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Abstract

The aim of this paper is to introduce the concepts of (i, j) -regular weakly closed sets, (i, j)
-regular weakly open sets and study their basic properties in ideal bitopological spaces. In
particular, it is proved that (i, j)-1,, closed sets are closed under finite unions. Also some
relations are given and we establish that some relations are not reversible, which are justified
with suitable examples. Further the necessary and sufficient condition for a subset A of an
ideal bitopological space (X,7,7,,1) tobean (i, j)-I,-open setis established.
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1 .Introduction and Preliminaries

The concept of bitopological space was introduced by J. C. Kelly [5]. On the other hand S. S.
Benchalli and R. S. Wali [2] introduced the concepts of regular weakly closed sets and regular
weakly open sets in a topological space. R. S. Wali [10] introduced the concepts of regular
weakly closed sets and regular weakly open sets in bitopological spaces.

Recently many authors are introducing the topological concepts with respect to an ideal 1. For
instant, Palaniappan and Alagar [7] introduced regular generalized closed sets and regular
generalized locally closed sets with respect to an ideal. Alagar and Thenmozhi [1] introduced
regular generalized star closed sets with respect to an ideal. T. Noiri and N. Rajesh [6]

introduced (i, j)- 1, closed sets in bitopological spaces.

In this paper, we introduce the concepts of (i, ) -regular weakly closed sets with respect to an
ideal {(i, j)-1,,-closed sets} and (i, j)-regular weakly open sets with resepect to an ideal
{(i, j) - I,,-open sets} and study their basic properties in ideal bitopological spaces.

2.Preliminaries
Let (X,7,7,,1) or simply X denote an ideal bitopological space. The intersection (resp.

union) of all z,-semi closed sets containing A (resp. 7,-semi open sets contained in A) is
called the 7,-semi closure (resp. z,-semi interior) of A, denoted by 7,-scl(A) {resp. 7,-
sint(A) }. For any subset Ac X, z,-int(A) and z,-cl(A) denote the interior and closure of
aset A with respect to the topology 7, respectively. The closure and interior of B relative
to A with respect to the topology 7, are written as 7, -cl,(B) and 7, -int;(A)
respectively. The set of all 7,-regular closed sets in X is denoted by 7,-R.C(X,7,,7,). The

set of all 7;-regular open sets in X is denoted by rj-R.O(X,rl,rz). A° denotes the
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complement of A in X unless explicitly stated.

We shall require the following known definitions :

Definition 2.1 A subset A of aspace (X,7) is called

(i) regular open [8] if A=int(cl(A)) and regular closed [8] if A=cl(int(A)),

(ii) regular semiopen [3] if there is a regular openset U suchthat U c AcclU),
(iii) rw-closed [2] if cl(A)cU whenever AcU and U isregular semiopen,
(iv) rw-open[2]if X —A is rw-closed.

Definition 2.2 A nonempty collection of subsets | ofaset X iscalled an ideal if
(@)If Ael and Bc A implies Bel (heridity)

(b)If Ael and Bel implies AUuBel (additivity).

Definition 2.3A subset A of a space (X,z,1) is said to be a regular weakly closed set with

respect to the ideal (1 ,-closed) [9] if A" cU whenever AcU and U isregular semiopen.
Definition 2.4 Let i, j €{1,2} be fixed integers. In a bitopological space (X,7,,7,), a subset
A of X is said to (i, j)-rw-closed [10] if 7;-cl(A)cU whenever AcU and U s
regular semiopen in ;.

Definition 2.5 Let i, j€{1,2} be fixed integers. In a bitopological space (X,7,,7,), a subset
A of X iscalled

(i) (i, J)-generalized closed with respect to anideal {(i, j)-1, closed}[6]in X if and only if

z'j-CI(A)—UeI whenever AcU and U is r,-openin X,

(ii) (i, j) -regular generalized star closed with respect to an ideal {(i, j)- I:g closed} [4] in X
ifand only if 7;-cl(A)—U el whenever AcU and U is 7z, -regularopenin X.

3. (i,J)-1,, closed sets

Definition 3.1A subset A of an ideal topological space (X,z,,7,,1) is called an (i, j)
-regular weakly closed set with respect to an ideal 1{(i, j)-1, closed}in X ifandonlyif z,-

cl(A)-U el whenever AcU and U is t,-reqular semiopenin X, i,j=1,2 and i# ]

Example 3.1 Let X ={ab.c.d}, 7 ={p{ah{bF{abh X}, 7, ={p{ahib,ch{ab.ch X},

| ={¢,{a},{d}.{a,d}}. Then ¢, X {a},{d}, {a b}.{a d}{b,c}.{ab,c},{a,b,d} {b,c,d} are
(1,2)-1,, closedsetsin (X,z,,7,,1).

Theorem 3.1 Let (X,7,7,,1) be an ideal bitopological space. Every (i, j)-rw closed set is
@i, j)-1,, closedin X, i,j=1,2 and i# j.

Proof. Let A be (i,j)-rw closed. Let AcU and U is z, -regular semiopen in X,
i,j=1,2 and i# j. Then 7;-cl(A)cU. Hence 7;-cl(A)-U =gel. Therefore, A is
@i, 3)-1,, closed.

Remark 3.1 The converse of the above theorem is not true in general as can be seen from the

following example.
Example 3.2 In Example 3.1 {a} is (1,2) -1, closed, but not (1,2)-rw closed in

X, 7,7, 1).
Remark 3.2 (1,2)-1,, closed sets, (1,2)- Irg* closed sets and (1,2)-1, closed sets are

independent in general as can be seen from the following example.
Example 3.3 In  Example 3.1 (1,2) - | closed sets are ¢,{a},{d},

rw

{a,b},{a,d}{b,c},{a,b,c},{a,b,d},{b,c,d} , 1,2 - | closed sets are P(X)

9

—{{b},{d}.{a,b},{a,d}} and (1,2)—Irg* closed sets are P(x)—{{b},{d}, {a,d}}. Clearly
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these sets are independent to each other.
Theorem 3.2 Let A be a subset of an ideal bitopological space (X,z,,z,,1).If A is (i, ])-

|, closed then z,-cl(A)—A does not contain t,-regular semiclosed sets such that F g1,
i,j=1,2 and i#j.

Proof. Suppose that A is (i, j)-1, closed, i,j=1,2 and i# j. Let F be an z,-regular
semiclosed set such that Fgrj-cI(A)—A. Since Fgrj-cI(A)—A, we have Fg[rj-
cl(A)Jn—A°. Consequently F c A® and F c7;-cl(A). Since F c A, we have AcF°©.
Since F sz, -regular semiclosed sets, we have FC¢ is 7,-regular semiopen. Sinec A is
@i, J)-1, closed, we have Tj—C|(A)—FC =z;-cl(A)nF=Fel. Thus, z;-cl(A)—A does
not contain 7, -regular semiclosed sets suchthat F ¢l .

Theorem 3.3 If A and B are (i,j)-1, closed sets then AUB is (i,])-1, closed,
i,j=1,2 and i#j.

Proof. Suppose that A and B are (i, j)-I, closed sets, i,j=1,2 and i# j. We shall
show that AUB is (i,j)-1, closed. Let AUBcU and U s 7, -regular semiopen.
Since. AUBcU , we have AcU and BcU . Since AcU and U is r -regular
semiopen, we have 7;-cl(A)-U el. {since A is (i, j)-1, closed}. Since BcU and U
is 7,-regular semiopen, we have 7;-cl(B)-U el.{since B is (i, ])-1, closed}. Therefore,
r;-cl(AUB)-U ={z;-cl(A)-U}{z;-cl(B)-U}el .Hence AUB is (i, j)-1, closed.
Remark3.3 The intersection of two (i, ])-1, closed sets is not an (i, ])-1, closed set in

general as can be seen from the following example.
Example 3.4 In Example 3.1, A={ab}, B={ac} are (1,2) -1, closed sets, but

ANB={b} isnotan (1,2)-1, closedsetin X.

Lemma3.1Llet A bean t,-opensetin (X,z,7,) andlet U be rz,-regular semiopenin A
.Then U =AnW forsome t,-regular semiopenset W in X, i,j=1,2 and i# j.
Lemma 3.2 If A is 7;7;-open and U is t,-regular semiopen in X then UNA is t,
-regular semiopenin A, i,j=1,2 and i# j.

Lemma 3.3 If A rir;-openin (X,7,7,), then 7;-cl,(B)c Anz;-cl(B) for any subset B
of A, i,j=1,2 and i#].

Theorem 3.4 Let | be an ideal in X . Let B A where A is t,-regular semiopen, 7|
-regular semiopen and (i, j)-1, closed. Then B is (i, ])-1, closed relative to A with
respect to an ideal 1,={FcA|Fel} if B is (i,j)-1, closed in X, i,j=1,2 and
1#J.

Proof. Suppose that B is (i, j)-1, closedin X, i,j=1,2 and i# j. We shall show that
B is (i,j)-1,, closed relative to A. Let BcU and U is rz -regular semiopen in A.
Since A is r,-openin X and U is r,-regular semiopen in A, we have U =AnW for
some r.-regular semiopen set W in X { By Lemma 0}. Since A is 7;7;-open in X
and W is r,-regular semiopen in X, we have U =AnW is r,-regular semiopen set in
X {by Lemma 0}. Hence BcU and U is 7,-regular semiopen set in X . Since B is
(i,j)-1, closed in X, we have 7, -cl(B)-Uel . Therefore, 7, -cl(B)nU el .
Consequently, 7, -cl(B)ynANU®el, . Since A is r;r; -open in X , we have 7, -
cl(B)nA=rz;-cl,(B) { bylemmaO }.Hence 7;-cl,(B)-U €l,. Therefore, B is (i, ])-
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l,, closedrelativeto A.
Theorem 3.5 Let A and B be subsets such that AcBcrz;-cl(A). If A is (i,])-1,
closed, then B is (i, j)-1, closed, i,j=1,2 and i# j.
Proof. Let A and B be subsets such that Ac B cz;-cl(A). Suppose that A is (i, )-1,
closed, i,j=1,2 and i#j. Let BcU and U is r,-regular semiopen in X . Since
AcB and BcU, we have AcU.Hence AcU and U is z,-regular semiopenin X.
Since A is (i, j)-1, closed, we have 7;-cl(A)-U el. Since Bcrz;-cl(A), we have z;-
cl(B)cz;-cl(A). Hence 7;-cl(B)-Ucrz;-cl(A)-Uel . Therefore, B is (i, j) -1,
closed.
Theorem 3.6 Suppose that 7,-RS.O(X,7,,7,) = 7;-RS.C(X,7,,7,), then every subset of X
is (i, j)-1,-closed, i,j=1,2 and i+ j.
Proof. Suppose that rj-R.S.O(X,rl,rz)grj-R.S.C(X,rl,rz), i,j=1,2 and i#]j. Let A
be a subset of X . Let AcU and U is 7, -regular semiopen in X . Since T -
R.S.O(X,rl,rz)grj-R.S.C(X,z-l,z-z), we have U s 7 -regular closed in X . Then T -
clU)=U. Since AcU, we have z;-cl(A)crz;-cl(U)=U . Therefore, z;-cl(A)cU.
Consequently, 7;-cl(A)-U =g¢el.Hence A is (i, j)-1,-closed.

@i, J)-1,, opensets
Definition 4.1 A subset A of an ideal bitopological space (X,z,,7,,1) iscalled (i, j)-regular
weakly open with respect to an ideal {(i, J)-1., open}in X if and only if its complement is
(i, J) -regular weakly closed with respect to an ideal ((i, j)-1, closed)in X, i,j=1,2 and
i ].
Example 4.1 In Example 3.1, ¢, X {a},{c}{d}.{a,d},{b,c}{c,d}, {a,b,c}{b,c,d} are
(1,2)-1,, opensetsin (X,7,7,,1).
Theorem 4.1 A subset A of an ideal bitopological space (X,z,,7,,1) is (i, j)-1, open if
and only if F—z;-int(A)el whenever Fc A and F is t;-regular semiclosed in X,
i,j=1,2 and i#j.
Proof. Suppose that A is (i, j)-1, open, i,j=1,2 and i# . We shall show that F-z;-
int(A) el whenever Fc A and F is r,-regular semiclosed in X . Let AcF and F
is 7,-regular semiclosed in X .Then A° cF® and F° is r,-regular semiopenin X . Since
A is (i,j)-1, open, we have A° is (i,j)-1, closed. Hence 7;-cl(A°)—F el .
Consequently, [7;-int(A)]° "F =F —z;-int(A) el .
Conversely, suppose that F-—z, -int(A)el whenever Fc A and F is r; -regular
semiclosed in X . Let A°cU and U s 7,-regular semiopen in X . Then, U°c A and
uc is 7,-regular semiclosed in X . By our assumption, we have uc —7;-int(A) el . Hence
[7,-int(A)]° -U =7, -cl(A°)-U el . Consequently, A° is (i,]j)-1,-closed. Hence A is
@ Jj)-1, open.
Remark 4.1 (1,2)-1, open sets, (1,2)-1, open sets and (1,2)-1, open sets are
independent in general as can be seen from the following example.
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Example 4.2 In Example 3.1, (1,2) - |, open sets are ¢{a}{c}{d},
{a,d},{c,d},{b,c},{a,b,c},{b,c,d} , 1,2 - I open sets are
P(x) —{{b,c}.{c,d},{a,b,c},{a,c,d}} and 1,2 - Irg* closed  sets are
P(x) —{{b,c}.{a,c,d},{a,b,c}}. Clearly these sets are independent to each other.

Theorem 4.2 Let A and B be subsets such that 7;-int(A)cBc A. If A is (i,])-1,
open, then B is (i, j)-1, open, i,j=1,2 and i+ j.

Proof. Suppose that A and B are subsets such that 7z;-int(A)c B A. Let A be (i, j)-
I, open, i,j=1,2 and i#]. Let FcB and F is r,-regular semiclosed in X . Since
FcB and Bc A, we have Fc A. Since A is (i,j)-1,
int(A)el . Since 7, -int(A)c B, we have r;-int(A)cr,-int(B). Therefore, F-z, -

open, we have F—z'j-

int(B) = F —7;-int(A) e I . Consequently, B is (i, j)-1, open.
Theorem 4.3 If a subset A is (i, ]j)-1, closed, then z,-cl(A)—A is (i,j)-1, open,
i,j=1,2 and i#j.

Proof. Suppose that A is (i,j)-1, closed, i,j=1,2 and i#]. Let Fcr -cl(A)-A

and F is z;-regular semiclosed . Since A is (i, j)-1, closed, we have z,-cl(A)—A does
not contain r,-regular semiclosed such that F ¢l { by Theorem 0 }. Hence, Fel.
Therefore, F—z;-int[z;-cl(A)—A]el . Consequently, z;-cl(A)—A is (i,j)-1, open.
Theorem 4.4 If A and B are (i,j)-1, open sets then AnB is (i,])-1, open,
i,j=1,2 and i#j.

Proof. Suppose that A and B are (i,j)-1, open sets, i,j=1,2 and i#]. Let
FcAnB and F is 7, -regular semiclosed. Since Fc AnB, we have Fc A and
FcB.Since Fc A and F is 7;-regular semiclosed, we have F—z;-int(A)el. {since
A is (i,])-1, open}. Since FcB and F is r;-regular semiclosed, we have F-—z;-
int(B)el {since B is (i,j) -1, open}. Therefore, F-z;,-int(AnB)={F-7; -
int(A)}{F —z;-int(B)}e | .Hence AnB is (i, j)-1, open.

Remark 4.2 The union of two (i, j)-1, open setsis notan (i, j)-1, open set in general as

can be seen from the following example.
Example 4.3 In Example 3.1, A={a}, B={c} are (1,2)-1,, opensets, but AUB={a,c}

isnotan (1,2)-1,, opensetin X.
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