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Abstract: In this paper, we introduce Chlodowsky type modification of (𝒑, 𝒒) −Bernstein Durrmeyer operators and analyze some 
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I. INTRODUCTION 

Approximation theory has an important role in mathematical research. It has a great potential and scope of applications. In 1950, 

With the famous Korovkin’s theorem came into the study, the positive linear operators has been the center of research in 

approximation theory. Some of the well known operators such as Bernstein, Szasz, Chlodowsky, Baskakov and their generalized 

forms were introduced. Then the study of 𝑞 −calculus came into the existence. In 1987, Lupas [2] introduced the 𝑞 −analogue of 

Bernstein polynomials which has better approximation properties than the classical one, for a convenient choice of 𝑞. For more 

details on 𝑞 −generalizations of Bernstein operators, one may refer [1]. 

In recent years, the concept of (𝑝, 𝑞) −calculus was introduced and has become an active area of research. Some of the 

recent developments in (𝑝, 𝑞) −calculus are presented in articles [4, 5, 6, 8, 10]. Before describing the present article , we recall 
some basic definitions and results.  

 

The (p,q)-number is defined as  

[𝑛]𝑝,𝑞 =
𝑝𝑛 − 𝑞𝑛

𝑝 − 𝑞
, 𝑛 = 0,1,2,3. . . . ., 

 which can also be written as  

[𝑛]𝑝,𝑞 = 𝑝𝑛−1[𝑛]𝑞/𝑝 , 𝑛 = 0,1,2,3. . . .. 

 By putting 𝑝 = 1 in the definition of (𝑝, 𝑞) −integers, we get 𝑞 −integers as a particular case of (𝑝, 𝑞) −integers.Thus 

(𝑝, 𝑞) −integers are the extension of q-integers. 

 

The (𝑝, 𝑞) −factorial is defined as  

[𝑛]𝑝,𝑞! = ∏

𝑛

𝑘=1

[𝑘]𝑝,𝑞 , 𝑛 ≥ 1, [0]𝑝,𝑞! = 1. 

 The (𝑝, 𝑞) −binomial coefficient is defined as  

(
𝑛
𝑘

)
𝑝,𝑞

=
[𝑛](𝑝,𝑞)!

[𝑛 − 𝑘](𝑝,𝑞)! [𝑘](𝑝,𝑞)!
, 0 ≤ 𝑘 ≤ 𝑛. 

 The (𝑝, 𝑞) −power basis is given by 

 

(𝑥 − 𝑎)𝑝,𝑞
𝑛 = (𝑥 − 𝑎)(𝑝𝑥 − 𝑞𝑎)(𝑝2𝑥 − 𝑞2𝑎). . . . . . . . . . (𝑝𝑛−1𝑥 − 𝑞𝑛−1𝑎). 

 Let 𝑓 be an arbitrary function and 𝑐 be a real number, then (𝑝, 𝑞) −integral of 𝑓(𝑥) on [0, 𝑐] is defined as  

∫
𝑐

0

𝑓(𝑥)𝑑𝑝,𝑞𝑥 = (𝑞 − 𝑝)𝑐Σ𝑘=0
∞

𝑝𝑘

𝑞𝑘+1
𝑓(

𝑝𝑘

𝑞𝑘+1
𝑐), 𝑖𝑓|

𝑝

𝑞
| < 1 

 and  

∫
𝑐

0

𝑓(𝑥)𝑑𝑝,𝑞𝑥 = (𝑝 − 𝑞)𝑐Σ𝑘=0
∞

𝑞𝑘

𝑝𝑘+1
𝑓(

𝑞𝑘

𝑝𝑘+1
𝑐), 𝑖𝑓|

𝑝

𝑞
| > 1. 

 

 The (𝑝, 𝑞) −Gamma function is defined as  

Γ𝑝,𝑞(𝑛 + 1) =
(𝑝 − 𝑞)(𝑝, 𝑞)𝑛

(𝑝 − 𝑞)𝑛

= [𝑛](𝑝, 𝑞)! ,0 < 𝑞 < 𝑝 ≤ 1 

 and 𝑛 is a non negative integer. 

The (𝑝, 𝑞) −Beta function of first kind is defined as follows:  

let 𝑚, 𝑛 ∈ ℕ and 0 < 𝑞 < 𝑝 ≤ 1 then  
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𝐵𝑚,𝑛 = ∫
1

0

(𝑝𝑥)𝑚−1(𝑝 − 𝑝𝑞𝑥)𝑝,𝑞
𝑛−1𝑑𝑝,𝑞𝑥. 

 The (𝑝, 𝑞) −generalization of the relation between beta and gamma function is given in [8] as follows:  

𝐵𝑝,𝑞(𝑚, 𝑛) = 𝑝
[𝑛(2𝑚+𝑛−2)+𝑛−2]

2
Γ𝑝,𝑞(𝑚)Γ𝑝,𝑞(𝑛)

Γ𝑝,𝑞(𝑚 + 𝑛)
, where 𝑚, 𝑛 ∈ ℕ. 

 

From the above relation it can be easily seen that the (𝑝, 𝑞) −analogue of beta function is not commutative. 

The (𝑝, 𝑞) −analogue of Bernstein operators for 𝑥 ∈ [0,1] and 0 < 𝑞 ≤ 1 is defined in [6] as  

𝐵𝑛,𝑝,𝑞(𝑓; 𝑥) = ∑

𝑛

𝑘=0

𝑏𝑛,𝑘
𝑝,𝑞(1, 𝑥)𝑓 (

𝑝𝑛−𝑘[𝑘]𝑝,𝑞

[𝑛]𝑝,𝑞

) 

where  

𝑏𝑛,𝑘
𝑝𝑛 ,𝑞𝑛(1, 𝑥) = (

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

𝑝𝑛
[𝑘(𝑘−1)−𝑛(𝑛−1)]/2

𝑥𝑘(1 − 𝑥)𝑝𝑛 ,𝑞𝑛
𝑛−𝑘  

and the moments of the (𝑝, 𝑞) −Bernstein polynomials,estimated in[5], are as follows: 

                                  (𝑖)𝐵𝑛,𝑝,𝑞(1; 𝑥) = 1, 

                                  (𝑖𝑖)𝐵𝑛,𝑝,𝑞(𝑡; 𝑥) = 𝑥, 

                                (𝑖𝑖𝑖)𝐵𝑛,𝑝,𝑞(𝑡2; 𝑥) = 𝑥2 +
𝑝𝑛−𝑘[𝑘]𝑝,𝑞

[𝑛]𝑝,𝑞

. 

 In [3], Buyukyazici et al. have defined 𝑞 −Bernstein Chlodowsky durrmeyer operators and investigated some approximation 

properties for these operators. 

Recently, Gupta et al.[8] have introduced the (𝑝, 𝑞) −Bernstein Durrmeyer operators and studied many approximation 

properties of these operators. 

Inspired by these operators, here in the present article, we introduce (𝑝, 𝑞) −Bernstein Chlodowsky Durrmeyer operators 

and discuss some of its approximation properties. 

II. CONSTRUCTION OF THE OPERATOR 

Let 0 < 𝑞𝑛 < 𝑝𝑛 < 1 such that lim
𝑛→∞

𝑝𝑛 = lim
𝑛→∞

𝑞𝑛 = 1 and 0 ≤ 𝑥 < 𝛼𝑛 where 𝛼𝑛 is a sequence of positive real numbers 

such that lim
𝑛→∞

𝛼𝑛 = ∞ and lim𝑛→∞
𝛼𝑛

[𝑛]𝑝𝑛,𝑞𝑛

= 0. 

The (𝑝, 𝑞) −Bernstein basis function is defined as  

 𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) = (

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

𝑝𝑛
[𝑘(𝑘−1)−𝑛(𝑛−1)]/2

(𝑥/𝛼𝑛)𝑘(1 − 𝑥/𝛼𝑛)𝑝𝑛,𝑞𝑛
𝑛−𝑘 . 

 

Now, we define (𝑝, 𝑞) −Bernstein-Chlodowsky-Durrmeyer operators as follows:  

 𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑓, 𝑥) =

[𝑛+1]𝑝𝑛,𝑞𝑛

𝛼𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) ∫

𝛼𝑛

𝑡=0
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛
𝑡

𝛼𝑛
)𝑓(𝑡)𝑑𝑝𝑛,𝑞𝑛

𝑡 (3.1) 

 where  

 𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛

𝑡

𝛼𝑛
) = (

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

(
𝑝𝑛𝑡

𝛼𝑛
)(𝑝𝑛 − 𝑝𝑛𝑞𝑛

𝑡

𝛼𝑛
)𝑛−𝑘 . 

 

Lemma 1  For the above defined sequence of operators {𝐷𝑛
𝑝𝑛 ,𝑞𝑛}, We have  

 (𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(1, 𝑥) = 1 (3.2) 

 (𝑖𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡, 𝑥) =

𝑝𝑛
𝑛𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

+
𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

 (3.3) 

 (𝑖𝑖𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡2, 𝑥) =

𝑝𝑛
2𝑛[2]𝑝𝑛,𝑞𝑛𝛼𝑛

2

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

+
(2𝑞𝑛

2 +𝑞𝑛𝑝𝑛)[𝑛]𝑝𝑛,𝑞𝑛𝑥𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 

 +
𝑞𝑛

3 [𝑛]𝑝𝑛,𝑞𝑛(𝑥2[𝑛]𝑝𝑛,𝑞𝑛+𝑝𝑛
𝑛−1𝑥(𝛼𝑛−𝑥)

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

. (3.4) 

 

 

Proof. We shall apply the concepts of (𝑝, 𝑞)-Beta and Gamma function to obtain the proof as follows:  

 (𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(1, 𝑥) =

[𝑛+1]𝑝𝑛,𝑞𝑛

𝛼𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 ∫
𝛼𝑛

𝑡=0
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛
𝑡

𝛼𝑛
)𝑑𝑝𝑛,𝑞𝑛

𝑡 

 =
[𝑛+1]𝑝𝑛,𝑞𝑛

𝛼𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 𝛼𝑛 ∫
1

𝑡=0
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛𝑢)𝑑𝑝𝑛,𝑞𝑛
𝑢 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) ∗ 

 ∫
1

𝑡=0
(

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

(𝑝𝑛𝑢)𝑘(𝑝𝑛 − 𝑝𝑛𝑞𝑛𝑢)𝑛−𝑘𝑑𝑝𝑛,𝑞𝑛
𝑢 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) (

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

 

 𝐵𝑝𝑛,𝑞𝑛
(𝑘 + 1, 𝑛 − 𝑘 + 1) 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 
[𝑛]!𝑝𝑛,𝑞𝑛

[𝑘]!𝑝𝑛,𝑞𝑛 .[𝑛−𝑘]!𝑝𝑛,𝑞_𝑛
𝑝𝑛

(𝑛2+3𝑛−𝑘2−𝑘)/2 [𝑘]!𝑝𝑛,𝑞𝑛 .[𝑛−𝑘]!𝑝𝑛,𝑞𝑛

[𝑛+1]!𝑝𝑛,𝑞𝑛
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 = ∑𝑛
𝑘=0 𝑝𝑛

−(𝑛2+3𝑛−𝑘2−𝑘)/2
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(1,
𝑥

𝛼𝑛
) 

 = 1 (3.5) 

 Again, We have  

 (𝑖𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡, 𝑥) =

[𝑛+1]𝑝𝑛,𝑞𝑛

𝛼𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 ∫
𝛼𝑛

𝑡=0
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛
𝑡

𝛼𝑛
)𝑡𝑑𝑝𝑛 ,𝑞𝑛

𝑡 

 =
[𝑛+1]𝑝𝑛,𝑞𝑛

𝛼𝑛
∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 𝛼𝑛
2 ∫

1

𝑡=0
𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(𝑝𝑛 , 𝑝𝑛𝑞𝑛𝑢)𝑢𝑑𝑝𝑛 ,𝑞𝑛
𝑢 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
𝛼𝑛 ∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 𝑝𝑛
−1 ∫

1

𝑡=0
(

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

(𝑝𝑛𝑢)𝑘+1(𝑝𝑛 − 𝑝𝑛𝑞𝑛𝑢)𝑛−𝑘𝑑𝑝𝑛,𝑞𝑛
𝑢 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
𝛼𝑛 ∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) (

𝑛
𝑘

)
𝑝𝑛,𝑞𝑛

 

 𝑝𝑛
−1𝐵𝑝𝑛,𝑞𝑛

(𝑘 + 2, 𝑛 − 𝑘 + 1) 

 

 = [𝑛 + 1]𝑝𝑛,𝑞𝑛
𝛼𝑛 ∑𝑛

𝑘=0 𝑝𝑛
−(𝑛2+3𝑛−𝑘2−𝑘)/2

𝑏𝑛,𝑘
𝑝𝑛,𝑞𝑛(1,

𝑥

𝛼𝑛
) 

 
[𝑛]!𝑝𝑛,𝑞𝑛

[𝑘]!𝑝𝑛,𝑞𝑛 .[𝑛−𝑘]!𝑝𝑛,𝑞_𝑛
𝑝𝑛

(𝑛2+5𝑛−𝑘2−3𝑘)/2 [𝑘+1]!𝑝𝑛,𝑞𝑛 .[𝑛−𝑘]!𝑝𝑛,𝑞𝑛

[𝑛+2]!𝑝𝑛,𝑞𝑛

 

 = 𝛼𝑛 ∑𝑛
𝑘=0 𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(1,
𝑥

𝛼𝑛
)𝑝𝑛

𝑛−𝑘 [𝑘+1]𝑝𝑛,𝑞𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

 

 = 𝛼𝑛 ∑𝑛
𝑘=0 𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(1,
𝑥

𝛼𝑛
)𝑝𝑛

𝑛−𝑘 (𝑝𝑛
𝑘+𝑞𝑛[𝑘]𝑝𝑛,𝑞𝑛)

[𝑛+2]𝑝𝑛,𝑞𝑛

 

 =
𝑝𝑛

𝑛𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

(∑𝑛
𝑘=0 𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(1,
𝑥

𝛼𝑛
)) 

 +
𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

(∑𝑛
𝑘=0 𝑏𝑛,𝑘

𝑝𝑛,𝑞𝑛(1,
𝑥

𝛼𝑛
)

𝑝𝑛
𝑛−𝑘[𝑘]𝑝𝑛,𝑞𝑛

[𝑛]𝑝𝑛,𝑞𝑛

) 

 Using the definition of (𝑝, 𝑞) −Bernstein operators, we obtain 
 

 𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡, 𝑥) =

𝑝𝑛
𝑛𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

+
𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

.
𝑥

𝛼𝑛
 

 =
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

 (3.6) 

 Now, following the proof [𝑖], [𝑖𝑖] and using the identity  

 

 [𝑘 + 2]𝑝,𝑞 = 𝑝𝑘+1 + 𝑞𝑝𝑘 + 𝑞2[𝑘]𝑝,𝑞 

 we get  

 (𝑖𝑖𝑖)𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡2, 𝑥) =

𝑝𝑛
2𝑛[2]𝑝𝑛,𝑞𝑛𝛼𝑛

2

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

+
(2𝑞𝑛

2 +𝑞𝑛𝑝𝑛)[𝑛]𝑝𝑛,𝑞𝑛𝑥𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 

 +
𝑞𝑛

3 [𝑛]𝑝𝑛,𝑞𝑛(𝑥2[𝑛]𝑝𝑛,𝑞𝑛+𝑝𝑛
𝑛−1𝑥(𝛼𝑛−𝑥)

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 (3.7) 

 

III. CONVERGENCE OF THE OPERATORS 

 

In this section, we shall obtain the convergence of the proposed sequence operators using well known Korovkin’s theorem. 

Theorem 1 If 𝑎 be a sufficiently large fixed positive real number then for all 𝑓 ∈ [0, 𝑎], 
 

 lim
𝑛→∞

||𝐷𝑛
𝑝𝑛 ,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥)||𝐶[0,𝑎] = 0. 

 where ||. || is the superemum norm.  
 

Proof. From (3.2)-(3.4) and following [3], we observe that  

 ||𝐷𝑛
𝑝𝑛,𝑞𝑛(1; 𝑥) − 1||𝐶[0,𝑎] = 0, 

 ||𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡; 𝑥) − 𝑥||𝐶[0,𝑎] ≤

𝛼𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

 

 and  

 ||𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑡2; 𝑥) − 𝑥2||𝐶[0,𝑎] ≤

2𝛼𝑛
2

[𝑛]𝑝𝑛,𝑞𝑛
2 + 4𝑎

𝛼𝑛

[𝑛]𝑝𝑛,𝑞𝑛

. 

 Then, the proof is completed by applying a Korovkin-type theorem. 

 

 

Lemma 2  Let 𝑛 > 3 be a given natural number and let 0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1, 𝑞0 = 𝑞0(𝑛) ∈ (0, 𝑝𝑛) be the least number  

such that  

 𝑝𝑛
2𝑛+1𝑞𝑛 − 𝑝𝑛

𝑛+1𝑞𝑛
𝑛+1 + 𝑝𝑛

2𝑛−1𝑞𝑛
3 − 𝑝𝑛

𝑛−1𝑞𝑛
𝑛+3 + 𝑝𝑛

2𝑛𝑞𝑛
2 − 𝑝𝑛

𝑛𝑞𝑛
𝑛+2 − 2𝑝𝑛

2𝑛+3 + 2𝑝𝑛
𝑛𝑞𝑛

𝑛+3 > 0 (3.8) 

 Then, for every 𝑞𝑛 ∈ (𝑞0, 1).  

 𝐷𝑛
𝑝𝑛,𝑞𝑛((𝑡 − 𝑥)2, 𝑥) ≤

2

[𝑛+2]𝑝𝑛,𝑞𝑛

(𝜙2(𝑥) +
1

[𝑛+3]𝑝𝑛,𝑞𝑛

) 

 where 𝜙2(𝑥) = 𝑥(𝛼𝑛 − 𝑥), 𝑥 ∈ [0, 𝛼𝑛]. 
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Proof. In view of Lemma-1, we obtain  

 𝐷𝑛
𝑝𝑛,𝑞𝑛((𝑡 − 𝑥)2, 𝑥) = 𝑥2 1

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

(𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

([𝑛]𝑝𝑛,𝑞𝑛
− 𝑝𝑛

𝑛−1) 

           −2𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

+ [𝑛 + 2]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

) 

 +𝛼𝑛𝑥
𝑝𝑛

𝑛−1𝑞𝑛(𝑝𝑛+𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛−2𝑝𝑛
𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 

 +𝛼𝑛
2 𝑝𝑛

2𝑛(𝑝𝑛+𝑞𝑛)

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 (3.9) 

 by using the definition of the (𝑝, 𝑞) −numbers, we have  

 𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛

− 2𝑝𝑛
𝑛[𝑛 + 3]𝑝𝑛,𝑞𝑛

= 𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2 𝑝𝑛

𝑛−𝑞𝑛
𝑛

𝑝𝑛−𝑞𝑛
 

                                 −2𝑝𝑛
𝑛 𝑝𝑛

𝑛+3−𝑞𝑛
𝑛+3

𝑝𝑛−𝑞𝑛
 (3.10) 

 =
1

𝑝𝑛−𝑞𝑛
(𝑝𝑛

2𝑛+1𝑞𝑛 − 𝑝𝑛
𝑛+1𝑞𝑛

𝑛+1 + 𝑝𝑛
2𝑛−1𝑞𝑛

3 

 −𝑝𝑛
𝑛−1𝑞𝑛

𝑛+3 + 𝑝𝑛
2𝑛𝑞𝑛

2 − 𝑝𝑛
𝑛𝑞𝑛

𝑛+2 − 2𝑝𝑛
2𝑛+3 

 +2𝑝𝑛
𝑛𝑞𝑛

𝑛+3) > 0, (3.11) 

 for every 𝑞𝑛 ∈ (𝑞0, 1). 
furthermore,  

 𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛

− 2𝑝𝑛
𝑛[𝑛 + 3]𝑝𝑛,𝑞𝑛

≤ 2[𝑛 + 3]𝑝𝑛,𝑞𝑛
 

 and following [8], we have  

 𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛

− 2𝑝𝑛
𝑛[𝑛 + 3]𝑝𝑛,𝑞𝑛

+ 𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

([𝑛]𝑝𝑛,𝑞𝑛
− 𝑝𝑛

𝑛−1) 

 −2𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

+ [𝑛 + 2]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

 

 = 𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛

− 2𝑝𝑛
𝑛(𝑝𝑛

𝑛+2 + 𝑞𝑛𝑝𝑛
𝑛+1 

 +𝑞𝑛
2𝑝𝑛

𝑛 + 𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

) + 𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

2 − 𝑞𝑛
3𝑝𝑛

𝑛−1)[𝑛]𝑝𝑛,𝑞𝑛
 

 −𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛
(𝑝𝑛

𝑛+2 + 𝑞𝑛𝑝𝑛
𝑛+1 + 𝑞𝑛

2𝑝𝑛
𝑛 + 𝑞𝑛

3[𝑛]𝑝𝑛,𝑞𝑛
) 

 +(𝑝𝑛
𝑛+1 + 𝑞𝑛𝑝𝑛

𝑛 + 𝑞2[𝑛]𝑝𝑛,𝑞𝑛
) 

 (𝑝𝑛
𝑛+2 + 𝑞𝑛𝑝𝑛

𝑛+1 + 𝑞𝑛
2𝑝𝑛

𝑛 + 𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

) ≤ 0. (3.12) 

 Therefore, for 𝑥 ∈ [0. 𝛼𝑛], we have 

𝐷𝑛
𝑝𝑛,𝑞𝑛((𝑡 − 𝑥)2, 𝑥) = 𝛼𝑛

2
𝑝𝑛

2𝑛(𝑝𝑛 + 𝑞𝑛)

[𝑛 + 2]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

 

 +
𝑝𝑛

𝑛−1𝑞𝑛(𝑝𝑛+𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛−2𝑝𝑛
𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

𝑥(𝛼𝑛 − 𝑥) 

 +
1

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

(𝑝𝑛
𝑛−1𝑞𝑛(𝑝𝑛 + 𝑞𝑛)2[𝑛]𝑝𝑛,𝑞𝑛

 

 −2𝑝𝑛
𝑛[𝑛 + 3]𝑝𝑛,𝑞𝑛

+ 𝑞𝑛
3[𝑛]𝑝𝑛,𝑞𝑛

([𝑛]𝑝𝑛,𝑞𝑛
− 𝑝𝑛

𝑛−1) 

 −2𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

+ [𝑛 + 2]𝑝𝑛,𝑞𝑛
[𝑛 + 3]𝑝𝑛,𝑞𝑛

)𝑥2 

 ≤
2[𝑛+3]𝑝𝑛,𝑞𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

𝜙2(𝑥) +
2𝛼𝑛

2

[𝑛+2]𝑝𝑛,𝑞𝑛[𝑛+3]𝑝𝑛,𝑞𝑛

 

 ≤
2

[𝑛+2]𝑝𝑛,𝑞𝑛

(𝜙2(𝑥) +
1

[𝑛+3]𝑝𝑛,𝑞𝑛

) (3.13) 

 which was required. 

IV. RATE OF CONVERGENCE 

We denote 𝑊2 = {𝑔 ∈ 𝐶[0, ∞): 𝑔′, 𝑔′′ ∈ 𝐶[0, ∞)}, for 𝛿 > 0,   K-functional is defined as  

 𝐾2(𝑓, 𝛿) = 𝑖𝑛𝑓{||𝑓 − 𝑔|| + 𝜂||𝑔′′||: 𝑔 ∈ 𝑊2} 

 Where norm ||. || denotes the uniform norm on 𝐶[0, ∞). Following the well-known inequality given in DeVore  

and Lorentz[7], there exists an absolute constant 𝐶 > 0 such that  

 𝐾2(𝑓, 𝛿) ≤ 𝐶𝜔2(𝑓, √𝛿) 

 Where, the second order modulus of continuity for 𝑓 ∈ 𝐶[0, ∞) is defined as  

 𝜔2(𝑓, √𝛿) = sup
0<ℎ<≤√𝛿𝑥

sup
𝑥+ℎ∈[0,𝛼𝑛]

|𝑓(𝑥 + ℎ) − 𝑓(𝑥)| 

 The usual modulus of continuity for 𝑓 ∈ 𝐶[0, ∞) is defined as  

 𝜔(𝑓, 𝛿) = sup
0<ℎ<≤√𝛿𝑥

sup
𝑥+ℎ∈[0,𝛼𝑛]

|𝑓(𝑥 + ℎ) − 𝑓(𝑥)| 

 Now, we have the following theorem: 

 

 

Theorem 2 Let 𝑛 > 3 be a given natural number and let 0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1, 𝑞0 = 𝑞0(𝑛) ∈ (0, 𝑝𝑛)be defined as in Lemma-2. Then 

there exists an absolute constant 𝐶 > 0 such that  

 |𝐷𝑛
𝑝𝑛 ,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 𝐶𝜔2(𝑓, [𝑛 + 2]𝑝𝑛,𝑞𝑛

−
1

2 𝛿𝑛(𝑥))   + 𝜔 (𝑓,
𝛼𝑛−𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

), 

 where 𝑓 ∈ 𝐶[0, 𝛼𝑛], 𝛿𝑛
2(𝑥) = 𝜙2(𝑥) +

𝛼𝑛
2

[𝑛+3]𝑝𝑛,𝑞𝑛

, 𝑥 ∈ [0, 𝛼𝑛] and 𝑞 ∈ (𝑞0,1). 

 

 

Proof. For 𝑓 ∈ 𝐶[0, 𝛼𝑛], we define  
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 𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑓; 𝑥) = 𝐷𝑛

𝑝𝑛,𝑞𝑛(𝑓; 𝑥) + 𝑓(𝑥) − 𝑓 (
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

). (4.1) 

 Then, by Lemma-2, we immediately get  

 𝐷̃𝑛
𝑝𝑛,𝑞𝑛(1; 𝑥) = 𝐷𝑛

𝑝𝑛,𝑞𝑛(1; 𝑥) = 1 (4.2) 

 and  

 𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑡; 𝑥) = 𝐷𝑛

𝑝𝑛 ,𝑞𝑛(𝑡; 𝑥) + 𝑥 − (
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

) = 𝑥. (4.3) 

 By Taylor’s formula  

 𝑔(𝑡) = 𝑔(𝑥) + (𝑡 − 𝑥)𝑔′(𝑥) + ∫
𝑡

𝑥
(𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢, 

 we have  

 𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑔; 𝑥) = 𝑔(𝑥) + 𝐷̃𝑛

𝑝𝑛,𝑞𝑛(∫
𝑡

𝑥
(𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢; 𝑥) (4.4) 

 = 𝑔(𝑥) + 𝐷𝑛
𝑝𝑛 ,𝑞𝑛(∫

𝑡

𝑥
(𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢; 𝑥) 

 − ∫

𝑝𝑛
𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛
𝑥

(
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

− 𝑢) 𝑔′′(𝑢)𝑑𝑢 

 Thus  

 |𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑔; 𝑥) − 𝑔(𝑥)| ≤ 𝐷𝑛

𝑝𝑛 ,𝑞𝑛[| ∫
𝑡

𝑥
|𝑡 − 𝑢||𝑔′′(𝑢)|𝑑𝑢|; 𝑥] 

 +| ∫

𝑝𝑛
𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛
𝑥

|
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

− 𝑢| |𝑔′′(𝑢)|𝑑𝑢| 

 ≤ 𝐷𝑛
𝑝𝑛 ,𝑞𝑛((𝑡 − 𝑥)2; 𝑥)||𝑔′′|| 

 +(
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

− 𝑥)2||𝑔′′||. (4.5) 

 Also, we have 

 

 𝐷𝑛
𝑝𝑛,𝑞𝑛((𝑡 − 𝑥)2; 𝑥) + (

𝑝𝑛
𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

− 𝑥)
2

 

 ≤
2

[𝑛+2]𝑝𝑛,𝑞𝑛

(𝜙2(𝑥) +
1

[𝑛+3]𝑝𝑛,𝑞𝑛

) 

 + (
𝑝𝑛

𝑛𝛼𝑛−([𝑛+2]𝑝𝑛,𝑞𝑛−𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛)

[𝑛+2]𝑝𝑛,𝑞𝑛

)
2

. (4.6) 

 further, it can be easily seen that 
 

 1 ≤ [𝑛 + 2]𝑝𝑛,𝑞𝑛
− 𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛

≤ 2. (4.7) 

 Now, using (4.7), we have  

 (
𝑝𝑛

𝑛𝛼𝑛−([𝑛+2]𝑝𝑛,𝑞𝑛−𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛)

[𝑛+2]𝑝𝑛,𝑞𝑛

)
2

 𝛿𝑛
−2(𝑥) 

 =
1

[𝑛+2]𝑝𝑛,𝑞𝑛
2 {𝑝𝑛

2𝑛𝛼𝑛
2 − 2𝑝𝑛

𝑛([𝑛 + 2]𝑝𝑛,𝑞𝑛
− 𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛

) 𝑥𝛼𝑛  

 +([𝑛 + 2]𝑝𝑛,𝑞𝑛
− 𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛

)2𝑥2}  
[𝑛]𝑝𝑛,𝑞𝑛

[𝑛]𝑝𝑛,𝑞𝑛𝑥(𝛼𝑛−𝑥)+𝛼𝑛
2 , 

 ≤
𝑝2𝑛𝛼𝑛

2 −2𝑝𝑛
𝑛𝑥𝛼𝑛+4𝑥2

[𝑛+2]𝑝𝑛,𝑞𝑛

.
[𝑛]𝑝𝑛,𝑞𝑛

[𝑛+2]𝑝𝑛,𝑞𝑛

.
1

[𝑛]𝑝𝑛,𝑞𝑛𝑥(𝛼𝑛−𝑥)+𝛼𝑛
2 , 

 ≤
𝑝2𝑛−2𝑝𝑛

𝑛(
𝑥

𝛼𝑛
)+4(

𝑥

𝛼𝑛
)2

[𝑛+2]𝑝𝑛,𝑞𝑛

.
1

[𝑛]𝑝𝑛,𝑞𝑛(
𝑥

𝛼𝑛
)(1−(

𝑥

𝛼𝑛
))+1

, 

 ≤
3

[𝑛+2]𝑝𝑛,𝑞𝑛

. (4.8) 

 for 𝑛 ∈ ℕ and 0 < 𝑞𝑛 < 𝑝𝑛 ≤ 1. Now,  using (4.6) and (4.8), for 𝑥 ∈ [0, 𝛼𝑛) we have 

 

 𝐷𝑛
𝑝𝑛,𝑞𝑛((𝑡 − 𝑥)2; 𝑥) + (

𝑝𝑛
𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

− 𝑥)2 

 ≤
5

[𝑛+2]𝑝𝑛,𝑞𝑛

𝛿𝑛
2(𝑥). (4.9) 

 Using (4.5) with the condition 𝑛 > 3 and 𝑥 ∈ [0, 𝛼𝑛), we obtain  

 |𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑔; 𝑥) − 𝑔(𝑥)| ≤

5

[𝑛+2]𝑝𝑛,𝑞𝑛

𝛿𝑛
2(𝑥)||𝑔′′(𝑥)||. (4.10) 

 Furthermore, for 𝑓 ∈ 𝐶[0, ∞) we have ||𝐷𝑛
𝑝𝑛 ,𝑞𝑛(𝑓, 𝑥)|| ≤ ||𝑓||, 

Therefore,  

 |𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑓; 𝑥)| ≤ |𝐷𝑛

𝑝𝑛,𝑞𝑛(𝑓; 𝑥)| + |𝑓(𝑥)| + |𝑓 (
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

)| 

 ≤ 3||𝑓||, 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑓 ∈ 𝐶[0, ∞). (4.11) 

    Again, for 𝑓 ∈ 𝐶[0, ∞) and 𝑔 ∈ 𝑊2, we have  

 |𝐷𝑛
𝑝𝑛,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥)| 

 = |𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥) + 𝑓 (

𝑝𝑛
𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

) − 𝑓(𝑥)| 

 ≤ |𝐷̃𝑛
𝑝𝑛,𝑞𝑛(𝑓 − 𝑔; 𝑥)| + |𝐷̃𝑛

𝑝𝑛,𝑞𝑛(𝑔; 𝑥) − 𝑔(𝑥)| + |𝑔(𝑥) − 𝑓(𝑥)| 

 + |𝑓 (
𝑝𝑛

𝑛𝛼𝑛+𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

) − 𝑓(𝑥)| 
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 ≤ 4||𝑓 − 𝑔|| +
5

[𝑛+2]𝑝𝑛,𝑞𝑛

. 𝛿𝑛
2(𝑥). ||𝑔′′|| 

 +𝜔 (𝑓, |
𝑝𝑛

𝑛𝛼𝑛−([𝑛+2]𝑝𝑛,𝑞𝑛−𝑞𝑛[𝑛]𝑝𝑛,𝑞𝑛)𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

|) 

 ≤ (||𝑓 − 𝑔|| +
1

[𝑛+2]𝑝𝑛,𝑞𝑛

. 𝛿𝑛
2(𝑥). ||𝑔′′||) + 𝜔 (𝑓,

𝛼𝑛−𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

), 

 (𝑢𝑠𝑖𝑛𝑔(4.10)  𝑎𝑛𝑑 (4.11)). 
 Now, taking the infimum on the right hand side over all 𝑔 ∈ 𝑊2, we obtain  

 |𝐷𝑛
𝑝𝑛 ,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 5𝐾2 (𝑓,

1

[𝑛+2]𝑝𝑛,𝑞𝑛

. 𝛿𝑛
2(𝑥)) 

 +𝜔 (𝑓,
𝛼𝑛 − 𝑥

[𝑛 + 2]𝑝𝑛,𝑞𝑛

) 

 Finally, we have  

 |𝐷𝑛
𝑝𝑛 ,𝑞𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 𝐶𝜔2(𝑓, [𝑛 + 2]𝑝𝑛,𝑞𝑛

−
1

2 . 𝛿𝑛(𝑥))  + 𝜔 (𝑓,
𝛼𝑛−𝑥

[𝑛+2]𝑝𝑛,𝑞𝑛

) 

 which is the required result.  
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