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Abstract-In this paper we present review of some special summability methods and we will also discuss

results associated to these methods.

Weighted mean method
Definition. Let B, represents the sequence of nonnegative numbers so that P, > 0,that is
P,>0,n=12,.. and P, > 0.The weighed mean technique (N, P,)is represented by the infinite matrix

(ank),in which (a;) is defined by

a _{% k<n
nk—) ",
0 k > n.

Theorem: The (N, B,) method is regular if and only if lim P, = oo,
n—-oo

Theorem:(Limitation theorem)If P, > 0, for all n and {s,,} is (N, B,) summable to s, then

Theorem: If Pn+1/Pn > 1+ 6 > 1,then {S,,} cannot be (N, B,) summable unless it is convergent.[1],[2],[3]

The Abel’s Method and (C,1) method
Abel’s method is not possible to be defined by an infinite matrix method so that we have “non-matrix
summability methods”[3]. The Abel’s technique can also be called as a semi continuous technique.
Definition: A sequence {a,,} is called Abel summable, written as (4) summable to L if

lir{l (1 — x) X axx” exists finitely and is equal to L,

x—-1-

Theorem: If {a,,} converges to L , then {a,,} is Abel summable to L.

Definition: A sequence {a,} is said to be (C,1) summable to L if lim ﬁ k=0 Qi exists finitely and equals
n—o0o

L.
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From the above definition, we see that the notion of (C, 1) summability is to take the arithmetic mean of the
terms of the given sequence and study the convergence of these means.

From the above definition we can see that (C,1) summability is represented through the infinite matrix

Theorem: The (C, 1) method is regular.

Holder’s Method

Definition: The (H, 1) method is represented through matrix (h,(ll,g),where

R _ Jk < n;

nk Tl+1
0,k >n.

If m is a positive integer, the Holder method [4] of order m,denoted by(H,m),is represented though the
infinite matrix (A ) with

(n) = (m5)(h" "),

here the product of two matrices denotes usual matrix multiplication.
The Hausdroff Method
Definition: Let x = {x;} is a real number sequence. Define

(A%x), = xy

(A'%)p = Xp — Xny1,

and
J) = (AJ-14) _ (AJ-1 P
(&7x) = (") —(&7'x) =23
The sequence x = {x;} is said to be “totally monotone” if
j .
(A x)n > 0 foralln,j.
Definition: Define the matrix 6 = (6,;) by

(—D*ng,, ifk <mn;
Ok = K
0, ifk >n.

JETIRDY06044 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 275


http://www.jetir.org/

© 2019 JETIR January 2019, Volume 6, Issue 1 www.jetir.org (ISSN-2349-5162)

Definition- If u = (u,x) is a diagonal matrix, then the method defined by the infinite matrix u =
(Ui ), where
u = 8u8 = (8um) (m;) (8jxc)
is called a Hausdorff method, denoted by (H, u).
The Natarajan Method
In a process to elaborate the Norlund method, Natarajan[5] introduced the (M, 1,,) method as follows:
Given a sequence {A,,} of numbers such that }:,,|1,| < oo,the (M, A,,) process is represented thtough infinite

matrix (a,;),where

a _{ln_k,kSn;
0,k > n

Natarajan method (M, 4,,) is a nontrivial summability method, that is, it is not equivalent to convergence.
Theorem: The (M, A,,)-method is regular if and only if }},, 4,, = 1.
Theorem: Any two (M, A,,) and (M, u,,) methods which are regular are consistent.
Theorem: If {a,} is (M, 1,,) —summable to s,where (M, 7,,) is regular, then {a,} is said to be Abel’s-
summable to s.

The Euler method:
Definition: Let r € € — {1,0}, C is the complex number field. The Euler technique [6],[7],[8] of r order or

o B ... . k1 -k k<
the (E, r) technique is represented through infinite matrix egg 4 {zckr 1-n i ; n
’ n

For r € {1,0}, the (E,r) technique is defined respectively trough the infinite matrices (e,ﬂ}{)) and (e,(l(,){)),

where

(0) _{1,/{ =n;
nk |0,k # n.

e =0n=012...;k=12..
e =1,n=012,..
Theorem: The (E, r) is regular if and only if risrealand 0 < r < 1.
The idea of a paranorm is intimately associated to linear metric spaces. This is a mere extension modulus of

a complex numbers or absolute value of real numbers.[9]
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A linear space along with a function H: X — R, which fulfils the given axioms is called a Para normed space
(X, H).
1)H(O) = 0;
2):H(x) = H(—x) forall x € X;
:H(x+y)<H(x)+ H(y)forall x,y € X;and
4): Suppose (a,) is a scalars sequence such that a,, » aasn —» o« and (x,) is a sequence in X with
H(x, —x) - 0,as n —» oo, then H(a,x, —ax) > 0asn —»
A Para normed space (X,H) is defined as complete given (X,d) is complete with metric d(x,y) =
H(x —y).
Nakano and Simons were the pioneers at the initial stage in the studies of paranormed sequence. Maddox
[10] and many others delved into its nuances further. Multiple others ([11],[12])went on to study paranormed
sequence spaces through the use of Orlicz function.

Orlicz Sequence Space
Orlicz sequence was developed to discuss Banach space related theory [13],[14],[15]. An Orlicz function is
defined as a function ¢: [0, ) — [0, o) which holds the property of being non-decreasing, continuous and
convex with
¢(0) =0,¢(u) >0 foru>0,and p(u) - o asu — oo.

Tzafriri and Lindenstrauss [8] applied Orlicz function to develop sequence space

> (1l
ly ={x= (xx) Ew:kzzlq,’)(Tk) < oofor some p >0}

of scalars, that turns into Banach space along with Luxemburg norm given by

[0e]

Ixlly = inf {p > o:z ¢ <|’CT"|> < 1}.

k=1
L4 is known an Orlicz sequence space which is intimately associated to [,, space with ¢(x) = xP, (1 <p <
o). They possess very rich geometrical and topological properties that re devoid in ordinary [, spaces.
Other Sequence Spaces:
We will represent e and e™ (n = 1,2, ...) for the sequences so that e, = 1 for k = 1,2, ...

And
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() _ {1, (for k =n)
k 0, (fork # n).

Let m is a nonnegative integer, the m-section of a sequence x = {x,} by x[™ i.e

oo

,lml = z x e,

k=1
The space of BS, bounded series represents sequences X with Slripmﬁ:l X | < oo.

The space BS is equipped with the following norm

sup
lxellas = "o 1 i,

Gives a Banach space which is isometrically isomorphic to [* through linear mapping

(310

k=1 nen
A sequence 8 = (k,.) of positive integers with k, = 0,0 < k, < k,,;and h, =k, —k,_; > 0 asr - o« is

known a Lacunary sequence. Intervals I, = (k,_4, k,-] are determined by 6 and the ratio % are denoted as

dr-
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