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Abstract

We consider the congruence and ideals of a semiring. Then we construct a Regular semiring
and discuss the formulation of ideals on Regular semiring and commutative on Regular semiring. We
have proved some important theorem.
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INTRODUCTION

I'- semiring was first studied by M. K. Rao[8] as a generalization of I'- ring and semiring. It is
noted that I'- ring were considered by N. Nobusawa [7] in 1964. The concepts of I'- semiring and its sub
I'-semiring with a left (right) unity was studied by
J. Luch [6] and M. K. Rao in [8]. The ideals, prime ideals, semiprime ideals, k-ideals and h-ideals of a
I'- semiring respectively by S. Kyuno[5] and M. K. Rao[8].

In T'- semiring, the properties of their ideals, prime ideals, semiprime ideals and their
generalizations play an important role in structure theory. The properties of an ideal in I'- semiring and
Regular semiring are different from the properties of the usual ring ideals. It is noted that the theory of
Regular semiring has been enriched with the help of the operator of a I'- semiring by Dutta and
Sardar[3].

PRELIMINARIES

2.1 Ring[7]:

YV VVY

Aring is a set R, together with two operations @ and *, which has the following properties:

R is a commutative group under

R is associative under *

Multiplicative identity: There is an element 1 such thatr «1=1«r=rforallr eR
The operation * distributes over @:a * (b @ c) = (a = b) & (a * c)
(@a@b)xc=(axc) D (bxc)
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2.2 Semiring[1]:

A semiring is a set R with two binary operations + and . , called addition and multiplication, such
that:

(R, +) is a commutative monoid with identity element 0: 1. (a+b) +c=a+ (b + ¢)
2.0+a=a+0=a

3.atb=b+a

(R, .) is a monoid with identity element 1: 1. (a.b) .c=a. (b.c)
2.1.a=a.l=a

Multiplication left and right distributes over addition: 1.a. (b+c)=(a.b) + (a. c)
2.(a+b).c=(@.c)+(b.c)

Multiplication by 0 annihilatesR: 1.0.a=a.0=0

2.3 T'-Ring[2]:

Let R and T" be two addition abelian groups. If forallx, y, z€ R and forall a, B € I the
conditions

1) XayeR
2)(x+ty)az=xazt+tyaz;x(a+tp)z=x0az+xpz
() xay)Bpz=xa(ypz)

are satisfied, then R is called a I'- ring.
2.4 T'- Semiring[3]:

Let (R, +) and (I, +) be a commutative semigroup. Then we call R is a I'- semiring if
there exists a map R x I' x R —» R, written (X, y, y) by Xyy, such that it satisfies the following axioms for
allx,y,zeRandy, BeT:

Xy (ytz) =xyy+xyzand (xty) yz=Xxyz+yyz
X P y=xyy+xpy

(xyy)Bz=xy(yp2).

In the above case, we call R = (R, ') a I'-semiring.

2.5 Regular[2]:

An element ‘a’ of a ring R is said to be regular if and only if there exists an element x of R such
that a x a = a. The ring R is regular if and only if each element of R is regular.
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2.6 Regular Semiring:

Let (R, +) and (T, +) be a commutative semigroup. Then we call R be a Regular semiring if there
exists amap R X I' x R = R, written (X, a, y) by xay, such that it satisfies the following axioms for all x,
y,ZERando,B ET:

(1) xa(ytz)=xay+txoazand(xty)az=xo0z+yaz
2 x(a+P)y=xay+xpy;
Q) xay)Bz=xa(ypa2).

In the above case, we call R = (R, I') a Regular semiring.
2.7 Zero Element of I'- Semiring [4]:

A I'-semiring R is said to have a zero element if there exists an element 0 € R such that 0 + x =X
=x+0and0yx=0=xyO0forallx € Randy € T. Also, a /-semiring R is said to be commutative if x
vyy=yyxforallx,y€ERandy€Tr.

2.8 Zero Element of Regular Semiring:

A Regular semiring R is said to have a zero element if there exists an element 0 € R such that 0
+x=x=x+t0and0ax=0=xa0forall x € Rand a € T. Also, a Regular semiring R is said to be
commutative if xa y=yax forallx,y€ERand a €T.

Example: 2.9

Let R= (Z*, +) be the semigroup of positive integers and let I' = (22", +) be the semigroup of
even positive integers. Then, R is a Regular semiring.

I11. IDEALS OF A REGULAR SEMIRING

R will be a Regular semiring unless otherwise specified. The following lemmas are easy to
prove.

3.1 Ideal of a I'-Semiring[4]:

Asubsemigroup | of Riscalled anideal of (R,T"), ifITR € landRT 1 € I, whereby | I" R wemeanthe
set{Xyr|x€e I,re R,ye I'}. IfRisal-semiring with zero element, then it is easyto verifythateveryideall
of(R, I') has the zero element.

3.2 Ideal of a Regular Semiring:

A subsemigroup S of R is called an ideal of (R, I'), if STR € Sand RTS < S, where by ST'R we
meantheset{xar|x€ S,re R,a € I'}. IfR isaRegular semiring with zero element, everyidealSof(R, I')
has the zero element.

Lemma: 3.3

Let A be a non-empty index set and {S;}.ea be a family of ideals of (R, T').
Then, Naea Siis an ideal of (R, T).

JETIRAWO06024 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 184


http://www.jetir.org/

© 2019 JETIR March 2019, Volume 6, Issue 3 www.jetir.org (ISSN-2349-5162)

Lemma: 3.4

Let L(R, I') be the set of all ideals of (R, I'). Then (L (R, I'), €, A, V) is a complete lattice, where
SAT=SNTand SV T=<SUT > is the unique smallest ideals containing SUT.

Theorem: 3.5

Let R be a Regular semiring with zero and S be an ideal of (R, I'). Then R = {x + S\
X € R} is a Regular semiring with the mapping.

*- R _xI'x R_, R
S SS

Defined by
x+S)*a*(y+S)=xay+S.Forallx,y€ERanda €T.
Proof:

We first define an operation @ on ~. -

(x+59) EB(y+S)=X+y+S
for allx+S,y+S el . Consequently, we can verify that (%, @) |sacommutat|ve semigroup and we

have the following equalities:

(x+8) *xax(ytS) D (z+S)=(x+) xax(y+z+93)
=xa(y+tz)+S
=xoy+txaz+$S
=xay+S)P xaz+S)
=(X+S)*xax(y+S) P (xX+S)*ax(z+9).
Similarly,we have

(x+S)D(Y+9) xax*(z+S)=(X+S) *xax(Zz+S)D(y+S)*ax(z+9),
(X+S)*(a+P)*(y+S)=(X+S) xax(y+S) D (X+S)*Px(y+9)
(X+S)*xax(y+S))*P*(z+S)=(x+S)*xax((y+S)*p*(z+9)).

These shows that ® is a Regular semiring.
N
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IV. COMMUTATIVE AND CONGRUENCES ON A REGULAR SEMIRING

In this section, we consider a commutative Regular semiring R. We have the following theorems.
4.1 Commutative Semiring[ 3]:

A commutative semiring is one whose multiplication is commutative. An idempotent semiring is
one whose addition is idempotent: a + a = a, that is, (R, +, 0) is a join- semilattice with zero.

4.2 Commutative Regular Semiring[3 ]:

A Regular semiring R is said to be commutative Regular semiring if Xy =y X, X+ y =y + x for
allx,yeRanda €T.

Theorem: 4.3
The following conditions on an ideal S of a commutative Regular semiring R with zero are
equivalent:
(1) H+(©0:S)=HTS:S)forall ideals H of (R, I).
(2) HT S=KT S implies that (0 : S)+ H=(0: S)+ K for all ideals Hand K of (R, I'),

where (S: A)={x€eR|xaa €S, forallae Aanda €I’} forany @ # A S R.
Theorem: 4.4

Let R be a commutative Regular semiring. If S is an ideal of (R,T"), ® # A € R and o€ then
the following statements hold:
(1) SS(S:ACS(S:ATA)S(S:AaA)foralla€eTr.
(2) IfAcS,then(S:A)= R.

Theorem:4.5

Let R be a commutative Regular semiring. If' S is an ideal of (R, I'), @ # A € R. Then
(S:A)=Naea(S:a)=(S: A\YS).
An equivalence relation 6 on (R, T') is said to be a congruence if for all X, y, z € Rand a € I', we have

X0y=((x+20(y+2),

X0y=>xaz)0(yaz)and (zax) 0 (zay).

ByR:0,wemean thatthesetofallequivalence classesoftheelementsof Rwith respect to the mapping 6, that is,
R:0=1{0(x)|x €R}.
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Lemma: 4.6

Let 0 be a congruence relation on (R, I'). Then
0(x+y)=0(0(X)+06(y)) and 6 (Xa y)=0(0 (X) a0 (y)) forallx,yERanda €T.

Proof:

We observe that 8(x +y) €0 (8(x) + 6 (y)) and O(xay) S 0 (0 (x) a 0 (y)). By routine
checking,wecaneasilyverifythattheaboveequalities hold.

Theorem: 4.7

Let 0 be congruence on (R, I'). Define @ on R : 0 by
0 (x) @ 0(y) =0 (x +y) for all x, y € R. Then, (R: 6, @ ) is a Regular semiring with the following map

O: (R:0) xI'x(R:0) > (R : 0),
defined by 8(x) O 0 O 6(y)=0(x a y), forallx,yERanda €T

Proof:

Let6 (X)=0(x)and6 (y)=0 (y). Then,byLemma4.6,we have the following equality. 6 (x) @ 0 (y) =0 (x +
y)=6(0(x)+06(y)
=00 ) +6(y)=6(x) DO(y.
Also, we have an additional equality
0(x)0a06(y)=0xay)=(0(x) ad(y)
=0(0(x)ab(y)
=0(x)0a00(y)
Thus, @ and O are well-defined.
Hence, wecanverifythat(R: 0, @)isa commutative semigroup. Now,wededucethatd (X) @ o O (0 (y) D 6 (2)) = 0 (X)
Qo060 (y+2)
=0(xa(yt2)
=0xXoy+xaz)
=0(xay)PO(xaz)
=0 x0a06(y))D (O 0a0H6(2)).
Similarly, we can prove that
Ox)DO()0a0b(2)=0(x)0a06(z) D O()0a0b(2),
6x)O0@+POO(y)=0x0a06(y) SOEKOLOO(Y),
OBx)0000(y)OPOO() =0(x)Oa0 (O (y)OBO -6 (2)). Therefore, R : 0 is a Regular
semiring.
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Lemma: 4.8

IfTIr: R — R : 0 is defined by I1r (x) = 0 (x) and 1ris the identity function on I', then (Ilr, 1r):
(R,T) > (R :6,T")is an epimorphism.

Proof:

Letx,yERanda €T.
Then, [Ir(x +y) =0(x +y) =0 (x) D 6(y)
=Ir(x) © [r(Y).
Also, we have
[lr(xay)=0xay)=0(x)0O a0 6(y)
=Ilr(x) O Ir (o) O Ir (y)
Clearly, ITr is surjective and (Ilr,1r) is an epimorphism.

CONCLUSION

In this paper we define new concept called Regular semiring, ideals of a Regular Semiring and
Commutative Regular semiring. Futher, we can extend this concept to various types of our ideas.
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