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1. INTRODUCTION

The notion of subtraction algebra was introduced by Abbott [1] in 1969. Using this notion
Schein [12] introduced the concept of subtraction semigroups in 1992. Zelinka [15] studied a
special type of subtraction algebra called atomic subtraction algebra. The study of ideals in
subtraction algebra was initiated by Jun et al.,[3] who also established some basic properties.
Based on near-ring theory, Dheena [2] introduced the near-subtraction semigroups and strongly
regular near-subtraction semigroups. K.J.Lee and C.H.Park [8] introduced the notion of a fuzzy
ideal in subtraction algebras, and give some conditions for a fuzzy set to be a fuzzy ideal in
subtraction algebras. The most appropriate theory for dealing with uncertainties is the theory of
fuzzy sets developed by Zadeh [13]. Manikandan [9] studied fuzzy bi-ideals of near-ring and
established some of their properties. The purpose of this paper to introduce the notion of cubic
bi-ideals in near-subtraction semigroup. We investigate some basic results, examples and
properties.

2. PRELIMINARIES

Definition 2.1.
Let S be a near subtraction semigroup, (S, ) be an interval valued fuzzy near sub
subtraction semigroup and (S,v) be a fuzzy near sub subtraction semigroup. A cubic set

A= <;zv> is called a cubic near subtraction subsemigroup of S, if it satisfies the following
conditions:

() pa(x=y) = min{u(x), (y)

(ii) v(x—y)<max{v(x),v(y)}

(i) pa(xy) = min{ u(x), p(y)

(iv) v(xy) <max{v(x),v(y)} forallx,y,e S

JETIRAWO06025 | Journal of Emerging Technologies and Innovative Research (JETIR) www.]etir.org | 189


http://www.jetir.org/

© 2019 JETIR March 2019, Volume 6, Issue 3 www.jetir.org (ISSN-2349-5162)

Example 2.2.
Let S:{O,a,b,l} inwhich "™ and "-" are defined as

- 0 a b 1

0 0 0 0 0
a a 0 a 0
b b b 0 0
1 1 b a 0
. 0 a b 1

0 0 0 0 0
a 0 a 0 0
b 0 0 b b
1 0 0 b b

Define an interval valued fuzzy set 1:S —D[0,1] by

24(0) =[0.9,1], z(a) =[0.6,0.7], z4(b) =[0.8,0.9] and (1) =[0,0.1] is an interval valued fuzzy
near sub subtraction semigroup of S. Define a fuzzy set v:S —[0,1] by
v(0) =0,v(a) =0.6,v(b) =0.72 and v(1) =1 is a fuzzy near subtraction subsemigroup of S.

Definition 2.3.
A cubic subalgebra z of X is called a cubic bi-ideal of X, if

(X @) (X * ) cp and (VX)) U(VX*v) D

Definition 2.4.
A cubic set A= <sz> of S is called a cubic left (right) ideal of S, if it satisfies the

following conditions:

(i) w(x—y)=min{u(x), (y)}

(i) v(x) <max{v(x-y),v(y)}

(i) pa(xy) = min{ u(x), ()

(iv) v(xy) <max{v(x),v(y)}

V) 2(xy) = (), [e(xy) = pe(y)]

(Vi) v(xy) <v(X),[v(xy) <v(y)]

(Vi) u(Oa—x(y~2))2 u(2)
(vii) vz—x(y—2))<v(z)V¥X,y,Z2€S.

Definition 2.5.
Let A = <Zzl,v1> and A, = <,z_12,v2> be any two cubic sets of S then from the following
cubic sets of S are defined as follows:
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R sup,-,_ min{ s, (x), 1, (X)} V X,y € Sifz = x—y
(s = 11,)(2) :{ ymin{ 9.4 }
, otherwise
inf,_,_,max{v,(x),v,(x)} Vx,y eSifz=x—-y
1, otherwise

(A-A)2)=1 \—v,)(2) :{

Hy 0 11,)(X) = .
, otherwise

ymax{v;(a),v,(b)}if x<ab
1, otherwise

inf,_,,

{supxsabmin{ma), 11, (b)}ifx <ab
(Ao A)X) =1 (v ov,)(X) = {

— —  |supmin{u(x), 1, (2)}ifx < ab
1% 11,)(X) = §

, otherwise

inf max{v,(X), v, (b)}if x<ab

(Ai*Az)(X’) == (Vl*vz)(x') = {zﬁab

1, otherwise

(v, UV,)(X)

(A6 A = {(ﬂmuz)(X)

Example 2.6.
Let X ={0,a,b,c} inwhich —" and - are defined by:

O |T| | Of!
O |T || OO0
O |T|O|O0|o
OO0l | OT
O|T | |O|0
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. 0 a b Cc
0 0 0 0 0
a a a a a
b 0 0 0 b
c 0 0 0 c

Define A=(z,v) by u:S—D[0,1] and v:X —[0,1] as

24(0) =[0.9,1], x4(a) =[0.7,0.8], z(b) =[0.6,0.7] and x(c) =[0.4,0.5], and

v(0)=0.1,1(a) =0.2,v(b) =0.3 and v(c)=0.5 Then 4 isa fuzzy sub-subtraction semigroup
of S. Hence A:<;z,v> is a cubic sub-near-semigroup of S.

Lemma 2.7.
Let C=(x,v) be a cubic subset of X. If C is a cubic left ideal of X, then C is a

cubic bi-ideal of X.
Proof.
Let x'e X be such that x'<abc<(xz—x(y—2z)), where a,b,c,x,y and z are in X.

Then o — | LW
(WX ) N (X * @)X = min{(X g)(X), (X * 1) (x)}
= min{(sup min{u(a), X (b), 1(c)},

x'<abc

sup  min{(uX)(x), u(2)})}

X'<xz—x(y-z)
= min{(sup{x(a), 4(c)}, sup{(1X)(X), 1(2)})}
Since uX = X and C isa cubic left ideal, then zi(xz—x(y—2))= 1(z) .
<min{X (a), X (b), X (), (3 — x(y — 2))}
=min{{1,1,1, (32 = x(y - 2))} = (X).
If X' is not expressible as x' <abc<xz—x(y—z) then (uX zzruX*1)(x)=0< pu(x). Thus
HXpOpX* e g
(XV) O X*=v))(X)  =max{(vXv)(X), (vX*u)(X)}

= max{(inf max{v(a), X (b),v(c)}:
codnt | mad (X)), ()1}

> max{max(inf{v(a),v(c)},

nf  {v(X).v(Dh}

i
<xz—x(y-2)

> max{max (inf{v(ab),v(c)}, o pX]:H){v(x), v(xz—-x(y-2)}}
> max{max(inf{v(abc),}, inf {v(x2-x(y-2)}}

<x-x(y-2)
>p(X)
If x" is not expressible as x'=abc=xz—x(y—2z) then (vXvuvX*v)(X)=0=>v(X). Thus
vXvuvX*y ov. Hence v isa cubic bi-ideal of X.

Theorem 2.8.
Let A be a cubic subset of X. Then A= <;zv> is a cubic bi-ideal of X if and only if

the level subset U(A:t,n) is a cubic bi-ideal of X forall teD[0,1] and ne<[0,1].
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Proof.
Assume that A:<;z,v> is a cubic bi-ideal of X. Let x,yeU[A:t,n] for all teD[0,1]

and ne[0,1]. Then (x), u(y)=>t and v(x),v(y)<n, since A is a cubic bi-ideal of X, we
have i(x—y)>min{z(X), u(y)}>t and

v(X—Yy) <min{v(x),v(y)}<n.
It follows that x—yeU[A:t,n]. Let xXeX , XeuXuynuX*y  and
X'ev, Xv, vy, X*v,
If  there exist a,b,x,zcU[A:t,n] and a,,a,X,X,yeX such that
X <ab<xz-x(y-z),a<aa, and X<XX,. Then u(a)>t,u(b)>t, u(z)=t and u(x)=t
and v(a)<n,v(b)<nv(z)<n, v(x)<n.Thus

HOC) 2 {uX o X * p)(X)}
= min(uX p)(X), (uX * (X}
= min{(supmin{(uX)(@), #(0)}, sup min{(xX)(x), u(2)N}

x'<ab X'<xz—x(y-z)

= min{supmin{ sup min{u(a,), X (a,)}, (b},

x'<ab a<a,d,

sup  min{ sup min{u(x), X (%)}, 4(2)}}

X'<xz—X(y-z) x<x X,

= min{u(a,), (), 1(x), i2)} > .

v(X) <{vXvuvX*y)(x)}
=< max{yv Xv,vX *v)(x)}.....(1)

Now
(vXv)(X) = inf maX{aiglgz max{v(a,), X (a,)}, v(0)}}

= inf max{v(a,),v(0)}}
<n.....(2)

Again

(WX *V)(X) =it max{v X (x),v(2)}
= inf  max{ inf max{v(x), X(x,)}v(2)}
X'<xz—x(y-z) x<x X,

inf - max{v(x), X(x,)}

X'<xz—x(y-z)
(sinceX (x,) =0)
<n(ifsincev(x,) <n,v(z) <n))......(3)

Using (2) and (3) in (1), we get v(X')<n.

This implies that z(X)>t and v(X)<n so X eU[A:t,n], that is, z,Xu, O\ X*u, < 1,
and v, Xv, Uy, X*v, Dv,.
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Hence A:<Z¢,v> is a bi-ideal of X.

Conversely, assume that U[A:t,n] is a cubic bi-ideal of X for t,ne[0,1]. Let X e X.
Suppose  that  mi{(uX LN uX*w)(X)}> p(x’). Choose  0<t<l such that
{(uX ppX *;l)(i’)}jf>/_1(2(’). o )

This implies that (xX )(X') >t and (uX*)(X)>t. Then

(uX 1)(X) = sup min{aiglgz min{u(a,), X (a,)}, u(b)} = min{u(a,), u(b)}=t.
(uX*u)(X) = o min{ (X )(x), 1(2)}
= xf:xffi?y_z) min{xgzp min{e(x,), X (X,)}, 1(2)}
= min{u(x,), u(2)}=t.

Thus a,b, X,z € g, Suppose that min{(vXv Uy X *1)(X')}<v(x’). Choose 0>n>1 such that
{(vXvuvX*v)(X)}<n<y(X).
This implies that (vXv)(X)<n or (vX*v)(X)<n. Then

(XV)() = inf max{ inf, maxty(@). X (@)} ()} = maxy(@). v} <n.
OXX) = inf  ma{(vX)(9.v(2}

= inf  max{ inf max{v(x), X(x)},v(2)}

xaxy-n)  xexk

= max{v(x),v(z)}<n.

Implies a,,b,x,zev,.
Thus a,b,x,zeU[A:t,n]. Since U[A:t,n] is a bi-ideal of X, we have
X =aabeU[A:t,n] and X =xX,z—XxX(y—z)€U[A:t,n].
So, X e(u X)) (X * 1), implying, x' €U[A:t,n], since U[A:t,n] is a bi-ideal of X.
Thus z(X)>t and wv(X)<n which is a contradiction. Therefore XN uX*ucu and
vXvUvX*vov

Hence A= <Z¢v> is a cubic bi-ideal of X.

Lemma 2.9.
Let A and B be two nonempty subsets of X. Then the following are true:

e fanfy =1, ;.
o foufy =1, 5.
¢ fAfB = fAB'

N A

Lemma 2.10.
A nonempty subset A of X isa bi-ideal of X ifand only if f, =(u,,v,) isa cubic

bi-ideal of X.
Proof.

Assume that A is a bi-ideal of X. Let f, be a cubic subset of X defined by
a0 =11
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x A Qotherwise.

VA(X):{O

x A lotherwise. Let x,yeX. Suppose that s,(x—Yy)<min{u,(X), z,(y)} and

v(x=y) >max{v,(),va(V)}. Then, 1,(x—y)=0 and minfu,(x), u(Y)}=1. v,(x-y)=1
and max{v,(x),v,(y)}=0. This point out that x,yef, and Xx-yef,, which is a
contradiction to our conjecture. Thus so, f, is a cubic subalgebra of X. For some xe X, take
£2(%) < MInd{(ua, X 11,)(4). (12 X * 12,) ()} and v, (x) > max{{(v, X v, )(x), (Vo X *V,) H)3.
Then 1,(x)=0 and min{({X3,)(X), (X *1,)(X)}=1, that is, (u,X,)(x)=1 and
v,(x) =1 and max{({XI)(X), (v X *v,)(X)}=0, thatis, (vXv)(x)=0 and (uX*w)(x)=1,
(VX *V)(X) =0. This means that 1z, (X) =1 and z,,.,(X) =1,
Vaa(X)=0 and v,.,(X)=0. Hence by Lemma Error! Reference source not found.
(o M o) OO = {iineicen O3 =L Vi DY) 03 = {Viamen (03 =0, Thus
xe AXAUAX*A  This implies that xeA, which is a contradiction. Thus,
£2(%) 2 MIn{{(, X 220 ) 0O}, (X * 2030 and v, (x) < max{{(v, X v, OO} (Vo X *v)}X)
So, f,=(u,,v,) isacubic bi-ideal of X.

Conversely, assume that f, is a cubic bi-ideal of X. Let xX'e AXANAX*A Then
X'eAXA and X eAX*A Let a,b,z,x €A and a,XVY,X,zeX be such that
X'<aa,b<(xz—-x(y—1z),X) <xX,. Now,

(X)X 12, O 11X * 11,) (X}
= min[{(X 12,) A X * 1) )]
= min{(sup min{(,X)(@), ()}, sup  min{(, X)(X), 22, (2P}

x'<ab X'<xz—x(y-z)
= min{(sup ming sup min{, (a,), X (3,)}, 4, (D)},
x'<a a<ay
sup  ming sup min{u, (x,), X (X,).}, 1, (D1}
X'<xz—x(y-z) x<x, X,

= min{{u, (a), 4, (0), 44 (%), fo (2F}=1.

Va(X)  <{(vaXv, v X *v, ) (X)}
= max[{(vaXv ) (X)H{(va X *v ) (X)}
= max{(inf max{(v,X)@.v,O. _inf _ max{(v,X)00,v. (N}

<a-x(y-2)

=min{0,0}=0.
This implies that v,(x)=0 and so x' A, that is, AXANAX*Ac A and hence A is a
bi-ideal of X.

Theorem 2.11.

Let A=(u,v) be acubic subalgebra of X . If AXAc A then A is a cubic bi-ideal of
X.
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Proof:
Assume that A is a Cubic subalgebra of X and zX <y, Let xe X. Then

(X g X * p2)(X) = mind(eeX p2)(X), (X * ) (O} < (12X p)(X) < p(X).

Thus (X pvuX * u)(X) <

and

(WXv v X *v)(X) = max{(vXv)(X), v X *v)(X)} = (v Xv)(X) > v(X).
Thus (vXvvX*v)(X) ov.

Hence A=(g,v) isa cubic bi-ideal of X.

Theorem 2.12.
If X is a zero-symmetric near-subtraction semi-group and A= () be a cubic

bi-ideal of X then uXucu and vXvov
Proof:

Let A=(u,v) be a cubic bi-ideal of X.
Then X X * e u. Clearly 1(0) > p(x).
Thus X (0)=(X)(x) forall xe X .Since X isazero-symmetric near-subtraction semigroup,
HX S X * gt S0 X prouX * = puX < p, and
vXvnvX*vcv. Clearly v(0)<v(X).
Thus vX(0)<(vX)(x) for all xeX . Since X s a zero-symmetric near-subtraction

semigroup,
vXvcvX*r. SO vXvnvX*y=vXv oy, Wwhich is the required results.

Theorem 2.13.
Let X be a zero-symmetric near-subtraction semigroup and A= (x,v) be a cubic

subalgebra of X. Then the following conditions are equivalent:
(1) A isacubic bi-ideal of X.
(2) AXAcC A
Proof:
The proof is straightforward from Theorem 2.12. and Theorem 2.13.

Theorem 2.14.

Let A=(u,v) be a cubic bi-ideal of a zero-symmetric near-subtraction semigroup X.
Then (xyz) =min{z(X), 1(2)}. and v(xyz) <max{v(x),v(2)}.
Proof.

Assume that A is a cubic bi-ideal of zero-symmetric near-subtraction semigroup X. By

Theorem (2.13), min{(uX )()}< (x) and max{(vX)(X)}=v(x) Vxe X. Let xy,ze X.
Then

p(xyz) = min{(uX u(xyz)}
= min{{sup (uX)(a), u(b)}}

> min{(uX)(xy), u(b)}
> min{uX (xy), 1(b)}

> min{u(x) X (y), u(b)}
= min{z(X), u(2)}
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Therefore 1i(xyz) = min{z(x), 1(z)}.

v(xyz) <max{(vXv)(xyz)}
= max{{ inf max(vX)(a),v(b)}}

< max{(vX)(xy), v(b)}
<max{v X (xy),v(b)}
<max{v(x) X (y),v(b)}
= max{v(x),v(z)}

Therefore v(xyz) <max{v(x),v(2)}.

Theorem 2.15.
Let A= <sz> be a cubic bi-ideal of a zero-symmetric near-subtraction semigroup X.

Then the following are equivalent.
(1) 2e(xyz) = min{u(x), 11(2)}, and v(xyz) < mex{(x), v(2)},
@{X (I} u(¥) and {X1)(XN}2v(X) VxeX.
Proof.
Let A= <sz> be a cubic bi-ideal of zero-symmetric near-subtraction semigroup X. Let

!

X e X.
(1) = (2): If there exist X,Y,%,X €X such that x'=xy and X=XX,. Then by

hypothesis, £(xX,y) = min{u(x,), 1(y)} and v(xxy) <max{v(x,),v(y)}. We have

{(X @) ()} ={supmin{(uX)(x), (y)}}

X'<xy

={sup{ sup min{u(x,), X (%)}, t(y)}}

x<xy x< X,

{supmin{ up min{u(x),1}, u()}}

X'<xy XX

sup  minf(x,), (y)}
XXy

SUp (% %,Y) = (X X%,Y) = p(X).
XXy

IA

So, min{(u™ 1)(X)}< u(x). Also
{(vXv)(x)} ={igy max{(vX)(x), v(y)}}
= {EQI, max{ x'>?>1<:2 max{v(x,), X ()} v(y)}}
= {QQI/ max{ i glm;(z max{v(x,),0},v(y)}}

2 inf {v(x).v(y)}
X gxlxzy
2 X,zix?;zyv(xlxz y) = v(x%X%y) = v(X).
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So, min{(uX (1)(X)}< w(x). and max{(v*(V)(X)}=v(x). Thus (2) holds.
(2)=>(1): Assume that {(uX 2)(X)}<(x) and (VXv)(X)=v(X). Let x,y,z,X e X be
such that x’<xyz. Then
u(xy2)(X) 2{(uX 1)(xy2)}
= min{sup{(uX)(xy), 1(2)}}

>min{u(x), X (y), (2}
= min{u(x),1, #(2)} = min{u(x), u(2)}-
and aslo, Assume that max{(vXv)(xX)}>v(x). Let x,y,z,x € X besuchthat x’' = xyz. Then
v(xyz) <{(vXv)(xyz)}
={inf max{(vX)0y). v(2)}}

< max{v(x), X(y),v(2)}
= max{v(x),0,v(2)} = max{v(x),v(2)}.
Therefore (1) holds.

Theorem 2.16. B N
Let A=(u,,v,) and B= ug,v, be any two cubic bi-ideals of X. Then BN A isalso a
cubic bi-ideal of X.
Proof.
Let A and B be any two cubic bi-ideals of X. Let x,ye X.
(;A mZIB)(X_ y) = min{;lA(X_ y)H:lB (X_ y)}

> min{(min{, (X), 2, ()}, min{uzg (), 445 (YD}
= min{(min{u, (x), 45 ()}, min{a, (y), 45 (YD}
= min{((a 0 6 )(X), (2 O 1)V}

(VaLve)(X=y) =max{v,(X—Yy),vg(X-Y)}
< max{(max{v,(x), va(y)} max{vg (x),vs (Y)}}
= max{(max{v, (x),vs ()}, max{v,(y),vs (Y)}}
= max{((va Uvs)(X), vaUvs)(y))}.
Let x'e X. Choose a,b,x,y,ze X such that x'<abc<xz—x(y—z). Since A and B are
cubic bi-ideals of X, we have

min{{sup min{u,(@), #,(€)}, sup A (D}<pa(¥) (1)

x'<abc X'<xz—x(y-z)

min{{sup min{us(a) #5(C)}, SUp  w(DI<pp(x) (2

x'<abc X'<xz—x(y-z)

max{inf max{v,(a),v,(b), sup v, (2)}}=v.(X) (3)

x<abc X'<xz—x(y-z)

max{inf max{vg(a),vs(0), sup vg(2)}r=ve(x) (4)

x<abc X'<xz-x(y-z)
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Now
ming{(Ceep O 226) X (e O 225)) (X)), (22 O p25) X * (2 O 12))(X) 33
= min{{sup min{(z, N 125)(@), (1, M 11)(©)},

x'<abc

sup (1M 445)(2)3}

X'<xz—x(y-z)

= min{sup min{min{z, (a), 15 (2)}, Min{z,, (), 125 ()3},

x'<abc

sup  mindu, (2), 45 (2)}}

X'<xz—x(y-z)

= min{min{sup min{s, (@), 45 (©)},  sup  {u(2)}},

x'<abc X'<xz—x(y-z)

min{sup min{u (@), ()}, sup 115 (2)}}

x'<abc X'<xz—x(y-z)

< mingue, (), 25 (0}, from(@)and(2) = (u, A 225 )(¥).

max{{((v, Wvg) X (v, Uve))(X), (V4 Uve) X *(va Uve))(X)}}
= maX{{xi'QaEc max{(v, Wvg)(@), (va LUvg)(€)}

it on)@n

= min{inf max{max{v,(a),v,(a)} max{vs(C),ve ()3},
inf e 2) v, (@)

= mir{max{inf max{v,,(a),va(C)}, _inf ){VA(Z)}},

<xz—x(y-z

min{xi nf max{v; (a),v;(c)}, _inf vq (2)}}

=xz—x(y-z)
> mindv, (X), v (X)} = (v, v )(X)from(3)and(4).
Thus 1, Mg and v, Uy, are cubic bi-ideal of X.

3. CONCLUSION:
In this paper cubic bi-ideals in near-subtraction near-ring has been introduced and some
results are discussed.
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