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Abstract 

In this paper we determine some interesting identities related with sequence {Fk,n} and use these 

identities to express the ration ,
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Introduction : 

The concept of the Common Front for Efficiency (CFE) in the context of the powers of ratios of k-

Fibonacci numbers is a specialized topic in number theory, extending the classical Fibonacci 

sequence to a more general form. To provide a clear introduction, let’s break it down systematically, 

focusing on the key components: k-Fibonacci numbers, their ratios, powers of these ratios, and the 

role of CFE. 

We first obtain the extended Binet formula for Fk,n. 
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Proof: We prove the result by PMI. For n = 1, we have 
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= 1 which proves the result for n = 1. 

Now, assume that result holds for all positive integers up to some positive integer m. Thus both 

, ,

, ,

,

k n k n

k n k n

m m

F F

k m

F F

F
 

 





 and , ,

, ,

1 1

, 1

k n k n

k n k n

m m

F F

k m

F F

F
 

 

 







 holds. 

This gives, 
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This proves the result for n = m + 1 and thus for all positive integers n. 

We now obtain the limiting ratio of two consecutive k -Fibonacci numbers. 
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Let this sequence converges to some teal number x. 
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Catalan's Identity for Fibonacci numbers was found in 1879 by Eugene Charles Catalan, a Belgian 

mathematician who worked for the Belgian Academy of Science in the field of Number Theory. 

Here we obtain analogues result. 

Lemma 1.4 
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The following is analogues to one of the oldest identities involving the Fibonacci numbers, which 

was discovered in 1680 by Jean-Dominique Cassini, a French Astronomer.   
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Proof. The proof follows immediately by taking r = 1 in Catalan's identity. 

 We next obtain extended d' Ocagne's identity 
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 . 

Theorem 1.7: 

,

, 1 , 1

, 2,

, ,

, 1 , 1

, 2

; ;

1;1, 1 ;

k n r

k r k r

k n rk n

k n r k n r

k r k r

k n r

F
F F if r isodd

FF

F F
F F if r iseven

F



 



 

 



  
  

  
 

 
   

 

 

which yields 

 
, 1

, 1 , 1 , 1 , 1

, 1 , 1 , 1 , 1

; ;

1;1, 2 ;
k n

k r k r k r k r
r

F

k r k r k r k r

F F F F if r isodd

F F F F if r iseven




   

   

     
 

     

 

Proof. By using lemma 1.6, we have 

 , , 1

, 1

,

k r k n

k r

k n r

F F
F

F







   

 , 1 , 1 , 2 , 1

, 1

,

k r k n r k r k n r

k r

k n r

kF F F F
F

F

     






   

 , 1 , 1 , 1 , 2 , 2 , 1 , 1 , 2

, 1

,

k r k n r k r k n r k r k n r k r k n r

k r

k n r

kF F F F F F F F
F

F

           





  
   

 , , 2 , 1 , 1 , 2

, 1 , 1

, ,

k n r k r k n r k r k n r

k r k r

k n r k n r

F F F F F
F F

F F

      

 

 


   

 , 2 , 1 , 1 , 2

, 1 , 1

,

k r k n r k r k n r

k r k r

k n r

F F F F
F F

F

     

 




    

Again using lemma 1.6, we get 

 
, 1 , , 1 , 1k n r k n r r k r k n r r

F F F F
       

   and 

 
, 2 , 1 , 1 , 2 , 2

.
k n r k r k n r r k r k n r r

F F F F F
         

   

This gives 

 ,

, 1 , 1

,

k n

k r k r

k n r

F
F F

F
 



   

 
    , 2 , , 2 , 1 , 2 1 , 1 , 1 , 2 , 2 , 2 1

,

k r k r k n r k r k n r k r k r k n r k n k n r

k n r

F F F F F F F F F F

F

          



  
  

 
   , 2 , , 2 , 1 , 1 , 2

, 1 , 1

,

k r k r k n r k r k r k n r

k r k r

k n r

F F F F F F
F F

F

    

 




    
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  

2

, 2 , 2 , , 1

, 1 , 1

,

k n r k r k r k r

k r k r

k n r

F F F F
F F

F

  

 




   . 

Now using lemma 1.5, we get 

 
 

1

, , 2

, 1

, ,

1
.

r

k n k n r

k r

k n r k n r

F F
F

F F







 


   

This gives 
 

1

,

, 1 , 1

, , , 2

1
.

/

r

k n

k r k r

k n r k n r k n r

F
F F

F F F



 

  


    

Now if r is odd then we get 

 ,

, 1 , 1

, , , 2

1
.

/

k n

k r k r

k n r k n r k n r

F
F F

F F F
 

  

    

 
,

,

, 1

,,

, 2

1
lim

lim
k n

r k n

F k r
x

k n rk n r

x
k n r

F
F

FF

F










     

 

,

, 1 , 1

1

k n

k r k r r

F

F F


 
    

 
, 1 , 1

, 1 , 1

, 1 , 1

1
.

1

1

k r k r

k r k r

k r k r

F F

F F

F F

 

 

 

  

 

 

 

Also if r is even then we get 

 ,

, 1 , 1

, , , 2

1
.

/

k n

k r k r

k n r k n r k n r

F
F F

F F F
 

  


    

In this case we manipulate further. We write it as 

  ,

, 1 , 1

, , , 2

1
1 1 .

/

k n

k r k r

k n r k n r k n r

F
F F

F F F
 

  

          (1.3) 

Now , , 2

, , 2 ,

1
1

/

k n r k n r

k n r k n r k n r

F F

F F F

 

  


   

 
 , , , 2

1

/
k n r k n r k n r

F F F
  




 

 
    , , 2 , 2 , , 2

1

/
k n r k n r k n r k n r k n r

F F F F F
    


  

 

 
    , 2 , , 2

1

1 /
k n r k n r k n r

F F F
  


 
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   , , 2 , 2

1

1 1/ /
k n r k n r k n r

F F F
  


 

 

 
   , , 2

1

1 1/ / 1
k n r k n r

F F
 


 

 

 
   

,

, 1 , 1

, , , 2

1
1

1 1/ / 1

k n

k r k r

k n r k n r k n r

F
F F

F F F
 

  

    
 

. 

Taking the limit as n  , we get 

 
,

,

,

, 1 , 1

,

1
lim 1

1
1

1

k n

k n

r k n

F k r k r
x

k n r

r

F

F
F F

F




 




    
 

  
  

 

 
, 1 , 1

, 1 , 1

, 1 , 1

1
1

1
1

1
2

1
1

1
2

k r k r

k r k r

k r k r

F F

F F

F F

 

 

 

   



  



  

 

This completes the proof.  
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