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Abstract :  To provide efficient and reliable transmission of data in signal and image process cyclic and dual of cyclic codes on 

muffin ideals of quaternion integer rings over finite field 𝕫𝐩𝐞 , where p is odd prime integer, e > 0 is integer with respect to 

Mannheim distance. The set of generators for cyclic and their dual codes has given. Also, self-dual codes on quaternion integer 

ring over the finite field 𝕫𝐩𝐞 , for integer e > 0 corresponding to Mannheim distance has been studied. 
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I. INTRODUCTION 

 

In communication channels, codes are used to design the efficient and reliable data transmission methods. Algebraic codes 

playing important role for redundancy of noise and for detection-correction of errors occurs in data transmission. There are 

different types of codes such as Reed-Solomon codes, Reed-Muller codes, BCH codes, MDS codes, Turbo codes, etc that used in 

transmission methods by engineers and mathematicians. The Mathematical structure is the key for all these codes. From last two 

decade the research scholars in algebraic coding theory have generated a great deal of attention on codes over rings. Linear codes 

are the most fascinating objects in coding theory because of their algebraic structure and effective decoding algorithms. The 

cyclic codes associated with Hamming distance and Lee distance over different rings have studied by authors of 

([15],[16],[18],[19],[20]). They found generating set, rank and minimum distance.  Also cyclic codes associated to Mannheim 

distance over some finite quaternion integer rings studied in [4], where author finds out generating set. Cyclic codes associated to 

Mannheim distance over ring of Gaussian Integer where studied by K. Huber[1] in 1994. Later, cyclic codes over ring of 

quaternion integers where studied by M. Ozen and M. Guzeltepe in 2009([4], [6]). In [4] a method to obtain cyclic codes over 

commutative quaternion integer rings with respect to quaternion Mannheim distance is discussed. In [6] perfect codes with 

respect to Mannheim metric and Lipschitz metric over Gaussian integers, Lipschitz integers and Hurwitz integers have been 

studied. Moreover, an upper bound on the codes with respect to Hurwitz metric over Hurwitz integers is given. Theory of 

quaternions was invented by Hamilton as a generalization of complex numbers. The muffin ideals over ring of quaternion integers 

were introduced by Werner in 2010([2], [9]). The structure of cyclic codes and its duals associated to muffin ideal of quaternion 

integer ring over the finite field ℤpe  with  p is an odd prime integer have been studied by authors in series of papers ([24], [25]).  

In this paper, structures of cyclic codes and their duals associated to muffin ideals on the ring of quaternion integer(not 

necessarily commutative) over the finite field ℤpe, where e > 0 be a integer have been studied. Also, self-dual codes over muffin 

ideals under consideration. This paper is organized as follows, in section 2 we define ring of quaternion integers  and the basic 

notions associated with these rings. In section 3 we obtain the set of all generating polynomials of cyclic codes and their duals 

associated to muffin ideals of the ring . In section 4 the results on self-dual codes on muffin ideals of quaternion integer ring over 

the finite field ℤpe , where e > 0 be a integer have been studied. generator matrix and the Mannheim distance of these codes are 

given. Finally section 5 is the acknowledgement.  
 

II.  QUATERNION ALGEBRA  

 

A generalized quaternion algebra ℬ over commutative ring with unity R is a 4-dimensional R-algebra(free R -module of rank 4) 

with a basis {1, i, j, k} where elements i, j are the standard generators such that, for some a, b ϵ R − {0},  i2 = a, j2 = b, k = ij = −ji  
and so, k2 = ij(−ji) = −ab. It is symbolically denoted as  (a, b/R) and represented as   R + iR + jR + kR. So α ϵ ℬ defined as 

α = a1 + a2i + a3j + a4k where a1, a2, a3, a4  ∈  R and it’s conjugate α̅ = a1 −  a2i −  a3j − a4k. Let’s N(α) = αα̅ = a1
2 + a2

2 +
a3

2 + a4
2 - norm and T(α) = α + α̅ = 2a1- trace of α. Obviously from the quaternion multiplication, ℬ  is division ring (not 

necessarily commutative) and if R be a field then, is 4-dimensonal vector space ([21]). The inverse of α is also a quaternion taken 

as α−1 =
α

 N(α)
. In particular if a = b = −1 and R-real field then ℬ is called Hamilton’s quaternion. Hurwitz unit is defined as the 

quaternion μ =
1+i+j+k

2
, and it’s inverse μ̅ =

1−i−j−k

2
 so that N(μ) = μμ̅ = 1 and quaternion algebra  ℋ = ℬ[μ] be the Hurwitz 

quaternion. Any α ∈ ℋ can represents as α =  α° + eμ where  α° ϵ ℬ and e is either 1 or 0. Moreover α ∈ ℋ,  then α = a1 +

 a2i +  a3j + a4k  where a1, a2, a3, a4  ∈  ℤ or a1, a2, a3, a4  ∈  ℤ +
1

2
.  In this paper except as noted otherwise, we will use a = b =

−1 and R = 𝕫pe , for integer e > 0 -the ring of integer modulo odd prime p i.e. ℬ = (−1, −1/𝕫pe). Since the definition of norm 

and trace one can easily see that, α2 − (α + α̅)α + αα̅ = 0 hence, every α ϵ ℬ is the root of quadratic polynomial x2 − T(α)x +
 N(α) ∈ R[x] and hence we conclude from [21] the following theorem. 
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Theorem 2.1. Let ℬ be a division 𝕫pe-algebra of degree 2 over a field 𝕫pe with char R ≠ 2 . Then either  ℬ = K is a quadratic 

field extension of 𝕫pe or ℬ  is a division quaternion algebra over  𝕫pe. 

Also for any α ϵ ℬ, we define the minimal polynomial of α to be  minα(x) = {
x2 − T(α)x + N(α), α ∉ 𝕫pe ,

x − α,                       α  ∈ 𝕫pe .   
                            

For each α ϵ ℬ  the minimal polynomial is unique i.e. f(α) = 0  if and only if  f(x) = minα(x). Also for  α, β in ℬ it is obvious 

that minα(x) = minβ(x) if and only if N(α) = N(β) and T(α) = T(β). From [2],  there is an isomorphism between quaternion -

ℬ and M2(𝕫pe)-the ring of 2x2 matrices over 𝕫pe   has been given in following result, 

Theorem 2.2. [2] Let for odd prime p the commutative ring 𝕫pe with  x2 + y2 = −1  for all x, y ∈ 𝕫pe , then ℬ is isomorphic to 

M2(𝕫𝐩𝐞)-the ring of 2 x 2 matrices over 𝕫𝐩𝐞 . 

Remarks:     1) α ϵ ℬ  is odd (resp. even) if N(α) is an odd (resp. even) positive integer.    2) α ϵ ℬ is said to be unit if N(α) = 1. 

3) α ϵ ℬ is a prime quaternions if it is not a unit, and for every  β, γ ϵ ℬ, where  α =  βγ where , either β or γ is a unit. 4) Any 

quaternion α ϵ ℬ is a prime if  N(α) is prime in ℕ-set of natural numbers. 5) Every quaternion α ϵ ℬ with N(α) > 1  is a product 

of prime quaternions. 

Lemma 2.3 [2] For every α ϵ ℬ(or ℋ) & n ≥ 0 ,there exist α1, α2 ϵ ℬ ∩ ℚ(or ℋ ∩ ℚ) such that  αn = α1α + α2 ϵ ℬ(or ℋ) , 
where ℚ- set of rational number. 

Definition 2.4 The center of ℬ is Z(ℬ) = {α ∈ ℬ |  αβ = βα, for all β ϵ ℬ }. We say ℬ is central if Z(ℬ) = 𝕫𝐩𝐞  and ℬ  is 

simple if the only two-sided ideals of ℬ are (0) and ℬ (or equivalently that any 𝕫pe-algebra homomorphism with domain ℬ is 

either the zero map or injective). 

Definition 2.5  Let π ≠ 0 be an odd quaternion integer. If there exist δ ϵℬ such that α1 − α2 = δπ then α1, α2 ∈ ℬ are said to be 

right congruent modulo π and it is denoted as α1 ≡r α2.  

Since equivalence relation is well-defined, consider here the ring of the quaternion integers modulo this equivalence relation and 

denotes as ℬ π = {α (mod π) | α ∈ ℬ}. According to the modulo function the mapping  μ ∶  𝕫𝐩𝐞 ⟶ ℬ π defined by μ(t) =

⌈
tπ

pe⌉ π(mod π), t ϵ 𝕫pe is isomorphism and hence ℬ π is isomorphic to𝕫𝐩𝐞 , where pe = ππ is an odd prime [6].  

Definition 2.6 For quaternion integer ring ℬ, the set {f(x)  ∈  ℬ π[x] | f(α) = 0 for all α ∈  ℬ π}  is called the Muffin of ℬ π and 

denoted as Muff ℬ π. 

Lemma 2.7 If ℬ 𝛑 is finite nonzero quotient ring of ℬ,  then Muff ℬ π is an ideal of ℬ 𝛑[x]. 
Lemma 2.8 Let ℬ𝛑  is a finite nonzero quotient ring of ℬ, then Muff ℬ π contains a monic polynomials with coefficients in 𝕫pe. 

From the above lemmas it is clears that Muff ℬ π is a nonzero ideal containing a monic polynomials with coefficients in 𝕫pe, 

hence there exist such a polynomial with least degree. Now since quaternion integer ring ℬπ need not be commutative, 

throughout this paper the product of any polynomials f(x), g(x)  ∈ Muffℬ π[x] has taken as, (f ∗ g)(x)  =  ∑ αii g(x)xi. So that 

for  α ∈ ℬ π the product taken as (f ∗ g)(α)  =  ∑ αii g(α)αi such that if g(α) = 0 then (f ∗ g)(α) = 0. 

For quadrature amplitude modulation (QAM) the Mannheim distance as minimum distance is more suitable to detect and correct 

single, double error over quaternions rather than hamming distance[12]. In this paper Mannheim distance as minimum distance 

over ℬ π is under consideration. 

Definition 2.9 For any 𝛼, 𝛽 ϵ ℬ π and 𝛾 = 𝛼 − 𝛽 = 𝛾1 + 𝛾2𝑖 + 𝛾3𝑗 + 𝛾4𝑘 𝜖  ℬ π the quaternion Mannheim weight of 𝛾 is 

denoted and defined as, 𝜔𝑀(𝛾) = |𝛾1| + |𝛾2| + |𝛾3| + |𝛾4| is minimum. Also, the quaternion Mannheim distance 𝛿𝑀 between 

quaternions 𝛼 and 𝛽 in  ℬ π is defined as 𝛿𝑀(𝛼, 𝛽 ) = 𝜔𝑀(𝛾), here 𝛿𝑀 : ℬ π ×  ℬ π ⟶  ℬ π. Obviously the quternion 

Mannheim distance 𝛿𝑀 is metric over  ℬ π([4], [6], [12], [23]). 

 

III.    CYCLIC AND IT'S DUAL CODES OVER  Muff ℬ 𝝅 

 

3.1.  Cyclic Codes 

 

Let C = {(q0, q1, q2, … . . , qn−1) ∈ ℬπ
n| f(qi) = 0 ∀  qi ∈ ℬπ, 0 ≤ i ≤ n − 1  & f(x) ∈ ℬπ[x]}, so by definition C is the 

Muff ℬ π = {f(x) | f(qi) = 0 ∀   qi ∈  ℬπ, 0 ≤ i ≤ n − 1}. Now the map ℬπ
n ⟶ ℬπ[x] (x2 − 1⁄ ) given by 

(q0, q1, q2, … . . , qn−1)  ⟶ q0 + q1x + q2x2 + ⋯ + qn−1xn−1 is bijective and implies that for any (q0 , q1, q2, … . . , qn−1) ∈ C the 

cyclic shift  (qn−1, q0, q1 , … . . , qn−2) is in C . This correspondence defines C ∈ ℬπ
n is a ℬπ-quaternion cyclic codes of length n. 

We have following well established results related to these codes ([1], [4]). 

Lemma 3.1.1 Let ℬπ is quotient of quaternion ring where π is odd prime in ℬ with pe = ππ,  then Muff ℬ π contains a monic 

polynomial with coefficients in 𝕫𝐩𝐞 . 

Lemma 3.1.2 Let ℬπ is quotient of quaternion ring where π is odd prime in ℬ with pe = ππ  then, every monic quadratic 

polynomial in 𝕫𝐩𝐞[x] is the minimal polynomial of some α ∈ ℬπ − 𝕫𝐩𝐞 .                                                                                                                

Lemma 3.1.3 Let ℬπ is quotient of quaternion ring where π is odd prime in ℬ with pe = ππ  then,  gpe(x) = (xp2
− x)(xp − x) 

is generating polynomial for the quaternion cyclic code C over  ℬπ. 

Theorem 3.1.4 Let C ≠ {0} of ℬ𝛑
𝐧 is a cyclic code of length n over of  ℬ𝛑.  Let gpe(x) be a monic code polynomial of minimal 

degree in C. Then gpe(x) is uniquely determined in C with C = {q(x)gpe(x)| q(x) ∈ ℬ𝛑[x],  deg(q(x)) = n − r} where r =

deg (gpe(x)) = ap2 + bp. In particular, C has dimension  k = n − r = n − (ap2 + bp) with odd prime pe = ππ  ∈ 𝕫𝐩𝐞 and a, b ∈

 {0,1} depends on whether the roots of  gpe(x) are in 𝕫𝐩𝐞  or not. The polynomial gpe(x) divides (xn − 1) in Muff ℬ π. 
Definition 3.1.5 Let f(x) be the polynomial in ℬπ[x]. The content of f(x) is the ideal of ℬ π generated by the coefficients of 

f(x). That is, if f(x) = ∑ αrxr ∈m
r=0 ℬ𝛑[x] the content of  f(x) to be an ideal (α0, α1, … , αm) and it is denoted as con(f). 

Definition 3.1.6 Let π ∈ ℬ be odd quaternion. The annihilator of an Ideal 𝕀 = πℬ in a ring ℬ to be define as a set                      

A(α) = {α ∈ ℬ |  α 𝕀 =  𝕀α = (0) = (xn − 1)}. 
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Definition 3.1.7 Let πℬ be an ideal in a ring ℬ and let φ: ℬ →
ℬ

πℬ
= ℬπ be the quotient map. We define inverse image of 

Muff ℬ π in ℬ π[x] as Muff̃(ℬ π) = φ−1Muff ℬ π = {f(x) ∈ ℬ π[x] |  f(α) ∈  πℬ for all α ∈  ℬ}. 
 Theorem 3.1.8 Let ℬπ is quotient of quaternion ring where π is odd in ℬ with pe = ππ, e > 0. Assume that  p1, p2, … , pt are all 

primes dividing the norm of π, then generating set for cyclic code over Muff ℬ π obtains as                                    

                                                        Muff ℬ π = (gpe ,  p1Muff̃ (ℬ π/A(p1)), … . ,  ptMuff̃ (ℬ π/A(pt))). 

Proof: Let  𝕀 = (gpe ,  p1Muff̃ (ℬ π/A(p1)), … . ,  ptMuff̃ (ℬ π/A(pt))). Since the definition of inverse image to Muff ℬ π,for any 

element γ and any ideal 𝕀 of ℬ π such that 𝕀 ⊆ A(γ) then,  γMuff̃ (ℬ π/𝕀) ⊆ Muff ℬ π. So that 𝕀 ⊆ Muff ℬ π. Now we want to 

prove 𝕀 ⊇ Muff ℬ π. Let f(x) ∈ Muff ℬ π, since gpe is monic there exist g(x), h(x) ∈ ℬ π[x] such that f =  ggpe +  h where 

either h = 0 or deg(h) < 𝑑𝑒𝑔(gpe). If  h = 0, then f(x) ∈  〈gpe〉 hence, desire. So assume deg(h) < 𝑑𝑒𝑔(gpe). It is sufficient to 

show that h(x) ∈ ( p1Muff̃ (ℬ π/A(p1)), … . ,  ptMuff̃ (ℬ π/A(pt))). Since deg(h) < 𝑑𝑒𝑔(gpe), then con(h) ≠ 1. Hence there 

exist a prime divisor  pl of  N(π) with con(h) ⊆  plℬ π. Then h(x) ∈ ( plMuff̃ (ℬ π/A(pl))), so that Muff ℬ π ⊆  𝕀. Hence, 

desire. 

 
3.2.  Dual of Cyclic Codes  

 

 Definition 3.2.1 Let 𝐶 be an quaternion cyclic code over ℬ𝜋with the generator polynomial gpe(x). The polynomial  ℎ(𝑥) ∈

ℬ𝜋[𝑥] determined by 𝑥𝑛 − 1 = ℎ(𝑥)gpe(x) is said to be check polynomial for 𝐶.  

Following corollary is an easy consequence of  theorem 3.1.4.  

Corollary 3.2.2 There is an one-to-one correspondence between the cyclic codes on ℬ𝜋
𝑛 and the monic divisors of 𝑥𝑛 − 1 in 

ℬ𝜋[𝑥]  
Lemma 3.2.3 If 𝐶 is the cyclic code of length 𝑛 with check polynomial ℎ(𝑥), then  𝐶 = {𝑐(𝑥) ∈ ℬ𝜋[𝑥] | 𝑐(𝑥)ℎ(𝑥) =
0 𝑚𝑜𝑑 𝑥𝑛 − 1}. 

Proof: If  𝑐(𝑥) ∈ 𝐶, then by above theorem 3.1.4  there is a 𝑞(𝑥) with 𝑐(𝑥)  =  𝑞(𝑥)gpe(x). Then 𝑐(𝑥)ℎ(𝑥)  =

 𝑞(𝑥)gpe(x)ℎ(𝑥)  =  𝑞(𝑥)(𝑥𝑛 − 1)  =  0(𝑚𝑜𝑑(𝑥𝑛 − 1)). Now consider an arbitrary polynomial 𝑐(𝑥) ∈ ℬ𝜋[𝑥] with 𝑐(𝑥)ℎ(𝑥)  =

 𝑢(𝑥)(𝑥𝑛 − 1) say. Then 𝑐(𝑥)ℎ(𝑥)  =  𝑢(𝑥)(𝑥𝑛 − 1)  =  𝑢(𝑥)gpe(x)ℎ(𝑥), hence [𝑐(𝑥) −  𝑢(𝑥)gpe(x)]ℎ(𝑥)  =  0. As 𝑥𝑛 − 1 =

ℎ(𝑥)gpe(x) and ℎ(𝑥) ≠  0. There fore 𝑐(𝑥) −  𝑢(𝑥)gpe(x)  =  0 and 𝑐(𝑥)  =  𝑢(𝑥)gpe(x) as desired. 

Definition 3.2.4 Let 𝐶 be a linear code over ℬ𝜋, the dual code 𝐶⊥ of code 𝐶 is the set of all vectors which are orthogonal to all 

code words in 𝐶.That is 𝐶⊥ = { 𝑑(𝑥) | 𝑐(𝑥)𝑑(𝑥) =  0 ∀ 𝑐(𝑥) ∈ 𝐶 }.  

It is straight forward that if 𝐶 is a linear code, then 𝐶⊥ is also a linear code. 

Definition 3.2.5 Let ℎ(𝑥)  = ∑ ℎ𝑖𝑥
𝑖𝑘

𝑖=0  be a polynomial of degree 𝑘 over ℬ𝜋 then reciprocal polynomial is denoted and defined 

as ℎ𝑅(𝑥) = 𝑥𝑘ℎ(
1

x
). 

Remarks: The non zero roots of polynomial h(x)  are the roots of its reciprocal polynomial hR(x). If the polynomial h(x) is 

divisor of xn − 1 over ℬπ then its reciprocal polynomial hR(x) also be a divisor of xn − 1 over ℬπ. 

In next theorem we conclude the dual C⊥ of a cyclic code C is again a cyclic code and it associated with the check polynomial of 

C over ℬπ. 

Theorem 3.2.6 If C is the cyclic code of length n with check polynomial h(x) of degree, n − r then C⊥ is cyclic with generator 

polynomial  
1

h0
hR(x), where h0 is constant term of h(x). 

 

IV.  SELF-DUAL CODES ON Muffℬ 𝝅 

 

These part introduces self-dual codes on muffin ideals Muff ℬ π of quaternion integer ring ℬ π. Let us first define self-dual codes 

over muffin ideals of quaternion ring as, 

Definition 4.1 A code C on muffin ideal of  is said to be self-orthogonal if C ⊆ C⊥ and self-dual if C = C⊥. 

In [14] C.J. Miguel, R. Serodio has shown that for odd prime p quaternion integer ring ℬ  contains the zero-divisors and idem-

potent elements given as, for odd prime p the number of zero- divisors in ℬ is p3 + p2 − p, where as the number of idem-potent 

elements in ℬ is p2 + p + 2 and  for prime quaternion integer π ∈ ℬ, the quotient ring ℬ π has cardinality 2 N(π)2 − 1[6]. 

Also consider an idempotent  in ℬ π[x] is a polynomial e(x) such that e(x)2 = e(x2) = e(x)mod(xn − 1). In particular E(x) =
∑ qix

ii=n−1
i=0   is idempotent if and only qi = q2i(mod n). It is obvious that, a cyclic code or ideal C = 〈gpe(x)〉 contains a unique 

idempotent E(x) such that C = 〈E(x)〉.  Also E ( x )  =  p ( x ) gpe(x) for  some polynomial p ( x ) , and E ( αi) = 0 iff gpe(αi) =

0 whereαi ∈ ℬ π for  .  The code polynomial c(x) ∈ C if and only if c ( x )E( x ) =  c(x). (C may contain several idempotents, but 

only one of them generates C.) 

Now we have sets up following result regarding the self-dual codes o muffin ideals of quaternion integer ring  ℬ π as, 

Theorem 4.2 Let C = {(q0 , q1, q2, … . . , qn−1) ∈ ℬπ
n: f(qi) = 0 ∀  qi ∈ ℬπ, 0 ≤ i ≤ n − 1  & f(x) ∈ ℬπ[x]} be cyclic code then 

it is self-dual code if the quaternions  q0, q1, q2 , … . . , qn−1 are the idem-potent elements of  ℬπ. 

Proof: Since code polynomial c(x) ∈ C if and only if c ( x )E( x ) =  c(x). Let  𝐸(𝑥) = ∑ 𝑞𝑖𝑥
𝑖𝑖=𝑛−1

𝑖=0  is idempotent polynomial and 

q0, q1 , q2, … . . , qn−1 are the idem-potent elements of  ℬπ. Again 𝐸(𝑥) is an idempotent if and only if E ( αi) = 0 or 1  for 𝑖 =
 0 , 1 , . . . , 𝑛 −  1. If E ( αi) = 0 implies generating polynomial  gpe(αi) = 0 it means that C = 〈gpe(x)〉 = 〈0〉 = 𝐶⊥. Otherwise, 

if E ( αi) = 1. We have C = 〈E(x)〉 = 〈1〉 = 𝐶⊥. Hence quaternion code C is self-dual, as desire. 
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