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Abstract
In this paper we determine some interesting identities related with sequence {F.} and use these

identities to express the ration Fk'” as finite continued fraction expansion. We defined

k,n—r

¢. = lim k" and derive the closed from continued fraction expansion for ¢: , for any positive

X—>00
k,n—r

integer r.
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Introduction :

The concept of the Common Front for Efficiency (CFE) in the context of the powers of ratios of k-
Fibonacci numbers is a specialized topic in number theory, extending the classical Fibonacci
sequence to a more general form. To provide a clear introduction, let’s break it down systematically,
focusing on the key components: k-Fibonacci numbers, their ratios, powers of these ratios, and the
role of CFE.

We first obtain the extended Binet formula for Fy,.

k+MJ”_(k—MT

Theorem 1.1: F | :( 3

2 2 5.~ P,
\/k2 +4 oy — IBFKn .
Proof: We prove the result by PMI. For n =1, we have
[k+\/k2 +4J” _(k Ne +4]”
2 2
F,.= = 1 which proves the result for n = 1.
’ k?+4

Now, assume that result holds for all positive integers up to some positive integer m. Thus both

am _ m am—l _ m-1
F. _ %, " Fh, and F,_, _ %, s, holds.

a, ~ P, ., ~ Pr,

This gives, F +F

JETIR1701D33 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 563


http://www.jetir.org/

© 2015 JETIR March 2015, Volume 2, Issue 3 www.jetir.org (ISSN-2349-5162)

m m m-1 m-1
— k aFkn _ﬂFk‘n + aFkn o Fk‘n
aFk,n _IBFk‘n OCFK‘n _ﬂFk‘n
k(e =p2 )+ (e =522
aFk,n _ﬂﬁn
1 -1
a (k“ﬁ,n +1)+ﬂ2:,n (kﬂm +1)
aFk,n _ﬂFk,n

k+\/m 2 2
Now we note that ke, +1:k( )+1: K +k\/k2 +44+2

2
K2+ 2kvkP+4 +k*+4
4

2

= [@T £ (O‘Fk,n )2_

Similarly it can be shown that kf. +1:(BFM )2.

Thus,
- op (ko +1)BE (KB, +1)
| o ~Pe,
(ar,) (2,) ~(Be,) (Bs,)
O _BFkY
(aﬁvn )m+l —(BFKV )m+l
U“ka _BFk,n
crdicra | (kevieea)”

P 2 ) _ap-pr

ol kmel T

k?+4 . — P

This proves the result for n = m + 1 and thus for all positive integers n.
We now obtain the limiting ratio of two consecutive k -Fibonacci numbers.

Foo _k+vk*+4

Lemma 1.2: = lim—X"
¢Fkvn e I:k,n—l 2

n=1

. R
Proof. We note that the sequence {x, } ={ e } is convergent.
n=1

k,n-1
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Let this sequence converges to some teal number Xx.

F F . F . F .
Now "% =k + "= Then I|mA:k+I|mﬂ:k++. This gives x = k o1
I:k,n I:k,n o I:k,n—l e I:k,n—l ||m k,n-1 X
o k,n-2
+ , 2
= x* —kx—1=0. Solving for x yields x :w. Considering only the positive root, we get

the required result.

k+vk?+4 k —vk*+4

Throughout the chapter, we denote o, =, and B, = >

We now show how extended Binet formula for Fy is useful to derive the above value of ¢,

Lemma 1.3 :
. F =vk’®
4 —lim_ke :k k +4.
. e Fk,n—l 2
Proof. : Using extend Binet formula for Fy
We get,
Ek‘n o 'zlk.n
fim e — fjm e~ =,
X—>00 Fk,n ) X—>00 aFk‘n — R
OtFk‘n _IBFk’n
1_[ﬂFknj
n _ n a
=lim R |im R o
- aFk T PR - 1 1 ’BFk,n
a':k,n ﬂFk,n aFk,n
(B o
Now we note that B, |<a, . Also lim| —= | —0 (when n is sufficiently large).
' ; o aFk,n
. F Jk? .
Thus, lim—" _ ke +4,as required
o I:k,n—l 2
Note :
.2 iz
1. (IFkn_BFkn:[k-l_ : +4]_(k : +4J=\/k2+4.

k+vk>+4 ) k-vk’+4
2. ag Be = 5 5 =-—1.
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Catalan's Identity for Fibonacci numbers was found in 1879 by Eugene Charles Catalan, a Belgian
mathematician who worked for the Belgian Academy of Science in the field of Number Theory.
Here we obtain analogues result.

Lemma 1.4

F_F

k,n—r" k,n+r

~F2 = F2.

k,n

S

Proof. By using theorem 1.1 and o

=—1 on LHS of result, we get

s (o6 —BRD (o B ) ek + 200 B, b7,
(OH:Kn _BFM)
Fin Fen
Fon PR
_ﬁ_( BFL) 0, —(aR PR, +2(oF, R, )
aFk,n_ Fen -
L

m"Bﬁm)z_
1 -

B+ 2(-1) ]

4 (_l)n—r+l

— . g 20 (S
((len -ISFim ) L % ! Fin § ( ) :

_ (_1)n_r+1 2r + 2r r-1

= Tl 4B +2(-1
((Xli‘n - ﬁgpim ) -(l i ( ) :

_ (_1)n—r+1
(“m—Bﬁ,n)

n-r+1
Fa PR,

n—r+l (l _BFk _(_ n—r+l
& {B] ()

The following is analogues to one of the oldest identities involving the Fibonacci numbers, which
was discovered in 1680 by Jean-Dominique Cassini, a French Astronomer.
Lemma 1.5

F.F..—F

k,n-1" k,n+1 k,n

a“ +Br +2(- 1)]

F

., as required.

(1.1)

=(-1)".
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Proof. The proof follows immediately by taking r = 1 in Catalan's identity.
We next obtain extended d' Ocagne's identity
Lemmalé6: F =F F . +F . .F

k,n—r " k,r+1 k,n—r-1" k,r*
Proof. We write the extended Binet's formula from theorem 1.1 in the form
Fo=Clai +CpB (1.2)
. 1 1 . -1 -1
where C| = = and C, = =
o —Pe. k*+4 e k?+4

We now express two consecutive terms of this sequence by using matrices as
' F

n—r n—r *
a C
kn-r [ Fen Fen 1

F :| - n-r-1 n-r-1 |:C*:| Then
L k.n-r-1 aFk‘n Fen 2

Mo~ n-r nr 1
Cl _ aFkn Fen Fk,n—r
T n-r-1 n-r-1
—C2 aFk n Fk,n Fk,n—r—l

n-r-1 B
_ 1 Fk,n Fk n
n-r-1 n-r-lnn-r n-r-1 n-r
o —a —a a F
Fk n Fk,n Fk.n Fk.n Fk,n Fk‘n k’n_r_l

n—-r-1 n-r
1 k n- rB _Fk n—r-1-F
n-r-1 -1
_ -F, a" " +F
(aFk,nBFk,n ) (aFk,n BFk,n ) Fkn k " 1
This gives

n— r—1 n-r n-r-1 n-r
* k n—-r=F k n-r-1F * _Fk,n—raFkyn + Fk,n—r—la’l:k,n

1 n-r-1 U n-r-1
(aFkynBFkvn ) (aFk'n - BFk'n ) (OCFMBFKVn ) (aFkvn = BFM )

* I:k,n—r - Fk n—r—lBFk N * _Fk,n—r + Fk,n—r—lﬁFkvn

~ ,C, = .

aﬁn 1( BFM) Fin l(aﬁ,n _Bﬁ,n)

Substituting values of C and C, in (1.2), we get
F.,=Col + C;Br;k,n

Fen
:(Fkn—r_ k.n— r—lBFkn) Fkn+(_|: - kn r-1 Fkn)Bkn
o, H( Bﬁn) an:_l( Bﬁn)
_a;jn(Fk,n,r —Fk,nrl[sﬁ’n)+ ;:1( Fo..+F.. lam)
(aFk,n _BFk,n) (aFkyn _BFM)
Fone (0" =Bt ) =(ae, =B, )Fen ek, —BE, )

(et BFM)
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k,n-r aFk‘n _ . Hm Fen kn r-1 . _BFk‘n
Now since «, B, =-1, by using extend Binet formula for k- Fibonacci numbers, we get
F _Fkn rFkn r—lF
F o
1+ Foon =" ;if risodd
_ I:k,n—2r
k,n-r . I:k n-r . H
Fo..t+F..-11 -1 Jif riseven
k,n-2r
which yields
[Fora+FoiFoa Ry | :if risodd
¢rk 1 =
Y |[Foat Foa—11F, 4 Ry, 42 ‘if riseven
Proof. By using lemma 1.6, we have
_ F I:k rFk n-1
r+1
I:k,n—r
_ F + ka,r—le,n—r—l + I:k,rAZ Fk,n—r—l
k,r+1
I:k n-r
_ F + ka,r—le,n—r -1 g I:k r le n-r-2 I:k,r—2 Fk,n—r—l - Fk,r—le,n—r—Z
k,r+1
Fk n-r
_ F F I:k,n—r I:k,r—2|:k,n—r -1 I:k r—le n-r—2
k, r+1 k,r-1
I:k,n—r I:k n-r
F F _—F_F
_ Fk » Fk‘r_l + k,r—2" k,n-r-1 k,r-1" k,n-r-2
I:k,n—r
Again using lemma 1.6, we get
I:k,n—r—l = Fk n-r-r + Fk r— le n-r-r-1 nd
Fkn r— 2_Fkr 1Fkn r— r1+Fkr 2Fkn r-r-2"
This gives
Fk,n
F = I:k,r+1 + I:k,r—l
k,n—r
+(Fk,r2 ( I:k,rFk,n—Zr + Fk,r—le,n—Zr—l) - Fk,r—l(Fk,r—le,n—Zr + I:k,n—2 Fk,n—Zr—l))
I:k,n—r
_ F F + I:k,r—2 ( I:k,r I:k,n—2r ) - l:k,r—l ( I:k,r—1|:k,n—2r )
k, r+1 k,r-1 F
k,n—r
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F

k,n-2r

—F

k,r+1

Fkril+ {Fkr 2Fkr_(Fk,rl)2}.
' F

k,n—r

Now using lemma 1.5, we get

— I:k,n—Zr (_1)“1
K,r+1 F '

k,n-r

_1 r-1
" I:k r+1 + I:k,rl-i_%

Now if r is odd then we get

Also if r is even then we get

F —
“.=F . +F +—“1:

k,r+1 k,r-1
k,n-r k n—-r k,n-2r

In this case we manipulate further. We write it as

1
“(F, -

k,n-2r

+F 1)+1—

{( Fk,n—r - Fk,n-zr)+ Fk,n-Zr}/(Fk,n_r - Fk,n_gr)

(1.3)
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1
1+ {U((For = Fonar ) Fonar )|
_ 1
1+ {1/(( Fone ! Fona) —1)}
F 1
S—"=(F F -1 .
Fkyn,,» ( k,r+1 + k,r-1 )+ 1+ {1/((Fk,n—r / Fk,n—Zr ) _1)}
Taking the limit as n — oo, we get
Frk‘n - le_rﬂ FFk’n - I:k,r+1 + I:k,rfl -1+ ;
knr 14 1
)
=R, . tFR,..-1+ 11
1+ 1
Fk,r+1 + I:k,r—l - 2 + 1
1+ 1
Fk,r+l + Fk,r—l -2+ .

This completes the proof.
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