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Abstract
In this paper we prove that for a lattice X , the family of all (&, ) -fuzzy ideals are also

lattices.We further claim that the lattice of all (5, y) -fuzzy ideals is infact a sublattice of the
lattice of all (5, y) -fuzzy sublattices.
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1. Introduction

The notions of fuzzy ideals were introduced by S-Abou-Zaid in 1991 [8,1]. The notion of fuzzy
subgroup was introduced by A. Rosenfeld [5] in his pioneering paper. Subsequently the definition
of fuzzy subgroup was generalized by Negoita and Ralescu [7]. Fuzzy ideals of a ring were first
introduced by Liu[13]. T. Ali and A.K. Ray [2] studied the concepts of fuzzy sublattices and fuzzy
ideals of a lattice. The notions of fuzzy subnear-ring, fuzzy ideal and fuzzy R -subgroup of a
near-ring were introduced by Salah Abou-Zahid [8] and it has been studied by several authors
[11,12, 3, 4] and also ,we introduce the notion of a (&, ) -fuzzy ideal of a near-ring and we prove

a correspondence theorem between the families of (&, ) -fuzzy ideals of two homomaorphic
lattices. This is an extension of the result of M. J. Rani [10] and T. Manikantan [9].

2. Preliminaries
In this section We recall some definitions and results that will be needed in the sequel. The
interval [0,1] is a lattice and this entity ([0,1],<) is denoted by I .

Definition 2.1[10] Let z,vel® If u(x)<v(X),V xe X ,thenwe say that x is contained in v
and we write x <v. Clearly the inclusion relation < is a partial ordering on 1*.

Definition 2.2[10] Let v el”. Difine guv and unv as follows.

VxeA (uouv)(X)=u(x)vv(x) and (znv)(X) = w(X) Av(X)
Then (uwv) and (unv) are respectively the lub and glb and they are called the union and
intersection of # and v respectively. It is also known that under the natural ordering, 1 isa
complete lattice for any nonempty set A. Its largest and smallest element are 1, (where

1,(x)=1VxeA)and 0,(where 0,(x)=0VxeA)
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Definition 2.3[10] A fuzzy subset x of X issaid to be a fuzzy sublattice of X if Vx,ye X,
(D) s(x v y) 2 p(x) A u(y),
(i) p(xAy) = p(X) A p(y).

Definition 2.4[10] Let e 1”,then u iscalled a fuzzy ideal of X if Vx,ye X,

(1). pu(xvy) = p(X) A pu(y),

(15). u(x~y) 2 p(X) A p(y).

If 1, holds, then (XA Yy)> p(x)Au(y). Thus by 1, and 1,, ue FL(X), (i.e) a fuzzy
ideal of X is fuzzy sublattice of X .

Definition 2.5[8] A fuzzy sub set A of N is called a fuzzy subnear-ring of N if VX, yeN,
(i) A(x—y) = min{A(x), A(Y)}.
(i) A(xy) = min{A(x), A(Y)}-

Definition 2.6[5] A fuzzy sub set A of a group (G,+) is said to be a fuzzy subgroup of G if
vV XYyeG,
(i) A(x+y) = min{A(x), A(Y)},
(i1) A(—x) = A(x), or equivalently A(x—y) > min{A(X), A(Y)}.
If A isafuzzy subgroupof agroup G, then A(0) > A(xV xeG.)

Definition 2.7[8] A fuzzy subset A of N issaid to be a fuzzy two-sided N -subgroup of N if
(1) A isafuzzy subgroup of (N,+),
(i) A(xy) = AX) VXx,yeN,
(i) A(xy) > A(y) VX, y € N.
If A satisfies (i),(ii) then A is called a fuzzy right N -subgroup of N . If A satisfies
(i) and (iii), then A is called a fuzzy left N -subgroup of N .

Definition 2.8 [8] A fuzzy sub set A of N issaid to be a fuzzy ideal of N if

(i) A isafuzzy subnear-ring of N,

(i) A(y+x-y)=AX)VXx,yeN,

(iii) A(xy) = A(y) V X,y € N.

(iv) A(a(b+i)—ab) > A(i) Va,b,i e N.
A fuzzy subset with (i),(ii) and (iii) is called a fuzzy right ideal of N whereas a fuzzy subset with
(1),(i1) and (iv) is called a fuzzy left ideal of N .

3. (0, 7)-Fuzzy ideals of a lattice

Based on the notion of (A4, u)-fuzzy ideals introduced by B. You [6]. In this section we
introduce (5, y) -fuzzy ideals of lattice. In the following discussion, we always assume that
0<o<y<l.

Definition 3.1 A (5, y) -fuzzy subset g of X issaidtobea (9, y)-fuzzy sublattice of X if
VX YyeX,

() B(xvy)vEzBX)AB(Y) Ay,

(i) pxAy)vozpX)ABY)Ay.
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Definition 3.2 Let B,vel{; ,. Difine puv and Bnv as follows.

vxeA (Bov)X))vE=(B(X)vv)ry and (Brv)(X)vE=(BO)Av(X) Ay

Then (Buv) and (B v) are respectively the lub and glb and they are called the union and

intersectionof S and v respectively. Itis also known that under the natural ordering, 17; , isa

complete lattice for any nonempty set A. Its largest and smallest element are 1, (where
1,(x)=1vxeA)and 0, (where 0,(x)=0V xeA)

Definition 3.3 Let S,vely; ,. If B(X)<v(x),Vxe X, then we say that £ is contained in v

and we write g3 <v. Clearly the inclusion relation < is a partial ordering on | ?5,7) .

Example 3.4 If X is any lattice and tel, then g(X)vo=tAay,Vxe X isa (J,y)-fuzzy
sublattice of X.

Example 3.5 If X isany subset of N with usual orderingand g el E‘M) is given by

LX)vo=1/xAny then g isa (3,y)-fuzzy sublattice of X.

Notation 3.6 FL ; ,(X) denotes the set of all (5, y) -fuzzy sublattice of X.

(6,7)

Result 3.7 If BeFL, ,(X), then the set B ={xeX,B(X)v5>0Ay} isa (5, y)-fuzzy

sublattice of X.
Proof. Omitted.

Let Bel”, then B iscalleda (8, y)-fuzzyideal of X if Vx,yeX,
(L)- Bxvy)ve=pBX)AB(Y) Ay,
(12)- BxAy)vE2BX)AB(Y) Ay
If 1, holds, then B(xAy)vo=pB(X)AB(Y)Ay. Thus by I, and I,, BeFL; ,(X),
(i,e)a (0,y)-fuzzy ideal of X is (&, y)-fuzzy sublattice of X .

Notation 3.9 The set of all (6, ») -fuzzy ideals of X is denoted by FI ; ,(X).Let Bel 2(5,7)
satisfies 1, ifand only if SB(xAy)vS= (X)) Ay, VX ye X. Since from

I, B(xAY)vo=p(X) Ay and conversely if S(xAy)vS=pB(X)Ay,Vxe X, then
PEAY)VI=LYAX)VE=LB(Y)Ay, VX yeX.Thus I, isequivalent to

(1;). BXAY)vOZpB(X)Ay,VXxeX . Hencea (J,y)-fuzzy sublattice g of X is (J,y)

-fuzzy ideal of X ifandonlyif B(xAy)vo=pB(X)Ay,VXxeX.
Example 3.10 Consider the lattice X ={a,b,c,d} where a>c>d,a>b>d and b,c are non

comparable.Where 6 =0.1 and y =0.9. Define S e 'ém as follows.
p@)=0.1, g(b)=0.2, f(c) =04, p(d)=0.5 then g isa (J,y)-fuzzyideal of X .

Example 3.11 If X and Y with asmallest element O be lattice and f a lattice
homomorphismof X onto Y ,then ker f ={xe X | f(x) =0} isanidealof X and g, isa

fuzzy ideal of X (from)andalso y,,, isa (3,y)-fuzzyideal of X .

Theorem 3.12 Let Ac X. Then A is an (J,y)-fuzzy ideal of X if and only if y, is a
(8, 7) -fuzzy ideal of X . Proof. Suppose A isan (&,y)-fuzzy ideal of X .Therefore A is
a (0, y)-fuzzy sublattice of X .
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Proof. Suppose x,ye X beelements of A.Therefore both xAy and xvyeA. Then

XaX)VI=1Ay, x.(Y)VO=1Ay, A (XAY)VvI=1Ay and y,(XvVYy)VvI=1Ay.

Then y,(Xvy)vo=y.(X)Ax(Y)Ay=1ay and
ZAXAY)VEZ 2, (v AW Ay =1ay

Therefore y, is (8, y)-fuzzy ideal of X.

Suppose xe A and yg A. Then y,(X)vo=1Ay, x,(Y)vO=0Ay.

But, since A isanideal, (xAy)vSeAny.

Now since y,(Y)VO=0Ay, xa(XvY)VOI= y,(X) Az (Y) Ay =1Ay and
InXAY)VOZ 2 () Vv a(Y) Ay =1ny.

Thus y, isa (0, y)-fuzzy ideal of X .
Conversely, suppose that y, isa (0, y) -fuzzy ideal of X .

Let x,ye A then y,(X)vo=1Ay, y,(Y)vo=1Ay.

Since x,(XvY)VE2 2, () A Za(NAY =1Iny, 2a(Xvy)vo=1.

Therefore (xAy)vSeAny.

Similarly y,(Xxvy)vo=1ay.

Therefore xAye A

Therefore A isa (o, y)-fuzzy sub lattice of X .

Let xe A and ye X . Therefore y,(X)v o =1ay. Then, since

XAV E 2 OV 2 (V) Ay =1y, xayeA
Therefore A isan (5, y)-fuzzy ideal of X .

Theorem 3.13 e FL 5 ,(X) isa (6, y)-fuzzy ideal of X, when g(xvy)vdo=>any holds if
andonly if p(x)vé=aay and B(y)vo=any,Vael.

Proof. Suppose that A(xvy)vdo>anay holds if and only if g(x)vo>aay and
py)vo=any,Vael . Let x,ye X. Let (B(X)AB(Y))vSo=arp. Then B(x)vo=any
and p(y)v o =>any.Therefore by assumption S(xvy)vdo=any.

Thatis g(xvy)ve=(LO)AL(Y))vo. Thus (1)).

Let B(x)=b.Thenxe g, . Nowsince X isa lattice, xvd=(Xv(XAY))VvS

Therefore (xv(XAY))vdoef, Thatis S((xv(XAy))vSE)=bay

Therefore p(xvy)vo=bay by assumption that is S(xvy)vSe=p(X)Ay. Thus |,.
Hence peFL; ,(X).

Theorem 3.14 Let g eFL, ,(X). Then
(i) If X hasasmallest Elament 0, then S(0)v & > B(X) Ay VX
(i) If X has a greatest Elament 1, then B(1)v o> B(X) Ay VX e X.
(i) g isan (0, y) -fuzzy ideal of X.
Proof. (i) B0)v o = SOAX)VvSE = S(XA0)vE=B(X)Ay by L.
(i) AV =LAAX)VSE = LXAY)VE= LX)~y by L.
Therefore B(x) <(X)
(iii) By definition of (5, ) -fuzzy sublattice of X., " ={x|B8(X)vo>0A S}.
Let x,ye . Thenboth B(X)vS>0Ay and B(y)vS>0ny
Therefore (B(X)v B(Y))vo>0Ay and (B(X)AL(Y))vS>0Aay,since
(B v B(Y)) v & =max{S(x), B(y).6} and (B(X) A B(Y)) v 6 =mi{B(x), A(y),7} in |. Now
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(xvy)voz(B(X)Ap(Y)vo>0,since feFl; (X)
Therefore xvyef’

Also (B(XAY))vSz(BX)vB(Y))Ay>0
Therefore xAye . Suppose z ¢ "

Therefore S(Z)=0. xAze . Thus B* isan ideal of X .
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