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Abstract : This paper is concerned with the oscillatory behavior of solutions of third order difference equations with neutral
term. Sufficient conditions guarantee that every solution of

Ala, (n)Ala, (MAz(n)]1+a(n) f (x(a(n))) =0.n=n, >0

is oscillatory.
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. INTRODUCTION

Last few decades have seen rapid growth in the study of the qualitative theory of difference equations [1].In the recent years ,

researchers have paid great attention to the oscillation theory of third-order differential and difference equations [2,5,3,4,6].This
papers considers the following form of third order neutral difference equations

Ala, (n)Ala, (M)Az(n)]1+a(n) f (x(o(n))) =0,n=n, >0
Where z(n) =[x(n)+ p(n)x“(z(n))] for the oscillation of its solutions .Assume that the following Conditions holds,
(Hlp <a <1 isthe ratio of odd positive integers.
(H,)a;(n),a,(n), p(n),q(n) are positive sequences.
(H,)z(n),o(n) are all positive and 7(N) >n;o(n)>n ;

)

(H,) fisnon decreasing such that uf(u) >k >0for U= 0and lim o(n) = lim &(n) = .
n—-+oo N—-+o0
This paper considers the following two cases:

I ey g

= = 00,
n=n, &4 (n) n=n, Ao (n)
© 1 . © 1 B
® 2o < am "

A Solution X(n) of (1) is said to be oscillatory if the terms X(Nn) of the solution are not eventually positive or eventually
negative .Otherwise the solution is called non oscillatory.

1. MAIN RESULT

Theorem2.1. Let 0 < p(n) < p, <1. Assume (H,)—(H,) and (A) holds if there exists a positive function ¢, such that for
all sufficiently large N; >N, >N; = Ng, we have

2
s 4¢(m) @

hold for all constants M > O.Then any solution X(n) of (1) is oscillatory.

fim Sup nZlﬂ,[k(J(m)cﬁ(m) p.(M)O(m) _M} o

Proof . Suppose that X(n) is solution of (1).By condition (A),there exists a possible case
z(n) > 0,Az(n) > 0, Ala, (n)Az(n)] > 0, Ala, (N)Ala, (N)Az(n)] [< 0, for n>n,,n,

is large enough. Also,

Ala, (M)Afa, (MAz()] J=—q(n) f (x(a(n)))
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<—kq(n)x(c(n))
Assume thatz(n) satisfying the case, there exists N>N, such thatz(n) >0;z(o(n)) >0 Az(n) >0, thenz(n)
monotonically increasing and there exists a constant M > O such that z(n) > M . Now by definition of z(n) we have

x(n) = z(n) — p(n)x“(z(n)) = z(n) — p(n)z“(c(n)) = [1—%}2@) @3)
x(n) = p.(n)z(n)
Where p, (n) = [1— I\F/)l(n) :|.Since , A[a1 (n)A[a2 (n)Az(n)]] <0, then al(n)A[az (n)Az(n)] is decreasing ,s0

l-a

S & (m)Afa, (M)Az(m)]

% (MAz) 2 2, = )
.
& MAZM) 5 5 myala, (MAz(n)]
Sa,(m) i

We have that

2 |

n-1
> , ®)

oy (m)

n-1
Now, from »_Az(m) = z(n) — z(n,) , we get

m=n,

% " (m)Az(m)mzl“l_
z(n)=z(n,)+ D_Az(s)=z(n,)+ Y __ i—niai(l)
IV m=n, m=n, a2 (m)zai(i)

Zazng)Alz(n) le{ 1 mi 1 }

m=n, az (m) i=n ai(l)

i=n; m
n-1 1 m-1 1
z(n) rr;:z|: a,(m) ;;al(l)i| ©
M § L
= (1)
Let us define @(n) as follows
oy — gy WA @Az o

a,(n)Az(n)
Notice that @(n) >0 for N >nN,. Now

a, (n+1)A[a, (n+1)Az(n+1)]
Alay(mafa, maz)] " AV o Az )
a, (n)Az(n)
&l +1)Ala, (n+1)Az(n+1)]Afa, (N)Az(n)]
a,(n)Az(n)a,(n+1)Az(n+1)

Alw(n)) = ¢(n)

- &(

It follows from (1) and (7)

is
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—q(mg(n) F (x(a(n)) . L AMD )a)(n +1)
a,(n)Az(n) ¢(n+1)
_ #(n) @(n+1) a,(n)Afa, ()Az(n)]
a(n) ¢n+1)  a,(n)Az(n)
ai(n)A[az(n)Az(n)] is a non increasing sequence and &,(N)Az(n) is an increasing sequence .From (3)

Aw(n) =

o(n+1)  4n) o’(n+1) X(o(n))
A=A 50y "o ey Y S maz)
| #(n) @*(n+1) on+1) | 2(a(n))
“Tamsnen W gney | em
| #(n) @*(n+1) o(n+1) |
< Fnen O Gy | kAP e
T [g0) wn+1) Agm) [a(0) | . Apma(n)
< W/al(n) P M} + g KA p. e
Which implies ,
A g(n)a(n)

A(o(n)) < —kq(n)¢(n) p. (N)S(n) +

Summing from N;(>nN,) to N—1 ,we get

o) — aln,) < Z{M Kg(m)@(m) . (m)@(m)}

4¢(n)

2™ ag(m)
n:_i;{kq(mw(m) . (MO(m) - %} < w(ny)

Letting N —> 00,

im Sup ”i{kq(m)qﬁ(m) p.(M)Om) - %} <o)

Which contradicts (2) which completes the proof.

Theorem 2.2. Assume (H,)—(H,) and (A) holds and we have
= 1
g(m) = oo ®)
Jzn;,az(J). J al(l)z
Then any solution X(N) of (1) is either oscillatory or lim x(n) =0
Proof . Suppose X(n) is the positive solution of (1). By condition (A), there exists a possible case such that
2(n) >0,Az(n) <0, Afa, (n)Az(m)] > 0, Ala, (n)A[a, (MAZ(n)]] < 0
Since z(n) >0 and Az(n) <O there exists a finite limit , lim z(n) = I. We shall prove that | =0;
11— p)
Y

assume that | >0 ,then forany &>0,wehave |+&>2z(n)>1;choose0 < & <

z(n) = x(n) + p(n)x* (z(n))
x(n) =z(n)— p(n)x*(z(n)) >l — pz(a(n)) >1- p(l+&) =k(l + &)
I—p(l+&) 20

> kz(n) where, k=
l+¢&

From (1),
Ala, (n)A[a, (MAz(n)]) = —a(n) f (x(o(n)))
< —kq(n)z(a(n))

Summing from N to oo, we get
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> Ala, (m)A[a2 (m)Az(m)]| < —kiq(m)z(a(m))

2 iq(m) < Afa, (M)Az(n)]

Summing again from N, to oo, we get

g{am)iq(m)} RREED

kl & 1 &
() 2 () 22 M = 42(n)

Again taking summing from N, to o

{i iizq(m}s—im(n

00
j no I:j ai(l) m=i i=no

,znaz(nza(l)zq( m g

Which contradicts (8). Hence due to condition (8), we get the requwed result.

Theorem 2.3 . Let 0 < p(n) < p, <1. Assume (H,)—(H,)and (B) holds, If there exists a positive

function O , such that for all sufficiently large N, >N, >N, , we have

. | 1
im 3upmzikq(m>5(m)p ™3 5 oy mJ o ®

Where p,(n)=1— p( ) and o(n) = Z hold for all constants M > 0. Then any solution

X(n) of(1) is oscillatory.
Proof. Suppose X(N) is positive solution of (1).By condition (B), there exists a possible case such that

z(n) > 0,Az(n) > 0, Ala, (n)Az(n)] < 0, Ala, (n)Ala, (n)Az(n) ]| < 0.
Hence ai(n)A[az (n)Az(n)] is non increasing ,
a, (m)Ala, (MAz(m)]<a, (MAla, (MAZ(M] 15 nsn,

Dividing by 8, (S) and summing N to | -1, we get

ZA[a2 (m)Az(m)]< a, (n)A[a, (n)Az(n)]Z

(m)
a, (1)Az(l) < &, (MAZ(n) + &, (MAfa, (MAZ()]S ailm)
Letting | — o0 ;
I|m na, (HAz(l) < a, (n)Az(n) +a, (N)A[a, (n)Az(n) Izl: 2 (m)
V. 0 < a,(n)Az(n) +a, (N)A[a, (n)Az(n)]iﬁ
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1
) Al (azmy o B
a,(n)Az(n) -
Now define ¢(n) as follows
_ a(mafa, (az(n)]
¢(n) = 2, (MAZ() ,n>n,. (10)
Notice that ¢(n) <O for N >n,. Thus
1
— ——<1
¢5(n)m:n 2. (m) <
=1
—@(n)o(n) <1 where o(n) = mzzr; 2. (M)
We get
agiry — ] B0z (a0
a,(n)Az(n)

(M)A, (n)Az(n) ]Afa, (0)Az(n)]

_[a,(maz(n)Afa, (n)Afa, (n)Az(n)]] &,
[a, (N)Az(n)[a, (n+1)Az(n +1)]

_ Ala,(mA[a, (mazm)]]

[a, (n)Az(n)[a, (n+1)Az(n +1)]
a,(n)A’[a, (N)Az(n)]

a,(n+1)Az(n+1)

_ —kg)x(o(n) _ a,(n)A%[a,(N)Az(n)]
a, (n)Az(n) [a, (MAz(n)[
—kg(mx(a(n) _¢*(n)
a,(Az(n)  a,(n)

Ag(n) =

In view of case ;
1

ay(m 2

z(n)>a, (n)ni

3

m=n, az

1
(m)

z(n)
a,(n)Az(n)

o(n)-1 1

Z(G(n)) S M=y a, (m)
Z(n) - nd 1

2 a,(m)

m=n,

z(n)
1
i, Az (M)
Now use (3) and (11) in A¢g(n), we have

Hence, A

< 0, which implies that

n-1

—ka(n p. (Mz(c(n))

[a,(n)Az(n)[a, (n+1)Az(n +1)]

since Ala, (n)Az(n)]< 0

(11)

¢*(n)

Agn) < a, (n)Az(n)

o(n)-1

<—kq(n)p.(n) 3.

m=n,
Thus multiply by &(n) and summing from N, (>n,) to n—1

o
a,(m)  a,(n)

a,(n)
AU

n-1 n-1 o(m)-1
> Apm(m) < 3 ke p.(mo(m) 3 o
[ 5, b
S o2
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Fm s dm)
k
2.ka(mp. miax m °™ " 5 m) )}

<5+ 4(n,)5(n,)

Since, —g@(nN)o(n) <1

n-1 c@t 1 & o(m) 1 2
K
S kamp. o) 3, - (i)+2{¢( Nam \/ai(m)é(m)}

m=n, i=n, 2 m=n,

n-1 1
_m:n24al(m)5(m) S:I-"'(é(nz)é‘(nz)
"Z{kq(m) p.(mo(m) S L }ﬂw(nz)a(nz)
Z 22,6 dams(m)
Letting N —>00
i sup "i{kq(m) p.(M3(m) 3. ! }s1+¢<n2)5(n2)
P 2 2, damsm)

Which contradicts (9). This completes the proof.
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