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Abstract: Here, we present a compartmental (Susceptible — Exposed — Infected - Recovered) mathematical model. We discuss an

epidemic depends on the value of the Basic Reproduction Number (R,). Mathematical models have been used to understand the
dynamics of the disease. They have also been used as health policy tools to predict the effect of public health interventions on
mitigating future epidemics or pandemics. In this study, we find out the effect of the introduction of some treatment at Exposed
compartment in SEIR epidemiological model to study the effect and to control the disease and also the stability analysis. There
are two types of equilibrium points. First is the disease — free equilibrium point and second is endemic equilibrium point. The
disease — free equilibrium (DFE) point is stable when R, < 1, and the endemic equilibrium (EE) point is stable when R, > 1.
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|. Introduction

In eighteen century the study of epidemic modeling starts [1].The diseases spread due to virus or bacteria that somehow enter into
the body and make the individual ill, which affect the development of the community and country. It motivates to study the
illness. For controlling and eliminating the disease, we have to study several stages such as spreading of the diseases, treatment
and effect of vaccines, etc. The first mathematical model that could be used to describe a disease was developed in the 20™
century by Kermack and McKendric [2]. The model is known as the Susceptible — Infectious — Recovered (SIR) model. The
severity of the epidemic depends upon the value of the basic reproduction number (R,). R, is defined as the average number of
infections that one infective generates, in an entire susceptible population, during the time they are infectious. If R, > 1, an
epidemic will occur and if R, < 1, the outbreak will die out.

Mathematical models are the useful tool for analyzing and checking the different hypothesis and about the spreading pattern of
the diseases and then to provide useful control and prevention measures. The basic procedure in modeling the spreading of
disease by using the compartmental model. There are some studies in which the mathematical model is used on epidemic diseases
[3, 4,5, 6]. Some study on SEIR model is also done previously [7, 8, 9, 10, 11].

Il. THE MATHEMATICAL MODEL

The SEIR model is developed by divided into s, e, i and r compartments. The following diagram shows the transmission
dynamics -

Ae
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The notations we use are —

s (t) — susceptible populations,

e (t) — exposed populations,

i (t) - infected populations

r (t) — recovered populations

B — rate with which susceptible populations goes to the exposed compartment,
a — rate with which exposed population goes to the infected compartment,

y — rate with which the infected populations goes to recovered compartment,
A —rate with which exposed population gets some treatment and again becomes susceptible,
b — birth and immigration rate,

u — leaving rate (natural death and emigrants rate),

u, — rate with which infected population dies due to disease.

The Mathematical Model —

Mathematically, it can be written as the system of first order ODE as follows —

Lo pN— ps—E2 4 2e
dt N

de _ psi

TN (/1+u+a)e

et +y)i

i ur
dt—V u

Now, putting NS for s, NE for e, NI for i and NR for r, where S, E, | and R are the proportion of susceptible, exposed, infectious

and recovered proportion given by the following equations -

ds _
S =b—puS—pSI+AE

C=pSI-A+p+a)E

dal

- aE—(u+ut+y)l

dR

Y =

a VITH
dN ds dE , dlI | dR
Then, === =+ + =+ =
dt dt dt dt dt

=(b—uS—-BSI+AE) + (BSI-(A+pu+a) E) +(aE—(uy + u+y) 1) + (v1 - uR)
=b- u(S+E+1+R) — I
=b- uN — ;I whereN=S+E+I1+R

So, the system has variable population size.
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1. Equilibrium point -

Here we obtain DFE and EE Points. For this, we equate the system of equations to zero i.e. % = % = % = Z—f =

ie.b—uS—pBSI+AE=0..........Q2)
BSI-(A+u+a)E=0............. 3)
aE-(u+u+y)1=0.............. 4
Yl—uR=0.. .o, %)

v. DFE point -

From equation (2), b — uS—BSI+ AE=0

b+ AE

=b+AE=S (Bl +p)=> S =20

But at the disease — free state,

B=0=S= b+ AE
" _ _ _ BSI
From equation (3), 8SI=(A+pu+a)E=0=>E= ot )
Since =0=E=0.
. _ 5 aE
From equation (4), aE=(u; + u+y)I=>1= G )
Since, E=0=1=0.
From equation (5), yl =uR =R :V;'
Since, I=0=> R =0.
Thus, we have the DFE Point is E, = (b TE, 0,0,0),

but here E = 0 So, E, = (S', E", I',R") = (% 0,0,0).

V. EE point —

It indicates that the disease or infection will persist in the system. Let EE is E*™*(S*, E*, ", R").
Consider equations (3) and (4), we get,

BSI—-(A+u+a)E=0=>pFSI=A+u+a)E

And aE - (U +p+y)I=0= (U, +p+y)l=aE

BS _Gtprd) o _ AHuta(atuty) o o
(u1+u+y) a ap '

Dividing both the terms, we get,

Similarly, adding equation (2) and (3), we get,
b—uS—BSI+AE+BSI-A+u+a)E=0
=>b—uS-(u+a)E=0

b—-(u+a)E

:S=T ................................................................. (6)
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aE

Again from equation (4), aE=(u; + u+y) I=21=——— ... (7

(H1+u+y)

From equation (3), we have, fSI=(A+pu+a)E ................. (8)

From equation (6) and (7), substituting the value of S & I in equation (8), we get,

(/1+,u+a)E:[)’{

>E [ aB(uta) E

b—(u+a)E

u } {(ulzsw)} =B {b“i(;‘l"il::;‘/)) EZ}

bap

u(pr+u+y)
So, either E =0 Or,

= af(ut+a) E
u(pa+pu+y)

u(u1+u+y)
—af(u+a)E bap

—(QA+u+a)|=0

uluitu+y) uluitpu+y)

=Al+u+a)-

—-A+u+a

bap
ulug+pty)

b p(uatp+y)A+p+a)
(u+a) af(u+a)

>E=

. _ _ p(pap)Atpta) _ _ pa ) A+ pta)
Therefore, E G +a) @B (u+a) ‘(,Ha)[ aBb ]
afb

Let, Ry = (g +p+y) (A+p+a)

s b [ _ 1
So, we have, E e [1 rol e 9

Also S=§*= M L
ap URo
aE
(u1+u+y)

Now consider I, from equation (7), | =

Substituting E* for E, we get,

s _ ab [ _ 1
(H1+p+y)(uta)

And from equation (5), we get,

yI:yR:R:%

Substituting the value of I* for I in above, we get, R* = —— |1 — —

yab ]
u(urtpty)(uta) Ro

So, we have, S*,E*,I* and R* all are positive, E**(S*,E*,I"',R*) > 0if 1 — R— >0=>1> Ri >Ry > 1.
0

0

Here, E** represents an endemic state.

V1. Stability of the equilibrium points —

Let us suppose that, k= b — uS — Sl + AE
I1=BSI-(A+u+a)E
m=aE—(u +p+y)l

n=yl-uR
[0_’< 9%k Ok a_k]
0S O0E 09I OR
ae ar ol al =Bl —u A —BS 0

. N PR~ I —Qtupta) BS 0

Then,theJacoblanmatr|X|s,J=|as e o or|_| B (12
Z_Tg Z_': z_'? Z_f: 0 a -(tut+y) O (1
jon on on anf &0 0 ’ *

as OE al oR
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Q) Disease - free equilibrium point and its Stability —
For this we have, S = %, | =0, then we get,

b

- °]
(E)=| 0 -Q+u+a) B U (13)

0 a - tuty OJ

0 0 Y —u

Then the characteristic equation is — det. [J (E,) —1'1,] =0

b

—u—A A —ﬁ; 0
S 0 —Gtura) - [s’% 0 |=o
0 a -(umtpt+y)=A 0
0 0 y —u—-A
~A+u+a)—A [;% 0
=Er=2) a (R E % B N R
0 y —u—A

=+ AP [A+p+a+ D) +u+y+2)—ap2]=0

Either, (u+ 2)2=0=>1,=—u, A, = —u

or, (A+u+a+/1’)(u1+u+y+/1’)—aﬁ%zo
:u1/1+u1u+u1a+u1/1’+ul+u2+au+/,tl’+Ay+uy+ay+yl’+ll’+ul’+al’+/1’2—a[3b;=0
:A’Z+/1’(u1+2u+y+/1+a)+(ull+y1u+ula+u)l+y2+ay+ly+uy+ay—aﬁ%)=0

Let, yy +2u+y+1+a=a,

u1/1+u1u+u1a+ul+u2+au+ly+uy+ay—aﬁ%:az

Then the above equation becomes 2> + a, A’ + a, = 0.

If it has two negative real roots, then det. [J (E,) —A'L,] = 0, has all four eigenvalues are negative, then the DFE point is locally

asymptotically stable (by stability criterion).

(i)  EE pointand its Stability—

The point is E**(S*, E*, I", R*) as §* = ——, E* = —> [1 - i], P — [1 - i],
URo (uta) Ro (U1 +u+y)(p+a) Ro
Rr=— Y2 [1 - i]. Here, all the points of E** all are positive, if 1 —— > 0=1>—= R, > 1.
u(ug+p+y)(u+a) Rg Ro Ro

Then, E** represents an endemic points.

Then, the Jacobian of endemic equilibrium point is —

_‘81*—# A _BS* 0
J(E**): Bl —A+uta) S 0
0 a - tut+y) 0
0 0 14 —H
—BI" —p =¥ 2 —BS 0
. oy _rr1=| AT ~(A+u+a)- X Bs* 0 =
Since, det. [J (E™*) —A'I,] = -
ince, det. [J (E*) =2'L,] 0 a -mtptn -0
0 0 y —n-x
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—BI* —pu— A A —-BS*
= (—p—-2X) BI* —-A+pu+a)=X BS* =0
0 a - tut+y) X

S (=Bl —p =2 A+ p+a+ ) +p+y+2) — afS3=PIr{A(—p —pu—y—-A)+afS"}=0

Either —u— A1 =0=1 =—u

or,[(-pI" —p =M {A+u+a+ ) +u+y+4)— apS}-pIr'{A(-py —p—y—2A)+apS}=0

(=PI —pu =)V A + g+ + A + A+ 2 Fap+ ' u+ Ay +uy +ay +y + A0 +pd +ad + 2% -

aBS*) —BI"'(—pu A —pud —yA— A4 + aBfS*) =0

= B (A + pap+ pra + A — A+ 2 +ap+XVu+py +ay +yAX +pd +al + 12 + (—p = V) d + pap + pya +
A F A+ 2 rap+ A u+ Ay +uy +ay +y + A0 +pd +aX + 2% — apS*) =0

= —BI"(uapt + o + 2 + ap + py + ay) — AR (g + 2u +y + @) =BIA? —(u+ M)A + pap + pya + Au+ p? +
au+ Ay +uy +ay — aﬁS*)+/1’(,u1+2,u+y+/1+a)+/1’2]:0

=S —BI'(p + a + P2+ ap+py +ay) — APy + 20+ v + @) —BI'A? —u(puy A + pyp + pa + Au + p? + ap + Ay +
uy +ay — afS*) —ur' (u, +2u+y+1+a) — P2 =X (A + iy + o+ Ap+ > +au+ Ay +py + ay — aBS*) —
P2 +2u+y+A+a)—2°=0

AP+ 2% +2u+y+ A+ a+pu+BI) + X QB U+ BI'y + BI'a + BI g + 2p% + papt + py + pd + pa + Au + p2 +
ap+ Ay +uy +ay — afS* + A+ pp + ) + [BI(ap + wa + @ + ap + py + ay) + (A + p + ppa + Ap+
w+ap+ Ay +uy +ay — affS*)]=0

LetA=(u +2u+y+A+a+u+Br)=@ +3u+y+i+a+pIl)

B = QBI'u+pBl'y+pBl'a+pBliu, +2u> +uu+py +pd +pa+du +p? +au+ Ay +puy + ay — affS* + u A + pu +
29

=QBI'u+ BI'y + BI'a + BI*uy + 3u + pyp + 2uy + 2pA + 2ua + Ay + ay — affS* + u A + pyu + py )
C=pI'(mpu+ma+p?>+au+py +ay) +u(Au+p?>+au+y +puy + ay — afS* + A + up + pia)

Then, det. [J (E**) —A'1,] becomes 2> + AX'* + BA' + C = 0.

If A and C are positive and AB — C > 0 holds then det. [J (E**) —A'I,] = 0 has all real part are negative and thus E** is stable (by
Routh — Hurwitz Stability Criterion). Hence, E™ is stable if Ry > 1.

VII. Conclusion —

SEIR mathematical model where treatment at the exposed population has been formulated and analyzed over the entire
population. The model was developed based on the assumption of variable population size. The model shows that the treatment
at exposed population is very important in controlling and eliminating the disease from the system. Thus, if more and more
people from the population at latent period go for treatment at the exposed compartment, disease will be reduced with time. The
DFE point is stable when R, < 1, and the EE point is stable when R, > 1. Thus, for DFE point when stable, disease disappears

from the system and for EE point when stable, disease will present in the system.
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