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Abstract
The aim of this paper is to introduce and investigate the concept of 7;7,-M *-ak -continuous

maps in a bitopological space . Moreover we investigate the relationship between 7,7,-6 -0, -
continuous, 7,7;-9S-0, - continuous, 7;7;-a-0, - continuous, 7,7, -e -0, - continuous and
respective some other closed mappings..
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Introduction and Preliminaries

Levine in 1963 initiated a new types of open set called semiopen set [ 10]. A subset A of a
space (X,7r) is called regular open (resp., regular closed) [15] if A=int(cl(A)) (resp.,
A=cl(int(A)). The delta interior [4] of a subset A of (X,7) isthe union of all regular open
sets of X contained in A and is denoted by Jint(A). A subset A of a space (X,7) is
called ¢ -open [12] if A=dint(A). The complement of o -open set is called ¢ -closed.
Alternatively, a set A of (X,7) is called & -closed [4] if A=6cl(A) , where
ocl(A) ={xe X :Anint(cl(U))#¢, Uer and xeU}. Asubset A ofaspace X is called
0-open [1] if A=6int(A), where 9int(A)=U{int(U):U c A, Uer‘}, and a subset A is
called @-semiopen [2] (resp., &- preopen [12] , e-open[5], M -open [6],M -open[3], &
-semiopen [11] , & -open[15], € -open [5] and a -open[5]) if Accl(int(A) (resp.,
Acint(ocl(A) , Accl(sint(A)vint(ocl(A)) and  Accl(@int(A))vint(ocl(A))
Acint(cl(dint(A) , Accl(int(A) , A=dint(A) , Accl(int(ocl(A)) and
Acint(cl(A)(oint(A)), where int(), cl(), 6Oint(), oint() and ocl() are the interior,
closure, @ -interior, O -interior and ¢ -closure operations, respectively. The notion of
bitopological spaces (in short, Bts's) was first introduced by Kelly[8].

Through out this paper, let (X,7,,7,) or simply X be a Bts and i, je{1,2}. A subset S

of aBts X issaid to be 7,,-open [9] if S=AUB where Acr, and Ber,. Asubset S
of X issaidtobe r7,,-closed if the complement of S is r,,-open.and z,,-clopenif S is
both 7,,-open and 7,,-closed. For a subset A of X, the interior (resp., closure) of A
with respect to 7, will be denoted by int(A) (resp., cl.(A)) for i=1,2. In this paper, we
introduce and investigate the concept of riz'j—M*—ak—continuous maps in a bitopological

spaces. In addition, several properties of these notions and connections to several other known
ones are provided.
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Let (X,7,7,) be aBts. Asubset A of X iscalled 7,7,-M -open [13] (briefly, 7;z;-M -0)
if Accl;(dint,(A)vint (ocl;(A)) and A is 7,7;-M closed (in short, 77;-M -c) if X\A
is 7;7,-M -o. A is pairwise M -open if it is both 7,7;,-M -0 and 7;7;-M -0. A subset A of
X is called 7,7;-M"-open [13] (briefly, z7,-M"-0) if Acint(cl,(dint(A))) and A is
7,7;-M"- closed (briefly,z;7;-M"-c) if X/A is zz;-M"-0. A is pairwise M -0 if it is
both 7,7,-M™-0 and 7,7;-M -0.

Clearly A is 7,7;-M"-c iff Axcl(int;(dcl;(A))). We denote the family of all 7,7,-M"
sets in a Bts (X,7,,7,) by D .c(z.7;). Asubset A of X iscalled 7;7;-0-semiopen [13]
(briefly, 7,7, - 6 -so) if Accl;(6int(A), 7ir;-0 -preopen [13] (briefly, z;z; - & -po) if
Acint(ocl;(A), rir;j-e-open if Accl(sint(A))vint (ocl;(A), z,r;-6-semi open [13]
(briefly, z;z; - 6 - s0) if Accl,(oint(A) , 77, -6 -open [13] (briefly, 7z, - 6 - 0) |if
A=6int (A), 7z;-e -open [13] (briefly, z;7;-e"-0) if Accl(int(5cl;(A)), z7,-a-open
[13] (briefly, 7;7;-a-0) if Acint(cl;(A)(oint; (A)).

Definition 1.1 A map f:(X,7,7,)>(Y,0,,0,) is called [14] ;-0 - o, -continous
(briefly, T, - 0- o, ~cts) if the inverse image of every o, -c setis an 7,7;-0-csetin (X,7,,7,);
7,7;-0s - o, -continuous (briefly, 7,7;-0s - o, -cts) if the inverse image of every o, -c set is an
7,;7;-0s-c set in (X,7,,7,); 7,;7;-M -0, -continuous (briefly, 7;z;-M - o, -cts) if the inverse
image of every o, -csetisan 7,7;- M -csetin (X,7,7,); 7,7;-€- o, -continuous (briefly, 7,7, -
e-o,-cts) if the inverse image of every o, -c setisan 7;7;-e-c setin (X,7,,7,); TT;-6p-0,
-continuous (briefly, 7,z;-0p -0, -cts) if the inverse image of every o, -c setis an 7,7,-6p-c
setin (X,7,7,) and t,-o,-continuous Error! Reference source not found. (briefly, 7, - o, -cts)

if the inverse image of every o, -csetisan 7,z,-r;-csetin (X,7,7,).
2.77,-M"-g, -continuous Maps

Definition2.1 Amap f:(X,7,7,)=>(Y,0,,0,) iscalled

(1) 7z;-M"-0, -continuous (briefly, 7,7;-M"-g, -cts) if the inverse image of every o, -
setisan 7,7,-M -csetin (X,7,7,).

(2) 77, -0 - 0, -continuous (briefly, (3 -0 - 0, -cts) if the inverse image of every o, -c set
isan 7;7;-0-csetin (X,7,7,).

3) 7z, -0S -0, -continuous (briefly, (g -0S -0, -cts) if the inverse image of every o, -c
setisan r;7;-0s-csetin (X,7,7,).

(4) 7,7;-a-o, -continuous (briefly, 7;7; - a- o, -cts) if the inverse image of every o, -c set is
an rr;-a-csetin (X,7,7,).

(5) T, —e*—ak -continuous (briefly, T, —e*—ak -cts) if the inverse image of every o, -c set

isan 7;7;-e -csetin (X,7,7,).
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Theorem 2.1 Ifamap f:(X,7,7,)>(Y,0,,0,) isa
(1) 7;-o-ctsthenitisa 7,z;-M -o, -cts
(2) 77;-0-0-ctsthenitisa z,7,-M -o,-cts
(3) 7z;-0s-0-ctsthenitisa 7,7;-M" -0, -cts
(4) 7;7;-0-0,-ctsthenitisa 7,7;-0s-0, -cts
(5) 77;-M"-0,-ctsthenitisa 7,z;-M -0, -cts cts
(6) 7;7;-M -o -ctsthenitisa 7;7;-e-o,-cts
(7) 7;7;-0p-o-ctsthenitisa 7,7;,-e-o,-cts
(8) 7,;7;-0-0,-ctsthenitisa 7,7;-6-0,-cts
(9) 77;-0s-o -ctsthenitisa 7,7;,-85-0,-cts
(10) 7;-o -ctsthenitisa z,7,-M -o,-cts
(11) 77;-6 -0 -ctsthenitisa 77;-a-o, -cts
(12) 7,7;-M -g-ctsthenitisa 7,7,-6s-0, -cts
(13) 7;7;-5s-o ctsthenitisa 7;7;-€-0, -cts
(14) 77;-6p-o -ctsthenitisa 7,7;-M -0, -cts
(15) z7;-a-o,-ctsthenitisa 7,7;-0p-o,-cts
(16) 7,7;-e-o, -ctsthenitisa 7,7,-e -0, -cts

(17) 77;-a-o,-ctsthenitisa 7,7;-5S-0, -cts

Proof. (1) Let V be an o,-c set. Since f is 7;-o-cts. f7(v) is 77,-0;-c. By Lemma
2.1in[13], f7(v) is 7z;-M"cin (X,7,,7,). Therefore f is z;z,-M -0, -cts.
The proof of (2) to (17) are similar as in (1).

Example 2.1 Let X =Y ={ab,c,d},z,={4 X {a}.{b},{a,b}.{d,c},{a,d,c}{b,c,d}} ,
7, ={¢. X {apb.dr{ack{abd}} , & ={'.4db,ckio,d}} and o, ={Y,¢{b}{bd},
{a,b,c}}. Then the identity map f:(X,7,7,)—>(Y,0,,0,) isa

(1) 7,7,-M -0, -cts butitis not 7,-0,-cts, since for the o, -c set
{a,d}, f '({a,d}) ={a,d} whichisnot r,-cset.

(2) 7,7,-M -0, -ctsbutitis not 7,7,-0-0,-cts, since for the o, -c set
{a,c}, f *({a,c}) ={a,c} whichisnot z,7,-0-cset.

Example 2.2 Let X =Y={ab,c,d},z;, and 7, are defined as in Example2.1,
o, ={Y,¢{d}{a,d}} oand o,={Y,¢{d}{a,b,c},{a,b,d}} . Then the identity map
f:(X,5,7,) >(Y,0,,0,) isa 7,r,-M -0, ~cts but it is not z,z,-0s -0, -cts. Since for the o,
-cset {b,c}, f({b,c}) ={b,c} whichis not t,z,-6-sc set.

Example 2.3 Let X =Y={ab,c,d},z; and 7, are defined in Example2.1,
o, ={Y,¢{b,c},{a,b,c}} and o, ={Y,s{b},{ab,c},{a,b,d}} . Then the identity map

f:(X,z,7,) >(,0,,0,) isa 77,-0s-0,-cts but it is not 7,7,-0-0,-cts. Since for the o,-c
set {d}, f *({d}) ={d} whichis not z,r,-6-c set.
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Example 2.4 Let X=Y={ab,c,d},z;, and 1, are defined in Example2.1,
o, ={Y,¢,{d},{a,d}.{a,b,c}}. Then the identity map f:(X,7,7,)—>(Y,0,,0,) isa 7,r,-M
-0, ~cts but it is not 7,r,-M -0, -cts. Since for the o,-c set {a,b,c}, f *({a,b,c}) ={a,b,c}

which is not 7,7,-M " -c set.

Example 2.5 Let X=Y={ab,cd},; and 1z, are defined in Example 2.1,
o, ={Y,¢{c}{a,c}} and o,={Y,¢{c}{ac}{a,c,d}} . Then the identity map

f:(X,n,7,)>,0,,0,) isa r7,-e-o,-cts but it is not 7,7,-M -0, -cts. Since for the o, -c

set {b,d}, f *({b,d}) ={b,d} whichisnot z,z,-M -c set.

Example 2.6 Let X =Y={ab,c,d},z; and 17, are defined in Example2.1,
o ={Y,¢{a,c}} and o,={Y,¢{a}.{a,c},{a,c,d}} . Then the identity map
f:(X,z,7,) >(,0,,0,) isa 7,7,-e-o,-cts but it is not 7,z,-5p - o, -cts. Since for the o, -c

set {b,d}, f *({b,d}) ={b,d} whichisnot z,z,-5 -pc set.

Example 2.7 Let X=Y={ab,cd},; and 1z, are defined in Example2.1,

o, ={Y,¢{c}{b,d}} and o, ={Y,s{b}.{b,d}.{a,b,c}} . Then the identity map
f:(X,n,7,)>,0,,0,) isa 7,7,-0-0,-cts but it is not 7,7,-0-0,-cts. Since for the o,-c
set {a,b,d}, f *({a,b,d}) ={a,b,d} whichis not ,z,-0-c set.

Example 2.8 Let X=Y={ab,c,d},z; and 1, are defined in Example2.1,
o ={¥,¢{c}.{a,c}} and o,={Y,p{b}{ac}{ab,c}} . Then the identity map

f:(X,z,,7,) > (,0,,0,) isa 7,7,-5S-0,-cts but it is not 7,7,-6s -0, -cts. Since for the o,

-cset {b,d}, f *({b,d}) ={b,d} whichis not r,z,-6-sc set.

Example 2.9 Let X =Y ={a,b,c,d}, 7, ={p, X, {a,b}}, 7, ={s, X, {c}}o, ={Y.s.{a,b}} and
o, ={Y,¢,{a}.{a,b},{a,b,c}}. Then the identity map f:(X,7,7,)—>(Y,0,,0,) is a 7,7,-
M-, -cts but it is not t,-0,-0,-cts. Since for the o,-c set {c,d}, f *({c,d}) ={c,d} which

is not 7,-C set.

Example 2.10 Let X =Y ={a,b,c,d}, 7, ={¢, X {a}.{b,c}.{a,b,c}} ,
7, ={¢, X {a}.{b}.{a,c}.{a,b,d}}, o, ={Y,4{b}{a.b}} and o, ={Y,¢4{a}.{a b} {a b d}}.

Then the identity map f :(X,7,7,) >(Y,0,,0,) isa 7,7,-a-o,-cts but it is not 7,7,-6 -0,

-cts. Since for the o,-cset {a,c,d}, f *({a,c,d}) ={a,c,d} whichis not z,z,-6 -c set.

Example 2.11 Let X =Y ={ab,c,d},z;, and 17, are defined in Example2.10,
o ={Y.¢{a,c}} and o,={Y,¢{a}{ac}t{ab.c}} . Then the identity map
f:(X,q,7,)>(,0,,0,) isa 7,r,-05-0,-cts but it is not 7,7,-M -0, ~cts. Since for the o,

-cset {b,d}, f *({b,d}) ={b,d} whichis not z,z,-M-c set.
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Example 2.12 Let X =Y ={ab,c,d},z;, and 17, are defined in Example2.10,
o, ={Y,¢{a,b}{a,c}} oand o,={Y,¢{a}.{a,b},{a,c}} . Then the identity map
f:(X,n,7,)>,0,,0,) isa r;7,-e-o,-cts but it is not 1,7,-0S-0,-cts. Since for the o, -c
set {c,d}, f*({c,d}) ={c,d} whichisnot t,z,-& -sc set.

Example 2.13 Let X =Y ={ab,c,d},z;, and 1, are defined in Example2.10,
o, ={Y¥,¢{b}{a,c}} oand o,={Y,¢9{a}{a,b}.{a,c}} . Then the identity map
f:(X,z,7,) >(,0,,0,) isa 7r,-M -0,-cts but it is not 7,7,-5p -0,-cts. Since for the o,
-cset {a,c,d}, f *({a,c,d}) ={a,c,d} whichisnot t,z,-6 -pc set.

Example 2.14 Let X =Y ={ab,c} 7, ={o, X, {a}.{b}{a.b,}} , 7, ={s X {a},{a,b}},
o, ={Y,¢{a,c}} and o, ={Y,¢{a}.{a,c}} . Then the identity map
f:(X,n,7,)>,0,,0,) isa tr,-5p-0,-cts butitis not 7,7,-a-0,-cts. Since for the o, -c

set {b,d}, f *({b,d}) ={b,d} whichis not 7,z,-a-c set.

Example 2.15 Let X=Y={ab,c},z, and 7, are defined in Example 2.14,
o, ={Y,¢,{b,c}} and o, ={Y,¢{b}.{b,c}} . Then the identity map
f:(X,n,7,)>,0,,0,) isa

(1) 7,7,-€ -0, -ctsbutitisnot 7,7,-e-0,-cts, since forthe o,-cset {a}, f *({a}) ={a}
which is not 7,7, -€-c set.

(2) 7r,-op-o,-ctsbutitisnot 7,7,-a-o,-cts, since for the o, -cset
{a}, f *({a}) ={a} whichisnot ,7,-a-cset.

e T . — 1 ot

iTj— & - T -CLs iTi- M* - o -cts

TiTj-@-d,-Cts T Ty - Ty -CLS
rd H"ﬁ

TiTj - 8p- Ok -cts TiTi- - Tk -cts

—— o il -

.',._,-.1. -Fp-Ctea Ti- €~ -CLE

Note: A— B denotes A implies B, but not conversely.
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Theorem 2.2 Amap f:(X,7,7,)>(Y,0,,0,) is 77;-M" -0, ~cts. iff the inverse image
of every o,-osetin Y s riz'j-M*-oin X.

Proof. Let G bea o;-osetin Y.Then G° is g -csetin Y.Since f is 77,-M -0,
-cts, fH(G°) is fr;-M cin X .Thatis f*(G°)=(f"(G))" andso f™(G) is 7r;-M"
-oin (X,7,7,).

Conversely, let F bea o, -csetin Y.Then F® is o, -p setin Y. By hypothesis, f *(F°)
is 77;-M -0 in X . That is f*(F°)=(f*(F))° and so f*(F) is 7z;-M - in

(X,7,,7,) . Therefore f is rirj—M*—O'k—cts.

Theorem 2.3 If a map f:(X,7,7,)>(Y,0,,0,) is 7r;-M -0, -cts, then f(z7;-
M™cl(A)) c o.cl(f(A)) holds for every subset A of X.

Proof. Let A be any subset of X .Then f(A)cocl(f(A)) and o, cl(f(A)) is o,-c set
in Y.Also f7(f(A) <f* (ocl(f(A)). Thatis Ac (o, cl(f(A)). Since f is 7z;-
M™-c,- cts, f7(ocl(f(A) is 7z;-M -c in (X,7,7,). By Theorem 2.7 in [13] 77;-
Mcl(A) < X (o,cl(f(A))). Therefore f(z,z,-M"cl(A) < F(f (o ol(f(A)) < a,cl(f(A)).
Hence f(z;z;-M7cl(A) co,cl(f(A)) foreverysubset A of (X,7,7,).

Converse of the above Theorem Error! Reference source not found. is not true as seen from
the following Example.

Example 2.16 Let X ={ab,c,d}, 7, ={¢ X {a}{b}{a,b}} and 7, ={¢, X {a}{b,c},
abc} and Y={p.@} , o ={pYIP} and o,={r. @ . Then 1z -
M™ ={X, ¢,{c},{d}.{a,b}.{c,d}.{a,c}.{b,d}.{a,b,c},{b,c,d}.{a,c,d},{a,b,d}}. Define a map
f:(X,q,7,)>,0,,0,) by f@=Ff()=fd)=p and f(b)=q . Then f(2,1) -
Mcl(A)) c o,cl(f(A)) for every subset A of X.But f isnot 7,r,-M -0, -cts, since for
the o,-cset {q}, f({q}) ={b} whichisnot (2,1)-M"-csetin (X,z,7,).

Theorm 2.4 If a map f:(X,7,7,)>(,0,,0,) is zr; - M" - o, -cts and
9:(Y,0,,0,) > (Z,m,m,) is n,-o0,-cts, then gof if 7,z;-M"-n, ~cts.

Proof. Let F be 7, -c set in (Z,;,n,). Since g is 7, -o.-cts, g~ (F) is o,-c set in
(Y,0,0,). Since f is 7z;-M -0, -cts, f(g7(F))=(gof)™(F) is 7z;-M -c set in
(X,7,,7,) andhence gof in 7z;-M -7, -cts.
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