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Abstract 

The aim of this paper is to introduce and investigate the concept of 𝜏𝑖𝜏𝑗-𝑀closed sets which 

are introduced in a bitopological space in analogy with 𝑀closed sets in topological spaces. Also 
𝑀closure and 𝑀interior operators in bitopological spaces are introduced. In addition, several 
properties of these notions and connections to several other known ones are provided.  
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1  Introduction and Preliminaries 
 
Levine in 1963 initiated a new types of open set called semiopen set [8]. A subset 𝐴 of a space 
(𝑋, 𝜏)  is called regular open (resp., regular closed) [10] if 𝐴 = 𝑖𝑛𝑡(𝑐𝑙(𝐴))  (resp., 𝐴 =
𝑐𝑙(𝑖𝑛𝑡(𝐴)). The delta interior [3] of a subset 𝐴 of (𝑋, 𝜏) is the union of all regular open sets 
of 𝑋 contained in 𝐴 and is denoted by 𝛿𝑖𝑛𝑡(𝐴). A subset 𝐴 of a space (𝑋, 𝜏) is called 
𝛿-open [9] if 𝐴 = 𝛿𝑖𝑛𝑡(𝐴). The complement of 𝛿-open set is called 𝛿-closed. Alternatively, a 
set 𝐴  of (𝑋, 𝜏)  is called 𝛿 -closed [3] if 𝐴 = 𝛿𝑐𝑙(𝐴) , where 𝛿𝑐𝑙(𝐴) = {𝑥 ∈ 𝑋: 𝐴 ∩
𝑖𝑛𝑡(𝑐𝑙(𝑈)) ≠ 𝜙, 𝑈 ∈ 𝜏 and 𝑥 ∈ 𝑈}. A subset 𝐴 of a space 𝑋 is called 𝜃-open [1] if 𝐴 =
𝜃𝑖𝑛𝑡(𝐴) , where 𝜃𝑖𝑛𝑡(𝐴) = ⋃ {𝑖𝑛𝑡(𝑈):𝑈 ⊆ 𝐴 , 𝑈 ∈ 𝜏𝑐} , and a subset 𝐴  is called 
𝜃-semiopen [2] (resp., 𝛿- preopen [9] , 𝑒-open [4] and 𝑀-open [5]) if 𝐴 ⊆ 𝑐𝑙(𝜃𝑖𝑛𝑡(𝐴)) 
(resp., 𝐴 ⊆ 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) , 𝐴 ⊆ 𝑐𝑙(𝛿𝑖𝑛𝑡(𝐴)) ∪ 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴))  and 𝐴 ⊆ 𝑐𝑙(𝜃𝑖𝑛𝑡(𝐴)) ∪
𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴))) , where 𝑖𝑛𝑡() , 𝑐𝑙() , 𝜃𝑖𝑛𝑡() , 𝛿𝑖𝑛𝑡()  and 𝛿𝑐𝑙()  are the interior, closure, 
𝜃-interior, 𝛿 -interior and 𝛿 -closure operations, respectively. The notion of bitopological 
spaces (in short, Bts’s) was first introduced by kelly [6]. 
Through out this paper, Let (𝑋, 𝜏1, 𝜏2) or simply 𝑋 be a Bts and 𝑖, 𝑗 ∈ {1,2}. A subset 𝑆 of a 
Bts 𝑋 is said to be 𝜏1,2-open [7] if 𝑆 = 𝐴 ∪ 𝐵 where 𝐴 ∈ 𝜏1 and 𝐵 ∈ 𝜏2. A subset 𝑆 of 𝑋 

is said to be 𝜏1,2-closed if the complement of 𝑆 is 𝜏1,2-open. and 𝜏1,2-clopen if 𝑆 is both 
𝜏1,2-open and 𝜏1,2-closed. For a subset 𝐴 of 𝑋, the interior (resp., closure) of 𝐴 with respect 
to 𝜏𝑖 will be denoted by 𝑖𝑛𝑡𝑖(𝐴) (resp., 𝑐𝑙𝑖(𝐴)) for 𝑖 = 1,2. In this paper, we introduce and 
investigate the concept of 𝜏𝑖𝜏𝑗-𝑀closed sets which are introduced in a bitopological spaces in 

analogy with Mclosed sets in topological spaces. Also introduce 𝑀closure and 𝑀interior 
operators in bitopological spaces. In addition, several properties of these notions and 
connections to several other known ones are provided. 
 
2  𝑴-open sets and their properties in bitopological spaces 
 
Definition 2.1 Let (𝑋, 𝜏1, 𝜏2) be a Bts. A subset 𝐴 of 𝑋  is called 𝜏𝑖𝜏𝑗 -𝑀-open (briefly, 

𝜏𝑖𝜏𝑗-𝑀-o) if 𝐴 ⊆ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)) and 𝐴 is 𝜏𝑖𝜏𝑗-𝑀closed (in short, 𝜏𝑖𝜏𝑗-𝑀-c) if 

𝑋\𝐴 is 𝜏𝑖𝜏𝑗-𝑀-o. A is pairwise 𝑀-open if it is both 𝜏𝑖𝜏𝑗-𝑀-o and 𝜏𝑗𝜏𝑖-𝑀-o.  Clearly 𝐴 is 

𝜏𝑖𝜏𝑗 -𝑀 -c if and only if 𝑖𝑛𝑡𝑗(𝜃𝑐𝑙𝑖(𝐴)) ∩ 𝑐𝑙𝑖(𝛿𝑖𝑛𝑡𝑗(𝐴)) ⊆ 𝐴 . We denote the family of all 

(𝑖, 𝑗)-𝑀-c (resp., (𝑖, 𝑗)-𝑀-o) sets in a Bts (𝑋, 𝜏1, 𝜏2) by 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗) (resp., 𝐷𝑀𝑂(𝜏𝑖, 𝜏𝑗)). 
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Definition 2.2 Let (𝑋, 𝜏1, 𝜏2)  be a Bts. A subset 𝐴  of 𝑋  is called 𝜏𝑖𝜏𝑗 - 𝜃 -semiopen 

(briefly, 𝜏𝑖𝜏𝑗 - 𝜃 -so) if 𝐴 ⊆ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) , 𝜏𝑖𝜏𝑗 - 𝛿 -preopen (briefly, 𝜏𝑖𝜏𝑗 - 𝛿 -po) if 𝐴 ⊆

𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)), 𝜏𝑖𝜏𝑗-𝑒-open if 𝐴 ⊆ 𝑐𝑙𝑗(𝛿𝑖𝑛𝑡𝑖(𝐴)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)).  

Proposition 2.1 The following implications hold:   
    1.  𝜏𝑖-𝜃-o ⇒ 𝜏𝑖𝜏𝑗-𝜃-so ⇒ 𝜏𝑖𝜏𝑗-𝑀-o ⇒ 𝜏𝑖𝜏𝑗-𝑒-o.  

    2.  𝜏𝑖-𝜃-o ⇒ 𝜏𝑖-o ⇒ 𝜏𝑖𝜏𝑗-𝛿-po ⇒ 𝜏𝑖𝜏𝑗-𝑀-o.  

  The converse of these implications need not be true as shown by the following examples, 
Example 2.1 In Bts’s (𝑋, 𝜏1, 𝜏2)  and (𝑋, 𝜏3, 𝜏4) , 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} , 𝜏1 = {𝜙, 𝑋, {𝑎}, 
{𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} , 𝜏2 = {𝜙, 𝑋, {𝑎}, {𝑏, 𝑑}, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑑}} , 𝜏3 = {𝜙, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏}, 
{𝑑, 𝑐}, {𝑎, 𝑑, 𝑐}, {𝑏, 𝑐, 𝑑}} and 𝜏4 = {𝜙, 𝑋, {𝑎}, {𝑏, 𝑑}, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑑}}. Then the set {𝑏, 𝑐} is a 
𝜏1-o set that is not a 𝜏1-𝜃-o set; {𝑏, 𝑐, 𝑑} is a 𝜏1𝜏2-𝜃-so set that is not a 𝜏1-𝜃-o set; {𝑎, 𝑑} is 
a 𝜏1𝜏2-𝛿-po set that is not a 𝜏1-o set; {𝑎, 𝑏} is a 𝜏1𝜏2-𝑀-o set that is not a 𝜏1𝜏2-𝜃-so set; 
{𝑎, 𝑐} is a 𝜏1𝜏2-𝑒-o set that is not a 𝜏1𝜏2-𝑀-o set; {𝑏, 𝑑} is a 𝜏3𝜏4-𝑀-o set that is not a 
𝜏3𝜏4-𝛿-po set.  
Remark 2.1 𝜏1𝜏2-o sets and 𝜏1𝜏2-𝑀-o sets are independent of each other as seen from this 
following example.  
Example 2.2 In Example 2.1, the subsets {𝑏, 𝑑} is 𝜏1𝜏2-o but not 𝜏1𝜏2-𝑀-o set and the subsets 
{𝑎, 𝑏} is 𝑀-o set but not 𝜏1𝜏2-o set.  
Remark 2.2 According the Definitions 2, 2 and Proposition 2, the following diagram holds for a 
subset 𝐴 of a space 𝑋:  
 

 
        

Note: 𝐴 → 𝐵 denotes 𝐴 implies 𝐵, but not conversely.  
Theorem 2.1 In Bts (𝑋, 𝜏1, 𝜏2), (1) Arbitrary union of 𝜏𝑖𝜏𝑗-𝑀-o sets are 𝜏𝑖𝜏𝑗-𝑀-o. (2) The 

intersection of an 𝜏𝑖𝜏𝑗-𝑀-o set with an 𝜏𝑖-o set is an 𝜏𝑖𝜏𝑗-𝑀-o set. (3) The intersection of 

arbitary 𝜏𝑖𝜏𝑗-𝑀-c sets is 𝜏𝑖𝜏𝑗-𝑀-c.    

Proof. (1) Let {𝐴𝑖, 𝑖 ∈ 𝐼}  be a family of 𝜏𝑖𝜏𝑗 - 𝑀 -o sets. Then 𝐴𝑖 ⊆ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴𝑖)) ∪

𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴𝑖)) , hence ⋃𝑖 𝐴𝑖 ⊆ ⋃𝑖 (𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴𝑖)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴𝑖)))  ⊆ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(⋃𝑖 𝐴𝑖)) ∪

𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(⋃𝑖 𝐴𝑖)), for all 𝑖 ∈ 𝐼. Thus ⋃𝑖 𝐴𝑖 is 𝜏𝑖𝜏𝑗-𝑀-o. 

(2) and (3) are obvious.            
Remark 2.3 The intersection of any two 𝜏𝑖𝜏𝑗-𝑀-o sets is not 𝜏𝑖𝜏𝑗-𝑀-o set, in Example 2(`)@, the 

sets 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑎, 𝑐, 𝑑} are 𝜏1𝜏2-𝑀-o sets but 𝐴 ∩ 𝐵 = {𝑎, 𝑐} is not 𝜏1𝜏2-𝑀-o 
set.  
Remark 2.4 The family 𝐷𝑀𝐶(𝜏1, 𝜏2) is generally not equal to the family 𝐷𝑀𝐶(𝜏2, 𝜏1) as seen 
from the following example.  
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Example 2.3 In Example 2.1 the family 𝐷𝑀𝐶(𝜏3, 𝜏4) = {𝜙, 𝑋, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑐, 𝑑}, 
{𝑏, 𝑑}, {𝑏, 𝑐}, {𝑎, 𝑑}, {𝑎, 𝑐}, {𝑎, 𝑏}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}}  and 𝐷𝑀𝐶(𝜏4, 𝜏3) = {𝜙, 𝑋, {𝑎}, {𝑏}, 
{𝑐}, {𝑑}, {𝑎, 𝑐}, {𝑏, 𝑑}{𝑏, 𝑐, 𝑑}}. Therefore 𝐷𝑀𝐶(𝜏1, 𝜏2) ≠ 𝐷𝑀𝐶(𝜏2, 𝜏1).  
Theorem 2.2  In a Bts (𝑋, 𝜏1, 𝜏2), 𝜏1 ⊆ 𝜏2  and 𝑀-open (𝑋, 𝜏1) ⊆ 𝑀-open (𝑋, 𝜏2) then 
𝐷𝑀𝐶(𝜏2, 𝜏1) ⊆ 𝐷𝑀𝐶(𝜏1, 𝜏2).  
Proof. Let 𝐴 ∈ 𝐷𝑀𝐶(𝜏2, 𝜏1) that is 𝐴 is an a (𝜏2, 𝜏1)-𝑀-c set. To Prove that 𝐴 ∈ 𝐷𝑀𝐶(𝜏1, 𝜏2). 
Let 𝐺 ∈ 𝑀-open (𝑋, 𝜏1) be such that 𝐴 ⊆ 𝐺. Since 𝑀-open (𝑋, 𝜏1) ⊆ 𝑀-open (𝑋, 𝜏2), we 
have 𝐺 ∈ 𝑀-open (𝑋, 𝜏2). As 𝐴 is a (𝜏2, 𝜏1)-𝑀-c set, we have 𝜏1-𝛿𝑝𝑐𝑙(𝐴) ⊆ 𝐺. Since 𝜏1 ⊆
𝜏2, we have 𝜏2-𝛿𝑝𝑐𝑙(𝐴) ⊆ 𝜏1-𝛿𝑝𝑐𝑙(𝐴) and it follows that 𝜏2-𝛿𝑝𝑐𝑙(𝐴) ⊆ 𝐺. Hence 𝐴 is a 
(𝜏1, 𝜏2)-𝑀-c. That is 𝐴 ∈ 𝐷𝑀𝐶(𝜏1, 𝜏2). Therefore 𝐷𝑀𝐶(𝜏2, 𝜏1) ⊆ 𝐷𝑀𝐶(𝜏1, 𝜏2).            
Theorem 2.3Let A and B be subsets of (𝑋, 𝜏1, 𝜏2) such that 𝐴 ⊆ 𝐵. If A is an 𝜏𝑖𝜏𝑗-𝑀-o set in 

(𝑋, 𝜏1, 𝜏2), then A is an 𝜏𝑖𝜏𝑗-𝑀-o set in (𝐵, 𝜏1\𝐵, 𝜏2\𝐵).  

Proof. If 𝐴 is an 𝜏𝑖𝜏𝑗-𝑀-o set in 𝑋, 

𝐴 ⊆ 𝑖𝑛𝑡𝑖(𝑐𝑙𝑗(𝐴)) ∪ 𝑐𝑙𝑗(𝑖𝑛𝑡𝑖(𝐴)) 

𝐴 ⊆ (𝑖𝑛𝑡𝑖(𝑐𝑙𝑗(𝐴)) ∩ 𝐵) ∪ (𝑐𝑙𝑗(𝑖𝑛𝑡𝑖(𝐴)) ∩ 𝐵) 

𝐴 = 𝑖𝑛𝑡𝜏𝑖\𝐵(𝑐𝑙𝜏𝑗\𝐵(𝐴)) ∪ 𝑐𝑙𝜏𝑗\𝐵(𝑖𝑛𝑡𝜏𝑖\𝐵(𝐴)). 

Hence 𝐴 is an 𝜏𝑖𝜏𝑗-𝑀-open set in (𝐵, 𝜏1\𝐵, 𝜏2\𝐵).            

The converse of the Theorem 2(`)@ need not be true as shown by the following example, even 
when 𝐴 ∈ 𝜏𝑖. 
Example 2.4    In Example 2.1, 𝐴 = {𝑑} ∈ 𝜏1\𝐵  where 𝐵 = {𝑎, 𝑏, 𝑑} . Hence 𝐴  is an 
𝜏1𝜏2-𝑀-o set in (𝐵, 𝜏1\𝐵, 𝜏2\𝐵), but not an 𝜏1𝜏2-𝑀-o set in (𝑋, 𝜏1, 𝜏2).  
Definition 2.3Let 𝐴 be a subset of (𝑋, 𝜏1, 𝜏2). Then   
    1.  The intersection of all 𝜏𝑖𝜏𝑗-𝑀-c sets containing 𝐴 is called the 𝜏𝑖𝜏𝑗-𝑀 closure of 𝐴, 

denoted by 𝜏𝑖𝜏𝑗-𝑀cl(A). i.e., 𝜏𝑖, 𝜏𝑗-𝑀𝑐𝑙(𝐴) = ⋂ {𝑈: 𝐴 ⊆ 𝑈, 𝑈 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)}.  

    2.  The union of all 𝜏𝑖𝜏𝑗-𝑀-o sets contained in 𝐴 is called the 𝜏𝑖𝜏𝑗-𝑀 interior of 𝐴, 

denoted by 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴). i.e., 𝜏𝑖, 𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴) = ⋃ {𝑈:𝑈 ⊆ 𝐴, 𝑈 ∈ 𝐷𝑀𝑂(𝜏𝑖, 𝜏𝑗)}.  

  
Theorem 2.4 Let 𝐴 and 𝐵 be subsets of (𝑋, 𝜏1, 𝜏2) and 𝑥 ∈ 𝑋. Then,   
    1.  𝐴 is 𝜏𝑖𝜏𝑗-𝑀-c if and only if 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) = 𝐴.  

    2.  𝐴 is 𝜏𝑖𝜏𝑗-𝑀-o if and only if 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴) = 𝐴.  

    3.  𝑥 ∈ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) if and only if for every 𝜏𝑖𝜏𝑗-𝑀-o set 𝑈 containing 𝑥, 𝑈 ∩ 𝐴 ≠ 𝜙.  

    4.  𝑥 ∈ 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴) if and only if there exists an 𝜏𝑖𝜏𝑗-𝑀-o set 𝑈 such that 𝑥 ∈ 𝑈 ⊆

𝐴.  
    5.  If 𝐴 ⊆ 𝐵, then 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐵) and 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐵).  

  
Theorem 2.5 Let {𝐴𝛼: 𝛼 ∈ 𝛥} be a family of subsets of 𝑋. Then   
    1.  𝜏𝑖𝜏𝑗-𝑀𝑀𝑀𝑀(⋂ {𝑀𝑀: 𝑀 ∈ Δ}) ⊆ ⋂ {𝑀𝑀𝑀𝑀-𝑀𝑖𝑛𝑡(𝐴𝛼): 𝛼 ∈ Δ}).  

    2.  ⋃ {𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴𝛼: 𝛼 ∈ Δ}) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(⋃ {𝐴𝛼: 𝛼 ∈ Δ}).  

  
Theorem 2.6 The following are equivalent for a subset 𝐴 of 𝑋:   
    1.  𝐴 is 𝜏𝑖𝜏𝑗-𝑀-o.  

    2.  𝐴 = 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ 𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴).  

    3.  𝐴 ⊆ 𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)).  

  
Proof. (1) ⇒ (2): Let A be an 𝜏𝑖𝜏𝑗-𝑀-o set. Then 𝐴 ⊆ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)) and 

𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ 𝜏𝑖𝜏𝑗 - 𝜃𝑠𝑖𝑛𝑡(𝐴) = (𝐴 ∩ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴))) ∪ (𝐴 ∩ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)))  = 𝐴 ∩

(𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴))) = 𝐴. Hence (2) holds. 

(2) ⇒ (3) : 𝐴 = 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ 𝜏𝑖𝜏𝑗 - 𝜃𝑠𝑖𝑛𝑡(𝐴) = 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ (𝐴 ∩ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴))) ⊆
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𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) . Now since 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ⊆ 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴)) , 

𝑐𝑙𝑗(𝐵) ⊆ 𝜏𝑖𝜏𝑗 -𝛿𝑝𝑐𝑙(𝐵)  and 𝑖𝑛𝑡𝑖(𝐵) ⊆ 𝜏𝑖𝜏𝑗 -𝛿𝑝𝑐𝑙(𝐵)  for every subset 𝐵 ⊆ 𝑋 , then 𝐴 ⊆

𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)). Thus (3) holds. 

(3) ⇒ (1) : We have 𝐴 ⊆ 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗 - 𝛿𝑝𝑖𝑛𝑡(𝐴) ∪ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) ⊆

𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)). Thus (1) holds.            

Corollary 2.1The following are equivalent for a subset 𝐴 of 𝑋:   
    1.  𝐴 is 𝜏𝑖𝜏𝑗-𝑀-c.  

    2.  𝐴 = 𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴) ∪ 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴).  

    3.  𝐴 ⊆ 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴)).  

  
Corollory 2.2 The following hold:   
    1.  Every 𝜏𝑖𝜏𝑗-𝑀-o set is a disjoint union of an 𝜏𝑖𝜏𝑗-𝛿-po set and an 𝜏𝑖𝜏𝑗-𝜃-so set.  

    2.  If 𝐴 is an 𝜏𝑖𝜏𝑗-𝑀-o set and 𝜃𝑖𝑛𝑡𝑖(𝐴) = 𝜙, then 𝐴 is an 𝜏𝑖𝜏𝑗-𝛿-po set.  

  
Proof. 1. Follows from part (2) of Corollary 3(`)@ and the fact that, 
𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)\𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴) = 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)\(𝐴 ∩ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴))) 

= 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)\(𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)), 

which is 𝜏𝑖𝜏𝑗-𝛿-po. 

2. Obvious.            
Theorem 2.7 For a subset 𝐴 of 𝑋   
    1.  𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴) ∩ 𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴).  

    2.  𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴) ∪ 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴).  

  
Proof. We only prove part (1), as the proof of (2) is similar. Clearly, 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐴) ⊆

𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴) ∩ 𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴). Moreover, as 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) is 𝜏𝑖𝜏𝑗-𝑀-c, 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊇ 𝑖𝑛𝑡𝑖(𝜃𝑐𝑙𝑗(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴))) ∩ 𝑐𝑙𝑗(𝛿𝑖𝑛𝑡𝑖(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴))) 

⊇ 𝑖𝑛𝑡𝑖(𝜃𝑐𝑙𝑗(𝐴)) ∩ 𝑐𝑙𝑗(𝛿𝑖𝑛𝑡𝑖(𝐴)). 

Thus 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊇ 𝐴 ∪ 𝑖𝑛𝑡𝑖(𝜃𝑐𝑙𝑗(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴) ∩ 𝜏𝑖𝜏𝑗-𝛿𝑐𝑙(𝐴).           

Corollary 2.3For a subset 𝐴 of 𝑋   
    1.  𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜃𝑖𝑛𝑡𝑖(𝐴)) = 𝜃𝑖𝑛𝑡𝑖(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴)) = 𝜃𝑖𝑛𝑡𝑖(𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴))).  

    2.  𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝛿𝑐𝑙𝑗(𝐴)) = 𝛿𝑐𝑙𝑗(𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴)) = 𝛿𝑐𝑙𝑗(𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴))).  

    3.  𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴)).  

    4.  𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴)).  

    5.  𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴) ∩ 𝑐𝑙𝑗(𝜃𝑖𝑛𝑡𝑖(𝐴)).  

    6.  𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴) ∪ 𝑖𝑛𝑡𝑖(𝛿𝑐𝑙𝑗(𝐴)).  

    7.  𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴)).  

    8.  𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)).  

    9.  𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝐴)) ∩

𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴).  

    10.  𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴)) = 𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝛿𝑝𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝜃𝑠𝑐𝑙(𝜏𝑖𝜏𝑗-𝜃𝑠𝑖𝑛𝑡(𝐴)) ∪

𝜏𝑖𝜏𝑗-𝛿𝑝𝑖𝑛𝑡(𝐴).  

    11.  𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴)) = 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜏𝑖𝜏𝑗-𝑀𝑖𝑛𝑡(𝐴)).  

  
Theorem 2.8. If 𝐴 and 𝐵 be subsets of 𝑋. Then   
    1.  𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝑋) = 𝑋 and 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜙) = 𝜙.  

    2.  𝐴 ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴).  

    3.  If 𝐵 is any 𝜏𝑖𝜏𝑗-𝑀-c set containing 𝐴, then 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝐵.  

Proof. Follows from Definition 2(`)@           
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Theorem 2.9. Let 𝐴 and 𝐵 be subsets of 𝑋 and 𝑖, 𝑗 ∈ {1,2} be fixed integers. If 𝐴 ⊆ 𝐵, 
then 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐵).  

Proof. Let 𝐴 ⊆ 𝐵. By Definition 2(`)@ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐵) = ⋂ {𝐹: 𝐵 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)}. If 𝐵 ⊆

𝐹 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗) , since 𝐴 ⊆ 𝐵 , 𝐴 ⊆ 𝐵 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)} , we have 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐴) ⊆ 𝐹 . 

Therefore 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐴) ⊆ ⋂ {𝐹: 𝐵 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)}  = 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐵) . That is 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐵).           

Theorem 2.10Let 𝐴 be a subset of 𝑋. If 𝜏1 ⊆ 𝜏2  and 𝑀-o (𝑋, 𝜏1) ⊆ 𝑀-o (𝑋, 𝜏2), then 
(𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐴) ⊆ (𝜏2, 𝜏1)-𝑀𝑐𝑙(𝐴).  
Proof. By Definition 2.3, (𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐴) = ⋂ {𝐹: 𝐴 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏1, 𝜏2)}. Since 𝜏1 ⊆ 𝜏2 and 
𝑀 -open (𝑋, 𝜏1) ⊆ 𝑀 -open (𝑋, 𝜏2)  in (𝑋, 𝜏1, 𝜏2)  then 𝐷𝑀𝐶(𝜏2, 𝜏1) ⊆ 𝐷𝑀𝐶(𝜏1, 𝜏2)  this 
implies 𝐷𝑀𝐶(𝜏2, 𝜏1) ⊆ 𝐷𝑀𝐶(𝜏1, 𝜏2) . Therefore ⋂ {𝐹: 𝐴 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏1, 𝜏2)} ⊆ ⋂ {𝐹: 𝐴 ⊆
𝐹 ∈ 𝐷𝑀𝐶(𝜏2, 𝜏1)}. That is (𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐴) = ⋂ {𝐹: 𝐴 ⊆ 𝐹 ∈ 𝐷𝑀𝐶(𝜏1, 𝜏2)} ⊆ ⋂ {𝐹: 𝐴 ⊆ 𝐹 ∈
𝐷𝑀𝐶(𝜏2, 𝜏1)} = (𝜏2, 𝜏1)-𝑀𝑐𝑙(𝐴). Hence,(𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐴) ⊆ (𝜏2, 𝜏1)-𝑀𝑐𝑙(𝐴).           
Theorem 2.11.Let 𝐴  be a subset of 𝑋  and 𝑖, 𝑗 ∈ {1,2}  be fixed integers, then 𝐴 ⊆
𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝜏𝑖-𝑐𝑙(𝐴).  

Proof. By Definition 2.3, it follows that 𝐴 ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴). Now to prove that 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆

𝜏𝑖-𝑐𝑙(𝐴). By Definition of closure, 𝜏𝑗-𝑐𝑙(𝐴) = {𝐹 ⊆ 𝑋: 𝐴 ⊆ 𝐹 and 𝐹 is 𝜏𝑖-c}. If 𝐴 ⊆ 𝐹 and 𝐹 

is 𝜏𝑖 -c set, then 𝐹  is 𝜏𝑖𝜏𝑗 -𝑀-c, as every 𝜏𝑖 -c set is 𝜏𝑖𝜏𝑗 -𝑀-c. Therefore 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐴) =

⋂ {𝐹 ⊆ 𝑋: 𝐴 ⊆ 𝐹 and 𝐹 is 𝜏𝑖-𝑀-c} ⊆ ⋂ {𝐹 ⊆ 𝑋: 𝐴 ⊆ 𝐹 and 𝐹 is 𝜏𝑖-c}=𝜏𝑖-𝑐𝑙(𝐴). Hence 
𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝜏𝑖-𝑐𝑙(𝐴).            

Example 2.5Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏1 = {𝜙, 𝑋, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} and 𝜏2 = {𝜙, 𝑋, {𝑏}, {𝑏, 𝑑}}. 
Then 𝜏2 -c sets are {𝑋, 𝜙, {𝑎, 𝑐}, {𝑎, 𝑐, 𝑑}}  and (1,2) - 𝑀 -c sets are 
{𝜙, 𝑋, {𝑑}, {𝑎}, {𝑐}, {𝑐, 𝑑}, {𝑎, 𝑑}, {𝑎, 𝑐}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}} . Take 𝐴 = {𝑏} . Then 𝜏2 -𝑐𝑙(𝐴) = 𝑋 
and (1,2) - 𝑀𝑐𝑙(𝐴) = {𝑏, 𝑐, 𝑑} . Now 𝐴 ⊆ (1,2) - 𝑀𝑐𝑙(𝐴) , but 𝐴 ≠ (1,2) - 𝑀𝑐𝑙(𝐴) . Also 
(1,2)-𝑀𝑐𝑙(𝐴) ⊆ 𝜏2-𝑐𝑙(𝐴), but 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ≠ 𝜏𝑗-𝑐𝑙(𝐴).  

Theorem 2.12Let 𝐴 be a subset of 𝑋 and 𝑖, 𝑗 ∈ {1,2} be fixed integers. If 𝐴 is 𝜏𝑖𝜏𝑗-𝑀-c, 

then 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) = 𝐴.  

Proof. Let 𝐴 be a 𝜏𝑖𝜏𝑗-𝑀-c subset of 𝑋. We know that 𝐴 ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴). Also 𝐴 ⊆ 𝐴 and 𝐴 

is 𝜏𝑖𝜏𝑗-𝑀-c. By Theorem 11(`)@ (iii), 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) ⊆ 𝐴. Hence 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐴) = 𝐴.           

Theorem 2.13The operator 𝜏𝑖𝜏𝑗-𝑀cl in Definition 2, (i) is the Kurutowski closure operator on 𝑋.   

Proof. (i) 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝜙) = 𝜙, by Theorem 11(`)@ (i). 

(ii) 𝐸 ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸) for any subset 𝐸 in 𝑋 by Theorem 11(`)@ (ii). 

(iii) Suppose 𝐸  and 𝐹  are two subsets of 𝑋 . It follows from Theorem 3(`)@, that 
𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸) ⊆ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸 ∪ 𝐹) and that 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐹) ⊆ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸 ∪ 𝐹). Hence we have 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸) ∪ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐹) ⊆ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸 ∪ 𝐹). Now if 𝑥 ∉ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸) ∪ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐹), then 

𝑥 ∉ (𝑖, 𝑗)-𝑀𝑐𝑙(𝐸) and 𝑥 ∉ (𝑖, 𝑗)-𝑀𝑐𝑙(𝐹), it follows that there exist 𝐴, 𝐵 ∈ 𝐷𝑀𝐶(𝜏𝑖𝜏𝑗) such 

that 𝐸 ⊆ 𝐴, 𝑥 ∉ 𝐴 and 𝐹 ⊆ 𝐵, 𝑥 ∉ 𝐵. Hence 𝐸 ∪ 𝐹 ⊆ 𝐴 ∪ 𝐵, 𝑥 ∉ 𝐴 ∪ 𝐵. Since 𝐴 ∪ 𝐵 is 
𝜏𝑖𝜏𝑗-𝑀-c and 𝐴, 𝐵 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗), then 𝐴 ∪ 𝐵 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗) so 𝑥 ∉ 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸 ∪ 𝐹). Then we 

have 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸 ∪ 𝐹) ⊆ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸) ∪ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐹). From the above dicussions we have 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸 ∪ 𝐹) = 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸) ∪ 𝜏𝑖𝜏𝑗-𝑀𝑐l(𝐹). 

(iv) Let 𝐸 be any subset of 𝑋. By the definition of 𝜏𝑖𝜏𝑗-𝑀cl, 𝜏𝑖𝜏𝑖-𝑀𝑐𝑙(𝐸) = ⋂ {𝐴 ⊆ 𝑋: 𝐸 ⊆

𝐴 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)}. If {𝐸 ⊆ 𝐴 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)}, then 𝜏𝑖𝜏𝑖-𝑀𝑐𝑙(𝐸) ⊆ 𝐴. Since 𝐴 is a 𝜏𝑖𝜏𝑗-𝑀-c set 

containig 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐸) , by Theorem 11(`)@ (iii), 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙{𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐸)} ⊆ 𝐴 . Hence 

𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙{𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐸)} ⊆ ⋂ {𝐴 ⊆ 𝑋: 𝐸 ⊆ 𝐴 ∈ 𝐷𝑀𝐶(𝜏𝑖, 𝜏𝑗)} = 𝜏𝑖𝜏𝑗 - 𝑀𝑐𝑙(𝐸) . Conversely 

𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸) ⊆ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙{𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸)}  is true by Theorem 11(`)@ (iii). Then we have 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸) = 𝜏𝑖𝜏𝑗-𝑀𝑐𝑙{𝜏𝑖𝜏𝑗-𝑀𝑐𝑙(𝐸)}. Hence 𝜏𝑖𝜏𝑗-𝑀cl is a Kuraowski closure operator on 𝑋.           

From this Theorem 𝜏𝑖𝜏𝑗-𝑀cl defines the new topology on 𝑋.   

Definition 2.4.Let 𝑖, 𝑗 ∈ {1,2}  be two fixed integers. Let 𝜏𝑀 -(𝜏𝑖, 𝜏𝑗)  be topology on 𝑋 
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generated by (𝜏𝑖, 𝜏𝑗) - 𝑀 cl in the usual manner. That is 𝜏𝑀 - (𝜏𝑖, 𝜏𝑗) = {𝐸 ⊆

𝑋: (𝜏𝑖, 𝜏𝑗)-𝑀𝑐𝑙(𝐸
𝑐) = 𝐸𝑐}.  

Theorem 2.14. Let 𝑋 be a Bts and 𝑖, 𝑗 ∈ {1,2} be two fixed integers, then 𝜏𝑖 ⊆ 𝜏𝑀(𝜏𝑖, 𝜏𝑗).  

Proof. Let 𝐺 ∈ 𝜏𝑖 , it follows that 𝐺𝑐  is 𝜏𝑖 -c. By Proposition 2 (ii), 𝐺𝑐  is (𝜏𝑖, 𝜏𝑗)-𝑀 -c. 

Therefore (𝜏𝑖, 𝜏𝑗)-𝑀𝑐𝑙(𝐺
𝑐) = 𝐺𝑐, by Theorem 3(`)@. That is 𝐺 ∈ 𝜏𝑀(𝜏𝑖, 𝜏𝑗) and hence 𝜏𝑖 ⊆

𝜏𝑀(𝜏𝑖, 𝜏𝑗). 

Remark 2.5.Containment relation in the above Theorem 3(`)@ may be proper as seen from the 
following Example.  
Example 2.6Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏1 = {𝜙, 𝑋, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} and 𝜏2 = {𝜙, 𝑋, {𝑏}, {𝑏, 𝑑}}. 
Then (𝜏1, 𝜏2) - 𝑀 -c sets are {𝜙, 𝑋, {𝑎}, {𝑐}, {𝑑}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑐, 𝑑}, {𝑏, 𝑐, 𝑑},  {𝑎, 𝑐, 𝑑}}  and 
𝜏𝑀(𝜏1, 𝜏2)  = {𝜙, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑏, 𝑐, 𝑑},  {𝑎, 𝑏, 𝑑}} . Clearly 𝜏2 ⊆
𝜏𝑀(𝜏1, 𝜏2) but 𝜏2 ≠ 𝜏𝑀(𝜏1, 𝜏2).  
Theorem 2.15Let (𝑋, 𝜏1, 𝜏2) be a Bts and 𝑖, 𝑗 ∈ {1,2} be two fixed integers. If a subset 𝐸 of 
𝑋 is 𝜏𝑖𝜏𝑗-𝑀-c, then 𝐸 is 𝜏𝑀(𝜏𝑖, 𝜏𝑗).  

Proof. Let a subset 𝐸  of 𝑋  be 𝜏𝑖𝜏𝑗 -𝑀-c. By Theorem 3(`)@ 𝜏𝑖𝜏𝑗 -𝑀𝑐𝑙(𝐸) = 𝐸 . That is 

𝜏𝑖𝜏𝑗-𝑀𝑐𝑙{(𝐸𝑐)𝑐} = (𝐸𝑐)𝑐, it follows that 𝐸𝑐 ∈ 𝜏𝑀(𝜏1, 𝜏2). Therefore 𝐸 is 𝜏𝑀(𝜏𝑖, 𝜏𝑗).            

Example 2.7For (𝑋, 𝜏1, 𝜏2) of Example 2.6, the subset 𝐴 = {𝑏, 𝑐}  is 𝜏𝑀(𝜏1, 𝜏2), but not 
𝜏1𝜏2-𝑀-c.  
Theorem 2.16.If 𝜏1 ⊆ 𝜏2  and 𝑀 -open (𝑋, 𝜏1) ⊆ 𝑀-open (𝑋, 𝜏2) in 𝑋 , then 𝜏𝑀(𝜏2, 𝜏1) ⊆
𝜏𝑀(𝜏1, 𝜏2).  
Proof. Let 𝐺 ∈ 𝜏𝑀(𝜏2, 𝜏1), then (𝜏2, 𝜏1)-𝑀𝑐𝑙(𝐺

𝑐) = 𝐺𝑐. To prove that 𝐺 ∈ 𝜏𝑀(𝜏1, 𝜏2). That is 
to prove (𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐺

𝑐) = 𝐺𝑐. Now (𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐺
𝑐) = ⋂ {𝐹 ⊆ 𝑋: 𝐺𝑐 ⊆ 𝐹 ∈ 𝐷𝑀(𝜏1, 𝜏2)}. 

Since 𝜏1 ⊆ 𝜏2  and 𝑀 -open (𝑋, 𝜏1) ⊆ 𝑀 -open (𝑋, 𝜏2) , by Therom 2(`)@ 𝐷𝑀(𝜏2, 𝜏1) ⊆
𝐷𝑀(𝜏1, 𝜏2). Thus ⋂ {𝐹 ⊆ 𝑋: 𝐺𝑐 ⊆ 𝐹 ∈ 𝐷𝑀(1,2)} ⊆ ⋂ {𝐹 ⊆ 𝑋: 𝐺𝑐 ⊆ 𝐹 ∈ 𝐷𝑀(2,1)}. That is 
(𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐺

𝑐) ⊆ (𝜏2, 𝜏1)-𝑀𝑐𝑙(𝐺
𝑐), and so (𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐺

𝑐) ⊂ 𝐺𝑐. 
Conversely 𝐺𝑐 ⊆ (𝜏1, 𝜏2) -𝑀𝑐𝑙(𝐺𝑐)  is true by the Theorem 11(`)@ (ii). Then we have 
(𝜏1, 𝜏2)-𝑀𝑐𝑙(𝐺

𝑐) = 𝐺𝑐. That is 𝐺 ∈ 𝜏𝑀(𝜏1, 𝜏2) and hence 𝜏𝑀(𝜏1, 𝜏2) ⊆ 𝜏𝑀(𝜏2, 𝜏1).            
 
 
References 
[1]  G. K. Banerjee,  On pairwise almost strongly 𝜃-continuous mappings, Bull. Cal. Math. 
Soc.,  74 (1987), 195-206. 
[2]  M. Caldas, M. Ganster, D. N. Georgiou, S. Jafari and T. Noiri,  on 𝜃-semi-open sets and 
separation axioms in topological spaces, Carpathian. J. Math.,  24 (1) (2008), 13-22. 
[3]  J. Dontchev and H. Maki,  Groups if 𝜃-generalized homeomorphisms and the digital line, 
Topology Appl.,  95 (2) (1999), 113-128. 
[4]  E. Ekici,  On 𝑒-open sets, 𝐷𝑃∗-sets and 𝐷𝑃𝐸∗-sets and decompositions of continuity, 
Arab. J. Sci. Eng. Sect. A Sci.,  33 (2) (2008), 269-282. 
[5]  A. I. El-Maghrabi and M. A. Al-Juhany,  𝑀-open set in topological spaces, Pioneer J. of 
Mathematics and Mathematical Sciences,  4 (2) (2011), 213-230. 
[6]  J. Kelly,  Bitopological spaces, Proc. London Math. Soc.,  13 (1963), 71-89. 
[7]  M. Lellis Thivagar, O. Ravi,  On stronger forms of (1,2)*- quotient mappings in 
bitopological spaces, Internat. J. Math. Game theory and Algebra,  14 (6) (2004), 481-492. 
[8]  N. Levine,  Semi-open sets and semi-continuity in topological spaces, American 
Mathematical Monthly,  70 (1963), 36-41. 
[9]  S. Raychaudhhuri and N. Mukherjee,  on 𝛿-almost continuity and 𝛿-pre-open sets, Bull. 
Inst. Math. Acad. Sinica,  21 (1993), 357-366. 
[10]  N. V. Velicko,  𝐻-closed topological spaces, Amer. Math. Soc. Trans.,  78, 103-118. 
 

http://www.jetir.org/

