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Abstract: In this paper, we study the Hyers-Ulam stability of a quartic functional equation of the form
f(2u+v)+ f(2u—v)=4f(u+v)+4f(u—-v)+24f@U)—6Tf(v),

in modular space by using direct method.
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INTRODUCTION AND PRILIMINARIES

The theory of stability is an important branch of the qualitative theory of functional equations. The
concept of stability of various functional equation arises when one can replace a functional equation by
inequality which acts as a perturbation of the equation. The stability problem of functional equation was
raised by S.M. Ulam [12] about seventy eight years ago. Since then, this question has attracted the
attention of many researches. Note that the affirmative solution to this question was given in the next year
by D.H. Hyers [5] in 1941. In this year 1950, T. Akoi [1] generalized Hyers theorem for additive
mappings. The results of Hyers theorem for additive mappings. The result of Hyers was generalized
independently by Th.M. Rassias [11] for linear mapping by considering an unbounded Cauchy difference.
In 1944, a further generalization of Th.M. Rassias theorem was obtained by P. Gavruta [4].

After that, the stability problem of several functional equations have been extensively investigated
by a number of mathematicians, and there are many interesting results concerning this problem
[2,3,6,7,8,9,10,13]. The theory of modulars on linear spaces and related theory of modular linear spaces
have been established by Nakano in 1950 [19]. Since then, these have been thoroughly developed by
several mathematicians, for example, Amemya [22], Koshi [21], Musielak [20]. Upto now, the theory of
modulars and modular spaces is widely applied in the study of interpolation theory and various Orlicz
spaces. First of all we introduce the usual terminologies, notation, definitions, and properties on the
theory of modular spaces.

Definition 1.1.[18] Let U be a linear space over a field K. We say that a generalized functional
£:U —[0,00)is modular if for any u,v eV which satisfies the following condition

pU)=0if and only if u=0.
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1. p(au)=p(u) forall scalars |a| =1.
2. plau+ pv) < p(u)+ p(v) for all scalars a, >0, with o+ =1.

If (3) is replaced by
3. plau+ pv) <ap(u)+ Bo(v) for all scalar o, >0, the function p is convex modular.
A modular p defines the following vector space,
U, ={ueU; p(lu) -0 as 1 —0}
And we say that U is a modular space.

Definition 1.2. [18] Let U be a modular space and let u, be the sequence in U . Then

1. u,is p-convergenttoapoint ueU and u, —#—uif p(u,—u) -0 as n—o.

2. u, iscalled p-cauchy sequence if for any £>0one has p(u, —u,,) < & for sufficiently large
mneN.

3. Asubset KU iscalled p complete if any p Cauchy sequence is p -convergent to a point
K.

Definition 1.3 [18] The modular p has the Fatou property if and only if p(u) <liminf p(u,) whenever

the sequence {u,}is p -convergentto u in modular space U .

Definition1.4 [18] A modular p is convex and satisfy the A,-condition if there exists k >0 such that
p(2u) <kp(u)forall ueU, .

Remark 1.5 [18] Suppose that p is convex and satisfies the A,-condition with A,constant k >0. If
k<2,then p(u) < kp(%j < gp(x) ,thus p=0. Therefore, we must have A,constant k>2, if pis
convex modular.

The motivation of the above facts, the author are very interested in proving the Ulam-Hyers
Stability of a Quartic functional equation of the form

f(2u+v)+ f(2u—v)=4f(uU+v)+4f(u—-v)+24f(u)-6f(v) (1.1)

In modular spaces by using direct method.

2. HYERS-ULAM STABILITY OF QUARTIC FUNCTIONAL EQUATION (1.1)
BY USING A,-CONDITION

In this section, we are going to prove the Hyers-Ulam stability of a quartic functional equation in
modular spaces without using Fatou’s property. So we are assuming that V be linear space and U jisa p

-complete modular spaces.
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Theorem 2.1. Assume that U | satisfies the A,-condition and there exists a mapping f :V —U satisfies
the inequality

p(fRU+V)+ fRu—v)—4f(u+v)—4f(Uu—v)—24f(U)+6f(v))<gu,v) (2.1)

ik (5 o)
S lE Mz o)

for all u,veV, then there exists a unique cubic mapping D:V —U | defined by D(u) =lim 2 f (%}

and

5
and p(f(u)-D(u))< <o F Z(k } ( j forall u,veV (2.2)
Proof. Let us substitute v=0in (2.1) and dividing it by 2, we get

p(f(2u)—16f(u))s%¢(u,0) forall ueVv (2.3)

Now, by using the A,-condition and Z— <1, we can prove the following inequality
—l

(-8 g2
sk_ﬁg[%%mu,o), forall uev .

Let us consider m,ne Nwith n>m, we get

p(zm (-2t JJ <P[24m (f F)21(7 m

m n+m 5'
km42(k) ( ,OJ, forall ueV.

i=m+1

as N —oo, we get the sequence {24” f [%)} isa p -Cauchy sequence in U jand p -convergent

senquence in U, thus U is p -complete for all ueV . Now let us define a mapping D:V —U jand
satisfies
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D(u) = p.lim2* f [21)

lim p(24” f (%j—D(u)j:O (2.4)

By using A,-condition, without using Fatou property, we can write the following inequality as

p(f(u)—D(u))S% (Zf(u) 220§ (2 D+;p(2(24”f[2n] D(u)j]
T

o(f (U)—D(Uu)) < g p( f(u)—22"f (ZED% ,{22“ f (%j—zo(u)j (2.5)

as N —oowe get
1 &(ks) 1
p( f(u)-D(u)) STZO:( j (2,, j

which satisfies the equation (2.2). Now, we claim that D is quartic mapping and replace (u,v) by
(2"u,27"v) in equation (2.1). Then we get

p24"f(2u+vj 24nf(ZU vj 424nf(u+v) 424nf(u—vj
2" 2" 2" 2"
—24.24”f[%j—6.24“ (2—j —¢( j

which tends to zero as n—oofor all u,v eV . Thus, by using the convexity of p and using the equation
(2.5) we can write,

( D(2u+v)+ D(2u v)— 4D(u+v)——4D(u v)——24D(u)——6D(v)j

1 2Uu+V 1 2u—v
<~ p| DQuU+V)-2*"f — p| DQRu—-Vv)-2*"f
41’)[( ) (2“ )}41’{( ) (2“ D

4ilp(D(u Lv) -2t f (U;VJ}%;O(D(U —v)—2'" f [”Z_VD
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24 an ¢ u 6 an u

o2 elow =1z

p[z“" i (2“ *"J Lo f (ﬁj—w“ f (ﬂ)—m‘*“ f (HD
2" 2" 2" 2"

2424”1‘(2—) 6.2 f (an< ¢( j

forall u,veV . If n—oo, then we get, D is quartic.

To show the uniqueness of the theorem, let us assume that the mapping D':V —U | satisfies

p(f(U)-D'(U)< %i(k—j §¢%’Oj’ for all ueV 2.6)

If Dand D' are quartic mapping then we can write D(2"u) =2*"D(u). Similarly we have,

D'(2"u)=2""D'(u).

R G OB E C OO
K4+t on ) & (kS il
s[ > j(kfmj;[jj §¢(2,,oj forall ueV

as N —oowe obtain the uniqueness of the theorem

Corollary 2.2. Let us assume that V be a normed space with | and U satisfies A,-condition. For a

4
given real number >0and p > Iogk?, if f:V —U isamapping such that

p(F(2u+Vv)+ F(u—v) -4 (U+V)—4f (U—v) =24 (U)+6F (v))< 9(||u||" +||v||”) (2.7) for all

u,veU , which is a unique quartic mapping and D:V —U

k6

satisfies the equation p( f(u)—D(u)) < —k5||u|| forall ueVv.

p+3

Proof. Let us consider,

1 &Ko) 1
p(f(u)-D(u)) 32—_0( ] (2,,j

1 |u]”
= 0|l=——7".
2¢(2' ’ j 2"
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Now, P(f(U)—D(U))SZ—tgi(k ) [2.’ j

i=0
1 &k '16’IIUI|p
LK

ko
SWIIUII"-

This completes the proof.

3. HYERS-ULAM STABILITY OF QUARTIC FUNCTIONAL EQUATION (1.1) BY USING

FATOU PROPERTY

In this section, we are going to prove the Hyers-Ulam stability of quartic functional equation in
the modular spaces without using A,-condition. So we are assuming that V be linear space and U is p -

complete modular space.

Theorem 3.1. If there exists a mapping f :V —U _satisfies the inequality

p(fu+v)+fu-v)—4f(u+v)—4fUu-v)—24fu)+6f(v))<du,v)

and ¢:V xV —[0,00) is a mapping such that

i L #2'0)
n—)oo2 2 n i—0

_0. i; #(2u.0)

forall u,veV. Then there exists a unique quartic mapping D:V —U such that

ii #(2'u,0)

p(f(2u)-3f(0)—D(u)) < 7Ly i

Proof. Let us substitute v=0in (2.1) and dividing it by 2, we get

p(f(2u)—16f(u))£%¢(u,0) forall ueVv

forall ueV.

If we consider, f(u)= f(u)+¥. Then we get, p( F(2u)—16f~(u))£%¢(u,0).

Now by using the convexity of p, we have

p f i+
[ s 24 4

f“(zn u)j< p(nl (24 f(z‘ U) — F(2i+1u))
24n -

3.1)

3.2)

(3.3)
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sizé ¢(22“ 9 forall uev (3.3)

o {12 ) (1720 )

1 nszl : $(2'2"u,0)

A4m 4i+4
2" =~ 2

I/\

n-1

> 2 9(2u.0),

I=m

I/\
I\)

forall ueV and m,ne Nwith n>m. the sequence {2‘“‘ f (%j} isa p-Cauchy sequence in U jand p -

convergent senquence in U thus U | is p-complete for all ueV . Now let us define a mapping
D:V —U and satisfies

D(u) = p.lim2* (Zij

Iimp(z“” f (%j—D(u)j:O forall ueV (3.4)
Then by using Fatou property we have,

pli0-ow)stmp{ f0-1FLJJ 3740 g

holds forall ueV. Now,

p( f(u)— D(u)) < p(i(Z f2 u2)4;4f (2" U.)j+ f(224”nu) B D(;u)j

Sl p(z‘*f(ziu) f(2'+1u)) L (M—D(Zu)j

— 24l+4 24n 24n74

© i £ (on-1
3! ¢(22}: 0, o p(%—mzu)} forall uev

p[F0)-DW)< 43 24210 9)
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To show the uniqueness of the theorem, let us consider

p(D(u)—D’(u))Sp[D(an) f(2”u)] p(f(Z”U)_D’(Z“u)j

24n 24n 24n 24n

forall ueVv

1 & 1¢(2u,0)
S_ZE 24

as N —oowe obtain the uniqueness of the theorem

Corollary 3.2. Assume that U , satisfies the Fatou property and V be normed space with ||||. For a given

real number #>0 £>0  pe(~o0,1) and there exists a mapping f :V —U  satisfies the inequality
p(F(u+v)+ F(2u—v)—4f (u+v)—4f (U=V)—24f (u)+6 (v))£9(||u||p +||v||p)+g (37)
Then there exists a unique quartic mapping such that D:V —U,, which satisfies the inequality

0

5 _2p+1|

p(f(2u)-3f(0)—D(u)) < u®+e (3.8)

forall ueVv. where u=0.

Proof. Consider,

p(f(2u)-3f(0)-D(u)) < ii%ﬂzuﬁ)

L o0
AL
o(f (2u)—3f (0)— D(u)) < %%g%enu”pz—l“g
Sy

This completes the proof.

JETIRC006395 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 469


http://www.jetir.org/

© 2018 JETIR August 2018, Volume 5, Issue 8 www.jetir.org (ISSN-2349-5162)

10.
11.
12.
13.
14.
15.

16.

References

M. Almahalebi, A. Chahbi and S. Kabbaj, A Fixed point approach to the stability of a bi-cubic
functional equations in 2-Banach spaces, Palestine J. Math. vol. 5 (2), 2016, 220-227.
Amemiya, On the representation of complemented modular lattic, J. Math. Soc. Jpn. 9 (1957),
263-279.

T. Aoki, On the stability of the linear transformation in Banach spaces, J.Math. Soc. Japan 2
(1950) 64-66.

P. Gavruta, On a problem of G.lIsac and Th.M.Rassias concerning the stability of mappings, J.
Math. Anal. Appl. 261 (2001), 543-553.

D.H.Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 27
(1941), 222-224.

H.M. Kim and H.Y. Shin, Refined Stability of additive and quadratic functional equations in
modular spaces, Journel of inequalities and applications (2017).

S. Koshi and T. Shimogaki, On F-norms of quasi-modular spaces. J. Fac. Sci, Hokkaido Univ,
Ser. 115 (1961), 202-218.

R. Murali, Matina J. Rassias and V. Vithya, The General Solution and stability of Nonadecic
Functional Equation in Matrix Normed Spaces, Malaya J. Mat. 5(2) (2017), 416-427.

J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Mathematics, vol. 5.
Universidade Estadual de Campinas, Departamento de Matematica, Campinas (1989).

H. Nakano, Modulared Semi-Ordered Linear Spaces. Maruzen, Tokyo (1950).

J.F. Nash and Th.M. Rassias, Open problems in Mathematics, Springer, New York, 2016.

J.M. Rassias, R. Murali, Matina J. Rassias, A. Antony Raj, General Solution, stability and Non-
sstability of Quattuorvigintic functional equation in Multi-Banach spaces, International Journal of
Mathematics and its Applications, Vol 5 (2017), 181-194.

Th.M. Rassias, On the stability of the linear mappings in Banach Spaces, Proc. Amer. Math. Soc.,
72 (1978), 297-300.

J. Roh and I. Chang, Asympototic aspect of derivations in Banach algebras, J.Inequal. Appl. 2017,
Article 1D 36 (2017).

S.M. Ulam, Prblem in Modern Mathematics (Science Edition), John Wiley and sons, Inc., New
York, (1964).

Zada, O. Shah, and R. Shah: Hyers-Ulam stability of non-autonomous systems in terms of
boundedness of cauchy problems. Appl. Math. Comput. 271, (2015), 512-518.

JETIRC006395 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 470


http://www.jetir.org/

