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Abstract

A set D of a graph G = (V,E) is a dominating set if every vertex in V-D is adjacent
to some vertex in D .The domination number y(G) of G is the minimum cardinality of a
dominating set. A dominating set D is called a complementary tree dominating set if the
induced sub graph <V — D> is a tree. The minimum cardinality of a complementary tree
dominating (ctd) set is called the complementary tree domination number of G and it is
denoted by 7., (G). A subdivision of an edge e = uv of a graph G is the replacement of the
edge e by a path (u,v, W). The graph obtained from G by sub dividing every edge e of G

exactly once, is called the subdivision graph of G and is denoted by S(G). In this paper, exact
values of some standard graphs and bounds of complementary tree domination number in
S(G) are found.
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1 Introduction

Graphs discussed in this paper are undirected and simple graphs .For a graph G, let V(G) and
E(G) denote its vertex set and edge set respectively. For v eV(G), the neighbourhood N(v)
of v is the set of all vertices adjacent to v in G . N[v] = N(v)u{v} is called the closed

neighbourhood ofv. A vertex v eV(G) is called a support if it is adjacent to a pendant vertex

(ie) avertex of degree one. The graph considered here are finite, undirected, without loops or
multiple edges are connected with p vertices and q edges.

The concept of domination in graphs was introduced by Ore[4]. A set D gV(G) is said
to be a dominating set of G ,if every vertex in V(G)— Dis adjacent to some vertex in D.
D is said to be a minimal dominating set .

Definition 1.1. Aset Dc V(G) is said to be a complementary tree dominating set (ctd- set)
if the induced sub graph <V(G)— D> is a tree. The minimum cardinality of a ctd -set is called
the complementary tree domination number of G and it is denoted by 7, (G).
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Definition 1.2. A subdivision of an edge e = uv of a graph G is the replacement of the edge
e by a path (u,v, W) . The graph obtained from G by sub dividing every edge e of G exactly
once, is called the subdivision graph of G and is denoted by S(G).

2 . Characterisation of Complementary Tree Dominating Sets in
Subdivision Graph S(G)
We start with some basic results

Observation 2.1.

1.For any connected graph G, ¥4 (G) < ¥ [S(G)]
2.For any spanning sub graph S(H) of S(G) 7aalS(G)] < 74s[S(H)]

Preposition 2.2. Atmost (p—1) vertices of V(G) is a member of every ctd set.

Proof. Let e =(u,v)eV(G) and let v, be a vertex subdivide e, then u,v,v, € S(G).Let D be a
ctd set of S(G). If v, € Dthen (V —D) is disconnected which is a contradiction. Therefore
eitheruorveD

Theorem 2.3. A complementary tree dominating set D QV(S(G)) of a connected graph

G= (V, E) is minimal if and only if for each V€ Dand in a vertex of V(G),one of the
following condition holds.

i. Vv isnotaisolated vertex of D.
ii.  There exists a vertex U in V(S(G))— D such that N, (u) D= {v}.

ii.  NV)N(V(S(G))-D)=4¢.
iv.  D—{v} contains isolate vertex.
v.  The sub graph (V(S(G))- D) LU {v} of S(G) is disconnected.

3. Bounds and some exact values of y_,S(G)

Observations 3.1.

i, 7.(S(R ))= p 3, pz
ii. 7ctd.(s( p» -1 p=4
-q+1
iy Y etd (S (Kl, p-1 )) =p
' =q+1
‘—p+2
L ) 2P
=(q+1

Vi.  74(S(K,,))=m+mn, m<n
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7ctd(s(cp ° Kl» = 4p_3
=2q+3-3

Vii.

Theorem 3.2. For any connected graph G p>2, then y,,(S(G))>2.

Proof. Every complementary tree dominating set of S(G) contains at least one vertex of
V(G) and V(S(G))-V(G)
Therefore,

Y ctd (S(G)) >2.

Theorem 3.3. If ,(G)=2 if andonlyif G=z=K,.

Proof. Assume G = K,. Let u,ve E(G)and w be the vertex in S(G) such that w is
adjacent to uand V. Then {u,w}is a ctd set of S(G) and hence y,,(S(G))=2.

Conversely, if 7,4 (S(G))= 2, then there exist a ctd set of D of S(G) with |D|=2 and let
D = {u,v} such that (V(S(G))- D) is a tree.

Case (i):

V(S(G))-Dj=1

Let w be the vertex of V(S(G))— Dthen w is either adjacent to any one of the vertex of D or
adjacent to both. Therefore S(G)=P, (ie) G=zK,.

Case( ii):

V(S(G))-D|>1

Let v, and v, be the vertices of (V (s(G))- D).Then v,and v, are adjacent to any one of

the vertices of D. Without loss of generality v, is adjacentto u and v, is adjacent to v then
S(G)= p,which a contradiction is. For all values of n>2,S(G)= P,,,,. Therefore G = K,.

Theorem 3.4. For any connected graph G of order p >3, 7,,(S(G))<2p-2,
Also 7,4(S(G))=2p-2ifandonlyif G=C,.

Proof. Let {uv, vw}e E(G) and let x, y are the vertices in S(G) such that x is subdivides
uv and y is subdivides vw Then V(S(G))—{v, x} is a ctd set of S(G) and hence

Yes(8(G))=2p-1-2
=2p-3
<2p-2
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Suppose G contains a cycle C, with edge set E(G): {uv, VW, WX,...... yu} and let

¥4, X yeeeennn X, | De the vertices in S(G) such that X, X,,........x, subdivides uv,vw, wx,.....yu
respectively. Then V(S(G))—{u, x}is a ctd set of S(G) and hence y,,(S(G))=2p—2.

Conversly, assume G = C, .p=3.
We know 7,(C,)=p-2

Vetd (S(Cp»: Ve (CZp)

=2p-2.

2 —_—
Theorem 3.5. For the complete graph K then y, (S(Kp)):p—p+2_

N

Proof. The resultis true if p=2.

W oo W, p.s |

therefore

ID| = p—l+@—(p—2)

_pP-p+2
2
or

=q-+1.

Theorem 3.6.  For the Complete bipartite graph K., ,m<n then y,,(S(K,,))=m+mn

mn !

Proof.  LetV, ={u,,u,,..u,} and V, = {;,V,,.....v, } be a bipartition of K, . Let
w; (1<i<m,1<j<n) be the vertex of S(K,,,) which is adjacent to u; and v, .Without
loss of generality we may assume

n-1

D :(umuij U[kmj v WIJ (Lnj v.)— U Vv; is a minimum ctd set of S(Km,n)

i1 i1 j=1 Y i1 V) A

. |Dj=m-1+mn+n-(n-1)
=m-1+mn+n-n+1
=m+mn
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Theorem 3.7. For the wheel W, =C_, + K ,then y, (S(VVp )): 2p—-1.

Proof. Let ugy,u,.......] u,, be the vertices of the wheel W with deg(u, )= p—1, v, bethe
vertices of S(\Np) adjacent to u, and u;.Let D be a minimum ctd set of S(\Np) and w; be the

1<i<n-2 and v, be the vertex adjacentto u, &u.
p-1 p-1
Without loss of generality we may assume D = U W, W (one of the neighbourhood of
i= i=

vertex subdividing the edge u,u

i+l ,

Ug)-
=p-1+p-1+1
=2p-1

7ctd(Wp): 2p—1

Theorem 3.8. For the star graph K, ,  then
7ctd (S (Kl p-1 )): p

Proof. Let {vo,vl,vz, ...... \Y p_l} be the vertices of K, , ,then u; be the vertex subdivides
VoV, 1<i<p-1. Weknow that the pendant vertices are members of ctd set. Let D be the

minimum ctd set of S(G.)

p-1
D = u v, u{one of the vertex of u,}

i=1

ID|=p-1+1
=p
7ctdS(K1,p—l): p

Theorem 3.9. If Tisatree T of order p which is not a star then

M+5—1<7.,(S(T))<2p—3 where S denotes the number of supports and m denote the
number of pendant vertices of T.

Proof. Let Vi =1{Us,Us,.Uy | be the set of all pendant vertices of T.V2 be the set of all
supports of Tand Vs = Vi Vs eV fwhere Vi is the vertex subdividing the edge incident
with Us- Let D be the minimum  ctd set of S(T) should contain [V Vs —1

2D =Ly -1
and hence 7eS(T)=[D[>m+s-1,
Now to prove the upper bound we know that 7aa(T)< P—2 Since
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V(s(T))=2p-1
therefore

Vaa(S(T))<2p-1-2
=2p-3

The lower bound equality holds in P; and upper bound equality holds in P

Theorem 3.10. For any connected (P:d) graph G, 7« (S(G))+A(G)<2p=p+q.

Proof. For any graph with p vertices, A(G) <p-1

By observation,

7ctd(G)+A(G)= 2p if G Ecp

when G=C, 74,S(C,)+AlC,) =2p-2+2

=2p
=p+q
when G=P, 7,S(G)+A(G)=2p-3+2
=2p-1
=p+p-1
=p+q
When Gz=K,, 7.,4S(G)+AG)=qg+1+p-1
=p+q
When GzW,, 7,S(G)+AG)=q+1+p-1
=p+q

Theorem 3.11. For a connected graph G p>2 ,then 7., (S(G))> 7.4 (G)+8(G) and Also,
7/ctd (S(G)): yctd (G)+ 5(6) Iff G = Kl,p—l'

Proof. Assume G =K, ,, then subdivides the edge set vv; inGby w,, 1< i<p-1 Let

D be the minimal ctd of G and D* be the minimal ctd of S(G). D contains all the vertices of

G and contains atleast one members of S(G).
Therefore

JETIRR006005 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 36


http://www.jetir.org/

© 2019 JETIR January 2019, Volume 6, Issue 1 www.jetir.org (ISSN-2349-5162)
D' >|D|+1

= 744(G)+5(G)
therefore

Y etd (S(G))Z Y etd (G)+ 5(G)

Conversly, assume 7,4(S(G))> 7.4(G)+8(G) .suppose 5(G)=1,we know that
Y ctd (G) < p -1
therefore
Y ctd (G) < p -1+1
=p
therefore
Gz=K,,,
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