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Abstract:

In 1970, Levine defined generalized closed sets in Topological Spaces. In 2013, R.Subasree and
M.Maria Singam introduced a new set namely bg-closed set which is defined as bcl(A)SU whenever ACU
and U is g-open in X. Later, they have established function such as bg-continous function that is the
inverse image of every closed set is bg-closed in .bg-irrresolute function if the inverse image every bg-
closed set is bg-closed; bg-open map means the image of every open set is bg-open and bg-closed map
means the image of every closed set is bg-closed. In 1973, Das defined semi-interior point and semi-limit
point of a subset. Further, the semi-derived set of a topological space was defined and studied by him.
Following this concept, we define bg-limit point,bg-derived set, bg-border, bg-frontier and bg-exterior of
a subset of topological spaces using the concept of bg-closed sets which is defined as and we studied some
of its properties.
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INTRODUCTION: Definition 2.1: A subset A of a topological space
(X,7) is called

1) bg-closed set if bcl(A) € U whenever A

c U and U is g-open in X. The collection

In 2013, R. Subasree and M. Maria
Singam introduced[3] a new set namely b g -

closed set. In 1973, Das[2] defined semi-interior
point and semi-limit point of a subset. Further,
the semi-derived set of a topological space was
defined and studied by him. Following this
concept, we define bg-limit point, bg-derived set,
bg-border, bg-frontier and bg-exterior of a subset
of topological spaces using the concept of bg-
closed sets which is defined as and we studied
some of its properties.

PRELIMINARIES:

Throughout this paper (X,t) (or simply X)
represents topological space on which no
separation axioms are assumed unless otherwise
mentioned . For a subset A of (X,7), CI(A),
Int(A), D(A), b(A) and Ext(A) denote the closure,
interior, derived, border and exterior of A
respectively. We are giving some basic
definitions.

of all bg-closed sets in (X, t) is denoted
by bg-C(X,7).

2) bg-open set if X \A is bg-closed in A .
The collection of all bg-open sets in (X, 7)

is denoted by bg-O(X, 7).
Definition 2.2: Let A be the subset of a space
(X, 7). Then
1) The border of A is defined as b(A) =
A\Int(A).
2) The frontier of A is defined as Fr(A) = Cl
(A)\Int (A).
3) The exterior of A is defined as Ext (A) =
Int (X\A).

Theorem 2.3: [2]
1) Every closed set is bg-closed.
2) Every open set is bg-open.
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3. PROPERTIES OF bg-INTERIOR AND
bg-CLOSURE:

Definition 3.1: The bg-interior of A is defined as
the union of all bg-open sets of X contained in A.
It is denoted by bg Int(A).

Definition 3.2: A point x € X is called b g -
interior point of A if A contains a bg-open sets
containing x.

Definition 3.3: The bg-closure of A is defined as
the intersection of all b g -closed sets of X
containing A.It is denoted by bgCI(A).

Theorem 3.4: If A is a subset of X, then bgInt(A)
is the set of all bg-interior points of A.

Proof: If x €bg Int(A), then x belongs to some
bg-open subset U of A. That is, x is a bg-interior
point of A.

Remark 3.5: If A is any subset of X, bg Int(A) is
bg-open. In fact bg Int(A) is the largest bg-open
set contained in A.

Remark 3.6: A subset A of X is b g -
open=bg Int(A)=(A).

Result 3.7: For the subset A of a topological
space (X, 1), Int(A)Sbg Int(A).

Proof: Since Int(A) is the union of open sets and
theorem 2.3(2), Int(A) is bg-open. It is clear from
the definition 3.1 that Int(A)SbgInt(A).

Theorem 3.8: Let A and B be the subsets of a
topological space (X, 7), then the following result
holds:

1) bg Int(0)=0;

2) bg Int(X)=X;

3) bg Int(A)S A;

4) Ac B=Dbg Int(A)=bg Int(B);

5) bgint(Au B)=2bg Int(A)U bgint(B);

6) bglInt(An B)< bgInt(A)n bgint(B);

7) bg Int(Int(A)) = Int(A);

8) Int(bg Int(A))< Int(A);

9) bg Int (bg Int(A)) = bg Int(A)
Proof: (1), (2) and (3) follows from definition
3.1.

(4) From definition 3.1 we have, b g
Int(A) € A. Since AcC B, bgInt(A) < B. But
bgiInt(B)c B. By remark 3.5 bg Int(A) € bg
Int(B).

(5) Since ACAU B;BS AU B and by (4)
we have, bg Int(A) S bg Int(AUB) and b g
Int(B)< bg Int(Au B). Therefore bg Int(A)U bg
Int(B)< bg Int(Au B).

(6) Since An BS A;An BC< B and by (4)
we have,bg Int(An B)<S bg Int(A) and bg Int(An
B) b g Int(B). Therefore bgIntf(An B)S b g
Int(A)n bg Int(B).

(7) Since Int(A) is an open set and by
theorem 2.3 (2), Int(A) is bg-open. By remark
3.6, bgInt(Int(A)) = Int (A).

(8) From definition 3.1 we have,
bgiInt(A) < A. Clearly, it follows that Int(b g
Int(A)) < Int(A);

(9) Follows from remark 3.6 and 3.5.

Remark 3.9: If A'is any subset of X, bgCI(A) is
closed. In fact bgCI(A) is smallest bg-closed set
containing A.

Remark 3.10: A subset A of X is bg-closed <
bgCI(A) = A.

Theorem 3.11: Let A and B be the subsets of a
topological space (X, t), then the following result
holds:

1) bg Cl(®)=0;

2) bg CI(X) = X;

3) Ac bg CI(A);

4) Ac B bg CI(A)< bg CI(B);

5) bg Cl(bg CI(A)) = bg CI(A);

6) bgCIl(AuB)=2bg CI(A)U bg CI(B);

7) bgCI(An B)< bg CI(A)n bg CI(B);

8) bg CI(CI(A))= CI(A);

9) Cl(bg CI(A))=CI (A);
Proof: (1), (20 and (3) follows from
definition:3.3.

(4) From definition 3.3 we have, AC
bg CI(A).Since Ac B, bgCI(A)< B. Therefore,
bgCI(A) < bg CI(B).

(5) Follows from remark 3.9 and 3.10.

(6) Since A€ AU B; B <€ AU B and by (4)
we have, bg CI(A) € bg CI(AU B) and bg
Cl(B)<bg CI(Au B). Therefore, bg CI(A) U bg
Cl(B)< bg CI(Au B).

(7) Since An BS A; An B<S B and by (4)
we have, bgCI(An B)< bg CI(A) and bg CI(An
B) € bg CI(B). Therefore, bgCI(An B) bg
CI(A)n bg CI(B).
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(8) Since CI(A) is a closed set and by
theorem 2.3 (1), CI(A) is bg-closed. Therefore
by remark 3.10, bgCI(CI(A)) = CI(A).

(9) Follows from remark 3.9 and 3.10.

4. APPLICATION OF bg-OPEN SETS

Definition 4.1: Let A be a subset of a topological
space X. A point x € X is said bebg-limit point of
A if for every bg-open set U containing , Un (A\
{x}) # @ . The set of all bg-limit points of A is
called anbg-derived set of A and is denoted by

bg (A).
Example 4.2: Let X ={ab,c} with property
t={X,0 {a},{ab}} and b gO(X) ={X, 0,
{a}.{b}.{a,c}.{a,b}}. If A={b}, then bgD(A) =
{b}.
Result 4.3: Let A be a subset of a topological
space X. Then,

1) bg CI(X \A) = X \bg Int(A)

2) bg Int (X \A) =X \bg CI(A)
Proof:

1) Let xeX \ b g Int(A). Then,

x €b g Int(A). This implies that x does not
belong to any bg-open subset of A. Let F be a
bg-closed set containing X \A. Then X \F is bg-
open set contained in A. Therefore, x ¢ X \F and
so x €F. Hence, x € bgCI(X \A). This implies
X\ bg Int(A) € bgCI(X \A). On the other hand,
let x ebg CI(X \A). Then x belongs to every bg-
closed set containing X \ A. Hence, x does not
belongs to any b g-open subset of A. That is
x ¢b g Int(A). This implies x € X \ b g Int(A).
Therefore, bg CI(X \A)S X \bg Int(A). Thus,
bg CI(X \A) = X \bg Int(A).

2) can be proved by replacing A by X \A in

1) and using set theoretic properties.

Theorem 4.4: For subsets A,B of a space X,the
following statement holds:

1) D(A)c b g D(A), where D(A) is the

derived set of A;

2) bg D(9) = 9;

3) If Ac B,then bg D(A)cbg D(B);

4) bg D(AUB)=2bg D(A) U bg D(B);

5) bg D(AnB) € bg D(A) nbg D(B);

6) bg D(A)S bg D(A\ {x})
Proof: 1) Let x e D(A). By the definition of
D(A), there exist an open set U containing x such

that Un (A\ {x}) # @. By theorem 2.3 (2), U is
an bg-open set containing x such that U n (A\
{x}) # ©. Therefore, x ebg(A). Hence, D(A)<
bg(A).

2) For all bg-open set U and for all x €
X,Uun (@ \ {x}) =0. Hence, bgD(®) =
@.

3) Letx €bgD(A). Then for each bg-open
set U containing x, Un (A\{x}) #
@. Since AC B, Un (B\ {x})# @. This
implies that x € bg(B). Hence bgD(A) <
bgD(B).

4) Let x €ebg D(A) U bgD(B). Then x €
bg D(A) or x ebgD(B). If x € bgD(A),
then for each bg-open set U containing x,
Un(A\{x}) # 0.Since AC AUB, Un
(AUB\ {x})# ©@. This implies that x €
bg D(A U B). Hence bgD(A)< bg D(AU
B).— (1)

Otherwise, if x ebg D(B), then
for each bg-open set U containing x,UN
(B\ {x}) # @. Since B < AU B, Un
(AUB\ {x}) # ©. This implies that
x €EbgD(AU B). Hence, bgD(B)S bg
D(AU B).— (2)
From (1) and (2), bg D(A)U bg D(B) <
bg D(AU B).

5) Letx €bg D(An B). Then for each bg-
open set U containing x, Un (An B\
{x})#+ @. Since AnB c A Un (A\
{x})# @. This implies that x €bg D(A).
Also, since AnNBS B,Un(B\ {x})# @.
This implies that x € bgD(B). Therefore,
x €bgD(A)Nnbg D(B). Thus bg D(AN
B) € bg D(A) nbg D(B).

6) Let x ebgD(A).Then for each bg-open
set U containing x, Un (A\{x}) #
@. This implies that Un ((A\ {x}) \
{x})# @. This implies that x €bg D(A\
{x}). Hence, bg D(A) < bg D(A\ {x}).

Definition 4.5: If A is subset of X, then the
bg-border of A is defined by bg b(A) =A\
bg Int(A).

Theorem 4.6: For a subset A of a space X,
the following statement holds:

1) bg b(®) = o;

2) bgb(X)=X;
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3) bgb(A) < (A);

4) bg b(A)< b(A); where b(A) denotes the

border of A ;

5) bg Int(A)U bg b(A) =A;

6) bg Int(A)n bg b(A) = 0;

7) bg b(bg Int(A)) = @;

8) bg Int(bg b(A)) =0 ;

9) bg b(bg b(A)) =bg b(A).

Proof: 1),2) and 3) follows from definition

4.5.

4) Letx € bg b(A).Then by definition 4.5,

x € A\ bg Int(A). This implies that x €
Aand x ¢ bg Int(A). By result 3.7, x € A
and x & Int(A).This implies that x €
A\ Int(A). This implies that x € b(A).
Hence, bg b(A) < (A).

5) and 6) follows from definition 4.5

7) bg b(bg Int(A)) = bg Int(A)\ bg Int(bg
Int(A)) = bg Int(A)\ bg Int(A) (by theorem
3.8(9)) which is @. Hence, bgh(bg Int(A)) = .0.

8) Letx € bgInt(bg b(A)). By theorem 3.8
(3),x € bgb(A). On the other hand, since bg
b(A)€ A, x € bgInt(A). Therefore, x € bg
b(A)n bg Int(A) which is a contradiction to (6) .
Hence, bg Int(bg b(A)) = @.

9) bg b(bg b(A)) = bg b(A)\ bg Int(bg b(A))
= bg b(A) \ @ = bg b(A) (from(8)). Hence, bg
(bg b(A)) = bg b(A).

Definition 4.7: If A is a subset of X, then the bg-
frontier of A is defined by bg Fr(A) = bg CI(A)\
bg Int(A).

Theorem 4.8. Let A be a subset of a space
X.Then the following statement holds:

1) bg Fr(9) = @;

2) bg Fr(X) =0 ;

3) bg Fr(A)< bg CI(A);

4) bg FrCI(A) = bg Int(A)U bg Fr(A);

5) bg Int(A)n bg Fr(A) = @;

6) bg b(A) € bg Fr(A);

7) bg Fr(bg Int(A)) € bg Fr(A);

8) bg Cl(bg Fr(A))< bg CI(A);

9) bg Int(A)c bg CI(A)

10) bg Int(bg Fr(A)) < bg CI(A);

1)X = bg Int(A) ubg Int(X \A)U bg

Fr(A);
12) bgFr(A) = bg CI(A) nbg CI(X \A);
13)bg Fr(A) = bg Fr(X \A).

Proof: (1),(2),(3) and (4) follows from
definition:4.7.

5 bg Int(A)n bg Fr(A) = bg Int(A)n (bg
CI(A)\ bg Int(A) < An(bg CI(A) \A)
(by theorem 3.8(3)). bg Int (A)nbg
Fr(A)S bg CI(A)n (bg CI(A)\ bg CI(A))
(by theorem 3.11(3)). bg Int (A)n bg Fr
(A) = bg CI(A) N® = 0. Hence,
bgInt(A)n bg Fr(A) =0.

6) Let x € bgb(A). Then x € A\ bg Int(A).
By theorem 3.11 (3), x € bgCI(A)\ bg
Int(A) = bg Fr(A). Hence, bg b(A) € bg
Fr(A).

7) bg Fr(bg Int(A)) =bg Cl(bg Int (A))\ bg
Int(bg Int(A))< bg CI(A) bg Int(A) (by
theorem 3.8(3),(9)) which is b g Fr(A).
Hence, bg (bg Int(A))< bg Fr(A).

8) From(3) we have, bg Cl(bgFr(A)) € bg
Cl(bg CI(A)) = bg CI(A) (by theorem
3.11 (5)). Hence, bg (bg Fr(A)) < bg
CI(A).

9) follows from (4).

10) From (9), bglint(bg Fr(A)) < bg Cl(bg
Fr(A))< bg CI(A) (from (8)). Hence, bg
Int(bg Fr(A)) € bg CI(A).

11) bgInt(A)U bg Int(X \A)U bgFr(A) = bg
CI(A) Ubg Int(X \ 4) (from (4)) = bg
CI(A)U {X \ bgCI(A)} (by result 4.3(2))
which is X. Hence, X=bgInt(A)U bg
Int(X \A) U bg Fr(A).

12)bgCI(A) N bgCI(X \A) = bg CI(A) n
(X' \bg Int (A)) (by result 4.3 (1)) = bg
CI(A) \bg Int(A) (from (9)) = bg Fr(A).

13)b g Fr(X\A) = bg CI(X\A) \bg
Int(X \A) (by result 4.3). bg Fr(X \ A) =
(bg CI(A)\ bg Int (A) =Dbg Fr(A).

Definition 4.9: If A be a subset of a space X.
Then the b g-Exterior of A is defined by b g
Ext(A) = bg Int(X \A).

Theorem 4.10: Let A be a subset of a space X.
Then the following statement holds:

1) bg Ext(?) = X;

2) bg Ext(X) =0 ;

3) Ext(A) € bg Ext(A);

4) bg Ext(A) =X\ bg CI(A) ;

5) Aisclosed iff bg Ext(A) = X \A;

6) If Ac B, then bg Ext(A) 2 bg Ext(B);
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7) bg Ext (AU B) € bg Ext(A)n bg Ext(B);
8) bg Ext (AnB) 2 bg Ext (A)U bg Ext (B)
9) bg Ext(A) is bg-open;

10)bg Ext(X \ bg Ext(A)) = bg Ext(A);

11) bg Ext(bg Ext(A)) = bg Int(bg CI(A));

12) bg Int(A)< bg Ext(bg Ext(A));

13) X= bgInt(A)UbGExt(A)Ubg Fr(A).

Proof :

1) bgExt(®) = bg Int(X \A) = bg Int(X) =
X( by theorem 3.8 (2)).

2) bg Ext(X) = bg Int(X \ X) = bg Int()
=@ (by theorem 3.8(1))

3) Let x € Ext(A). Then by definition 2.2
3, x€ Int( X\ A). By theorem
3.7, x €bg Int(\A) = bg Ext(A). Hence,
Ext(A) € bg Ext(A).

4) Letx € bg Ext(A) & x €bg Int(X \A)
= xeX\bg CI(A) (by result4.3 (2)).
Hence , bg Ext(A) =X \ bg CI(A).

5) Let A be bg-closed. Then X \A is bg-
open. By remark 3.6, bgInt(X \ A) =
X \A. This implies that bg Ext(A) =
X \A. Conversely, let bg Ext(A) = X \A.
Then bg Int(X \A) = X \A. Again by
remark 3.6, X \A is bg-open. Hence, A is
bg-closed.

6) bg Ext(A) = bg Int(X \A) =X \bg CI(A)
(by result 4.3). X \bg CI(B) (since AcB
and by theorem 3.11(4)). bg Int(X \B) =
bg Ext(B) (by definition 4.9). Hence, bg
Ext(A) 2 bg Ext(B).

7) Since A€ AuB and by (6), bg
Ext(AuB)<cbg (A). Similarly since B <
AUB and by (6), bg Ext(AUB)<Sbg(B).
Hence, bg Ext(AUB)SbgExt (A)N
bgExt(B).

8) Since AnB < A and by (6), bg
Ext(A) €b g (AnB). Similarly since
A nBc B and by (6), b g
ExtB)cbg(AnB). Hence, b g
Ext(A)UbGExt(B)<Sbg Ext(ANB).

9) Follows from definition 4.9 and theorem
3.8(2).

10)bg Ext(X \bg Ext(A)) = bg Ext(X \bg
Int( X\ A) = bg Int(X\ { X\bg
Int(X \A)}) = bg Int(bg Int(X \A)) = bg
Int(X \A) (by theorem 3.8 (9)) which is

bg Ext(A). Hence, bg (X \ bg Ext(A)) =
bg Ext(A).

11)bg Ext(bg Ext(A)) = bg Int(X\ bg
Ext(A)) = bg Int(X \bg Int X \A)) = bg
Int (bg CI(X \(X \A)) = bg Int(bg CI(A))
(by result 4.3 (1)). Hence, bg Ext(bg
Ext(A)) = bg Int(bg CI(A)).

12)Since A< bgCI(A), bg InttA)c bg
Intbg CI(A)) = bg Ext(bg Ext(A))
(from(11)).

13)bg Int(A)U bg Ext(A)U bg Fr(A) = bg
Int(A)U bg Int(X /A)U bg Fr(A) =X
(from theorem 4.8 (12)).

REFERENCE:

[1] K.Bala Deepa Arasi & M.Mari Vidhya, A
New Notion of b*g-Closed Sets in Topological
Spaces, Conscientious Computing Technologies,
April 2018, pp. 456-460.

[2] P.Das, Note On some application of
semiopensets, Prog. Math 7(1973),33-44.

[3] R.Subasree & M.Mariasingam, On bg-closed
set in topological spaces, International Journal of
Mathematical Archive-4(7), 2013, 168-173.

[4] R.Subasree & M.Mariasingam, On b g -
Continuous maps and b g -open maps in
topological spaces, IJERT, Vol 2(10), October
2013.

JETIRABO06160 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 836


http://www.jetir.org/

