of M.
Then fi is an i.v c-prime fuzzy bi-ideal of M if and

only if u=, u* are c-prime fuzzy bi-ideals of M.

Proof: Assume that fi is ani.vc-prime fuzzy bi-ideal of
M. Foranyx,y,z € Mand a,f €. Now,

W=yt —y)]=fix—y) =
min'{fi(x), i(y)} =
min*{{u~ (), p* (O], {w= ), nt (M1} =

mini{[u=(x), u~ )], min'[uw* (x), u* (M1} It
follows that p~(x —y) = min{p~(x),u"(y)} and
W -y =

min{u* (x), u* (M} [0~ (xaypz), u* (xaypz)] =
i(xaypfz) = min'{ji(x),fi(2)} =

min*{[u= (o), 1t ()], [0~ (@), u* (2]} =

min'{[u (x), u~ (2)], min' [u* (x), p* (2)]}. It
follows that p~ (xayBz) = min{u~(x),pn"(z)} and
ut (xayBz) = min {u*(x),u*(z)}. For any x,y €
M and y €r. Now, [u=(xyy),u*(xyy)]=
ilxyy) < max'{ji(x),i(y)} =

max {[u= (0, wt (O [w= ), w1} =

max {[p~ (), w~ ], [t (x), w* ()]3.1t follows that
W (xyy) < max{u~(x),u"(y)} and p*(xyy) <
max{u* (x),u*(y)}. Conversely assume that p~,u*
are c-prime fuzzy bi-ideals of M. Letx,y,z € M,
af €r .Then fl(x—y)=[p(x—y), n(x-
)] = min{[p~(x), p~ (], min[p*(x), uw* ()]} =
min*{[u~ (x), u* ()], min[u=(y), p*(M1} =
min'{fi(x), fi(y)} . Then we get {i(xaypz) =
(W~ (xayBz), u* (xayfz) = min{[u~(x), 1~ (2)],
min[p* (x), u* (2)]} = min'{[n” (), u* ()], [0~ (2),
ut (D]} = min'{ji(x), fi(z)}. Then we  get
ilxay) = [u~ (xay), 1t (xay)] <
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max{p~ (x), i~ ()}, max{u* (x), u* ()} =
max“{[u”(x), p* )], [wG), Wt} =
max{fi(x), fi(z)}. Therefore fi is an i.v c-prime

fuzzy bi-ideal of M.
Theorem 3.5

Let I be a c-prime fuzzy bi-ideal ofM. Then
for any [t,,t,] € D[0,1] with [t;,t,] # [0,0] there
exists an i.v c-prime fuzzy bi-ideal {i of M such that
UG [ty, D) =1.

Proof: Let I be a c-prime fuzzy bi-ideal of M. Let i
be an iv fuzzy subset of M defined by fi(x) =

{[tl, t,lifx €1

v _ Then U(ji: [t;, t,]) = 1. Assume
0 otherwise

that fi(x —y) < min{ji(x), fi(y)}. This implies
ilx—y) =0 and min'{fi(x), ii(y)} = [t1,t,] so
x,y €l and a,f €T but x—y &I which is a
contradiction. Thus  fi(x — y) = mini{ji(x),
fi(yD}. Suppose that [i(xayBz) < mini{ji(x),
fi(z)}. Then filxayBz) = 0 , min‘{jix), fi(2)} =
[t;, t,]. So x,z €1 but xayBz ¢ I which is a
contradiction. Hence fi(xayBz) > min'{ji(x),
i(z)}. Then fi(xyy) > max'{fi(x), i(y)}. Then
ilxyy) = [t1, ], max'{fix), fi(z)} = 0 S0
xyy €1 but x,y ¢ which is a contradiction.

Hence fi(xyy) < max'{ji(x), i(y)}.
Theorem 3.6

Let H be a non-empty subset of M and {i be an
iv fuzzy subset of M defined by [i(x)=
{5 if x €EH

N , x €M, §,t €
t otherwise

for some

D[0,1] and § > t. Then H is a c-prime bi-ideal of M

if and only if {i is an i.v c-prime fuzzy bi-ideal of M.

Proof: Assume that H is a c-prime bi-ideal of M. Let

x,y € M. We consider four cases.

1) x€H andy € H.
2) x EHandy ¢ H.
3) x ¢ Handy € H.
4) x¢ Handy € H.

Case (1): IfxeHandy € H Theniji(x)= 5=
fi(y). Since H is a c-prime bi-ideal of M, x —y €
H. Thus filx — y) = § = min'{ji(x), i()}.

Case (2): If x €eH and y ¢ H. Then {i(x) =
5,ip) =t so min'{fi(x), i(y)} = &.  Now
filx —y) = Sort according as x—y € Horx —
y ¢ H.By assumption § > . We have fi(x — y) =

min‘{fi(x), fi(y)}. Similarly we can prove case (3).
Case (4): Ifx ¢ Hand y € H.

Then we have fi(x) =% = fi(y). So min‘{ji(x),
i(y)} =t Next, filx —y) = Sort according as
x—y EHorx—vy ¢ H. So  jilx—y)=
min'{fi(x), fi()}. Nowletx,y,z E Mand a, B €

I'. Then we have the following eight cases:

(1) xeH,y e Hand z € H.
(2)x¢ H,yeE Hand z € H.
(3)x EH,y¢ Hand z € H.
4 xeHy eEHandz & H.
B5)x ¢ Hy¢ Handz € H
(6) xeH,y ¢ Hand z ¢ H.
() x¢ H,y EeHand z ¢ H.
B8 x ¢H,y¢ Handz ¢ H.

These cases can be proved by arguments similar to

fuzzy  cases  above. Hence fi(xayBz) =
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min'{ji(x),i(z)}. Now let x,y € M,y €. We

consider four cases

(1) xeHandy €H.
(2)x eHandy ¢ H.
(B)x ¢ Handy € H.
4)x ¢ Handy ¢ H.

Case (1): If x e Handy € H. Then ji(x) = § =
fi(y). Since H is a c-prime bi-ideal of M, we get
xyy € H. Thus fi(xyy) = § = max'{s, 3§} =
max'{i(x), f(y)}.

Case(2): If xeHandy ¢ H. Then fi(x) =
Sand fi(y) = £. So maxi{ji(x),fi(y)} =5. Now
filxyy) = §ort according asxyy € H or xyy ¢ H.
By assumption £<§ we have fi(xyy) <

max{fi(x), fi(y)}. Similarly we can prove case (3).

Case (4): If x ¢ Handy ¢ H. We have fi(x) =

t= ).
filxyy) = § or t according as xyy € H or xyy ¢ H.

So max'{ii(x),i(y)} = & Next,
So  filxyy) < maxi{ji(x),fi(y)}.  Conversely
Assume that fiis an i.v c-prime fuzzy bi-ideal of M.
Let x,y,z €M, a,f €I be such that fi(x) =
fi(y) = fi(z) =§. Since fiis an i.v c-prime fuzzy
bi-ideal of M, we have fi(x —y) = mini{ji(x),
i)} = § and fi(xayfz) = min'{i(0), (2} =3,
ilxyy) < max'{ii(x), i(y)} <t So  x-—
y,xayfBz, xyy € H. Hence H is a c-prime bi-ideal
of M.

Theorem 3.7

Let fibe an i.v c-prime fuzzy bi-ideal of M.
Then the set My = {x € M|{i(x) = {i(0)} is a c-
prime bi-ideal of M.

Proof: Let fi be an i.v c-prime fuzzy bi-ideal of M.
Letx,y € M. Then, fi(x) = fi(0), fi(y) = {i(0) and
ilx —y) = min'{fix) , i(y)} = min‘{{(0),

i(0)} = f(0). So, filx —y) = f(0). Thusx —y €
M.
have fi(xaypfz) = min‘{jii(x), fi(2)} =
min'{fi(0), f(0)} = {i(0). Thus xaypz € M;. Let

Now for every x,y,z € Myand a,f €. We

Then fi(xay) < max‘{ji(x),

i(y)} = max'{ji(0), fi(0)} = {i(0). Hence we get
xay € M.

x,y € Mg,y €.
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