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ABSTRACT. In this paper, we present the Hyers-Ulam stability of reciprocal difference and adjoint
functional equations in Multi-Banach Space

1. INTRODUCTION

The question under what conditions an approximate solution to an equation can be replaced by
an exact solution to it (or conversely) and what error we thus commit seems to be very natural. The
theory of Ulam (often also called the Hyers-Ulam) type stability provides some convenient tools to
investigate such issues. Let us only mention that the study of such stability has been motivated by a
problem raised by S. Ulam in 1940 and a solution to it given by Hyers in [3]. For some updated
information and further references concerning that type of stability we refer to ([1], [2]).

In 2013, K. Ravi, J.M. Rassias, B.V. Senthil Kumar [8], we investigated the generalized Hyers-
Ulam stability of reciprocal difference and adjoint functional equations in paranormed spaces by direct
and fixed point methods.

In 2016, A. Bodaghi, P. Narasimman, J.M. Rassias and K. Ravi [2], we introduced a new
generalized reciprocal functional equation in Non-Archimedean fields.

In 2017, Sang Og Kim, B.V. Senthil Kumar and Abasalt Bodaghi [12], we investigated the
generalized Hyers-Ulam Stability of a form of reciprocal-cubic and reciprocal-quartic functional
equations in non-Archimedean fields.

Recently, R. Murali and A. Antony Raj [7], we investigated the Ulam -Hyers Stability of
Nonadecic functional equation in Multi-Banach Spaces. John Michael Rassias, R. Murali, Matina John
Rassias and A. Antony Raj [5], we estabilished the general solution, stability and non-stability of
Quattuorvigintic functional equation in Multi-Banach Spaces.

2.PRILIMINARIES

In this section, we recall basic facts concerning Multi-Banach spaces and fundamental results of
fixed point theory. Let (p,]|.||) be a complex normed space, and let k € N. We denote by p* the linear

space p@ p@ pD...d p consisting of k- (X,,..., X, )where (X,,...X,) € p. The linear operations on p“are
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defined coordinate wise. The zero element of either p or p* is denoted by 0. We denote by N, the set

{L2,..k}and by ¥, the group of permutations on k symbols.

Definition 2.1. [4] A Multi-norm on {p" :k € N} is a sequence (||.|) =(|.|l,:k € N) such that ||.||, is
a norm on p* for each keN,]| x|, =l x| for each x € p, and the following axioms are satisfied for
each k e Nwith k >2:

@) 1 oysXogod b= s X ) [l for o€ Fyi %, % € o
) 11 (%% ) = (M, |2 DI 500
for oy,.., €C,X,..% € p;
3) 10X s O) [l =M (e X 1) o s FOX Xy,%, 4 € o}
(@) 1106 X1 %) L=l O X o) s s For g, € o

In this case, we say that ((o,||.|l):k € N) is a multi normed space . Suppose that ((0*,]|.]l):k € N)
is a multi normed space, and take k € N . We need the following two property of a multi norms .

@ [ X) W=l x]l vxep
(b) maxXicy, 11 I (X 1< 0% 1| < kmaxiy, 1% 119%,.% € o
It is follows from (b) that if (o ,||.|| ) is a banach space, (0*,||.]l,) @ multi banach space for each ke N

in this case ((0*,]|.l.):k € N) is a multi banach space.

Theorem 2.2. [10] Let (X, d) be a complete generalized metric space and let J: X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each given element x € X, either

d(J"x, J"*1x) = o
for all nonnegative integers » or there exists a positive integer 7, such that

0] d(J"x, J"1x) < oo forall n > ng;
(i) The sequence {J™"} is a convergent to a fixed point y* of 7 ;
(iii)  y*isthe unique fixed of TinthesetY = {y € X:d(J™x,y) < «o};

(v)  d@,y) < d@.dy) forallyey.

For convenience, we take

_f[ Xty FOIT(y)

R0 = 1 252 )= f ey - T and
_f[ Xty 3T ()T (y)

w152 {5

In this paper, we establish the generalized Hyers-Ulam stability of the functional equations

JETIRC006392 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 451


http://www.jetir.org/

© 2018 JETIR August 2018, Volume 5, Issue 8 www.jetir.org (ISSN-2349-5162)

R f(x,y)=0 for j=1,2 (2.1)

In Multi-Banach spaces. Throughout this paper, X be a linear space and (Y™, ||.||n € N) be a multi
banach space.

Theorem 2.3. suppose that the mapping f: X — Y satisfies the inequality
R f (1, ¥1), - Rif i, yid) | < W (1, Y1, - X0 Vi) (2.2)

forall x;v; e X Vi=12,..kand j = 1,2 where ¥: X2k — [0, ) is a given function. If there exists L < 1
such that

1
Y(x1, V1, X0 Vi) < EL‘P (%,%, X?k,yz—k) (2.3)

forall x,y € X, then there exist a unique reciprocal mapping r: X = Y such that

17 Ge) = £, -r () = )l < = v (2,2, 2 1) (24)
Proof.
Replacing (x;, y;) by (x;, x;) in (2.2) and multiplying by 2 we get
[1f (1) = 2 (2x1), ... f () — 2 2xp) || < 2W(x1, Y1, - Xio Vi)
< LY ("2—”2—1 %ky?k) (2.5)
Vx; € x wherei = 1,2, ... k.
Define a set S by S={4: X — Y| is a function} and introduce the generalized metric d on S as follows:

d(g,h) = inf{C € Ry:[1g(x1) = h(x), e g(0) — R(x)I| < C¥(xy, X, o %00 %)} (2.6)
Vx, € X where i=1,2,..k. Where as usual, inf @ =-+o0, It is easy to show that (S,d) is complete.
Define a mapping o:S — S by

oh(x)=2h(2x) Vxe X, heS.

We claim that o is strictly contractive on S, for every given g,heS, let Cyn €[0,00] be an arbitrary

constant with d(g,h) <C,,. Hence 1 9(%) —h(%),---.9(%) —h(%) [ < Cyy P (¥, X4, %5 %)
129(%) —2h(x,),---29(X ) = Zh(X ) [[ < 2Cg, ¥, XX, X% )

[129(2%) —2h(2x,),...29(2%) — 2h(2%) [ < Cy LY (X, X1 X %) (2.7)
Vx, € X where i=12,..k.

=d(og,0h) <LC,
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Therefore we see that d(og,oh) <Ld(g,h)V,, €S, thatis o is strictly contractive mapping of S with

Lipschitz constant L. Hence (5) implice that d(f,of)<1. Hence by applying the fixed point
alternative theorem 2.2, there exist a function r: X — Y satisfying the followings:

(1) r is a fixed point of g,that is

r(2x) = %r(x) Vx € X. (2.8) The
mapping r is a unique fixed point of o is the set u = {g € s: d(f, g) < «}. This implies that r is the
unique mapping satisfying (2.8), such that there exist C € (0, ) satisfying

[Ir(e1) = f (), () = O] < C¥ (X1, Y1, Ko Vi) VX € Xii= 1,2, .. K
(2) d(o™f,r) - 0asn — «. Thus we have

7111_1)1010 2" f(2"x) =r(x) VxE€eX. (2.9)

) d(r,f) < ﬁd(r, of) which implies d(r, f) < l—iL thus the inequality (2.4) holds. Hence (2.3),
(2.4) and (2.9) we have
[|Rjr(x, || = lim 2" [|R;f(2"x, 2"y)|| < lim 2"2—2‘1’(9@3’) =0
n—-oo n-oo
Vx,y € X.and Rjr(x,y) =0 Vj = 1,2. (2.10)

Hence r is a solution of functional equation (2.1). By Theorem 2.1 in [9] r: X — Y is a reciprocal
mapping. Next, we show that r is a unique reciprocal mapping (2.1), for j = 1,2 and (2.4). Suppose, let
R: X — Y be another reciprocal mapping satisfying (2.1), for j = 1,2 and (2.4). Then from (2.1), for j =
1,2, we have that R is a fixed point of . since

d(f,R) < oo.

Wehave R € s* = {g € s|d(f,g) < oo}

From Theorem 2.2 (iii) and since both r and R are fixed points of ¢ we have r = R.
Therefore r is unique. Hence, there exist a unique reciprocal mapping r: X = Y

Satisfying (2.1) for j=1,2and (2.4), which complete the proof of the Theorem.

Corollary 2.4. Let x be a linear space, and let (Y”,II . ||n) be a multi-banach space. Letax <-1¢, >0

such that satisfying the inequality |R; f (x,, y,),..R; f (%,, yk)Hk £c1(||x1||“ +[yi|[* ,...||xk||“.||yk||a) for all
X, Y €X i=12,....kand j=12. Then there is a unique reciprocal mapping r: X —Y satisfying (2.1),

. 4 o o
for j=1.2 and | (4)= (%), () =108 <oz (] e[

for all X € X,where i=12,3,...k.
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Proof.

The Proof follows from above theorem taking

P04 VoK YO = 6 (Pl Yl P+l
X,V €Xi=12...kand L= 2" we get the desired result.

Corollary 2.5. Let x be a linear space, let (Y”,||.||n)be a multi-banach space. Let f: X —Y be a

linear mapping and let there exists a real numbers a, b such that | =a+b<—1. Then there exists C, >0,
such that satisfying the inequality

[ERTCMARR I OSSN (9 A e A

For all X,Y,€X where i=12,...kfor j=1,2. Then there exists a unique reciprocal mapping
r: X —Y satisfying (2.1), for j=1,2

2 | [
[£00) =700, F (1) =r )] < e (bl )

X € X, where i=1,2,3,...k.

Proof.

The Proof follows from above theorem taking
a b a b
PO Yo% ) = (P + Il +y =K )
X, Y, €X i=12,...kand L=2"

Corollary 2.6 Let x be a linear space, let (Y",||.||n)be a multi-banach space. Let C; 20and P,q be
real numbers such that 2= p+q<-1and f :X —Y be a mapping satisfying the inequality

IR, 70 e Ry 0% ] (D™l (™l I+ (7)) For

X,Y; € Xwhere i=12,....k for j=1,2. Then there exists a unique reciprocal mapping r: X —Y
satisfying (2.1), for j=1,2

|f (xl)—r(xl),---f(xk)—r(xk)IIS%(llxilli el x)

X € X, where i=1,2,3,...k.

Proof: By choosing
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E{CRT yk)=Cs(||><1||p-||y1||q ()l +(||Xk||p+q-||yk||p+q)) X €X, where
i=123,..k and taking L=2*"
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