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1 Introduction 

Let (Mn, g) be a Riemannian manifold of dimension n. A linear connection ∇ in (Mn, g), whose torsion 

tensor T of type (1, 2) is defined as 

 

T (X, Y ) = ∇XY − ∇Y X − [X, Y ], (1.1) 

for arbitrary vector fields X and Y , is said to be torsion free or symmetric if T vanishes, otherwise it is 

non-symmetric. If the connection ∇ satisfy ∇g = 0 in (Mn, g), then it is called metric connection, 

otherwise it is non-metric. 

In 1972, K. Kenmotsu [18] introduced  a class of contact  Riemann manifold  known as Kenmotsu 

Manifold.   He studied that if a Kenmotsu manifold satisfy the condition R(X, Y )Z = 0, then the 

manifold is of negative curvature -1, where R is the Riemannian curvature tensor of type (1, 3) and R(X, 

Y )Z is derivative of tensor algebra at each point of the tangent space. Several properties of Kenmotsu 

Manifold have been studied by De and Pathak [7], De [8], Sinha and Srivastav, De and Pathak [7]and 

many others. Ozgur studied generalised recurrent Kenmotsu manifold and proved that if M be a 

generalised recurrent Kenmotsu manifold and generalised Ricci Recurrent Kenmotsu manifold then β 

= α holds on M . Sular studies the generalised recurrent and generalised Ricci recurrent Kenmotsu manifol 

with respect to semi symmetric metric connection and proved that β = 2α where α and β are smooth 

functions and M is generalised recurrent and generalised Ricci recurrent Kenmotsu manifold admitting a 

semi-symmetric connection. In the present chapter, we studied the properties of semi-symmetric 

non-metric connection in Kenmotsu manifold. 

2 Preliminaries 

An n-dimensional Riemannian manifold (Mn, g) of class C∞ with a 1-form η, the associated vector 

field ξ and a (1, 1) tensor field φ satisfying 

 
φ2X + X = η(X)ξ, (2.1) 

φξ = 0, η(φX) = 0, η(ξ) = 1, (2.2) 

http://www.jetir.org/
mailto:acpbnd73@gmail.com


© 2018 JETIR September 2018, Volume 5, Issue 9                                                      www.jetir.org (ISSN-2349-5162) 

JETIR1809962 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 1146 
 

for arbitrary vector field X, is called an almost contact manifold. This system (φ, ξ, η) is called an 

almost contact structure to Mn [?].  If the associated Riemannian metric g in Mn satisfy 

 

g(φX, φY ) = g(X, Y ) − η(X)η(Y ), (2.3) 

for arbitrary vector fields X, Y in Mn, then (Mn, g) is said to be an almost contact metric manifold. 

Putting ξ for X in (2.3) and using (2.2), we obtain 

 
g(ξ, Y ) = η(Y ). (2.4) 

 

Also,  

ϕ(X, Y )
d
=
ef

g(φX, Y ) (2.5) 
 

gives 

ϕ(X, Y ) + ϕ(Y, X) = 0. (2.6) 
 

where ϕ = dη is 2-form. 

If moreover  
(DXφ)(Y ) = g(φX, Y )ξ − η(Y )φX, (2.7) 

DXξ = X − η(X)ξ, (2.8) 

hold in (Mn, g), where D being the Levi-Civita connection of the Riemannian metric g, 

then (Mn, g) is called a Kenmotsu manifold [18]. Also the following relations hold in a 

Kenmotsu manifold 

K(X, Y )ξ = η(X)Y − η(Y )X, (2.9) 

K(ξ, X)Y  = η(Y )X − g(X, Y )ξ, (2.10) 

 
S(X, ξ) = −(n − 1)η(X), (2.11) 

 
(DXη)(Y ) = g(X, Y ) − η(X)η(Y ) (2.12) 

for arbitrary vector fields X and Y , where K and S denote the Riemannian curvature 

and Ricci tensors of the connection D respectively. 
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Theorem 2.1. Let Mn be an n-dimensional Kenmotsu manifold equipped with a semi- symmetric non-

metric connection ∇, then the scalar curvature with respect to semi- symmetric non-metric 

connection is equal to scalar curvature with respect to Levi-Civita connection. 

Definition 2.2. A non-flat n-dimensional differentiable manifold Mn, (n > 3), is called pseudo 

symmetric if there is a 1-form A on Mn such that 

 

(DXK)(Y, Z)W =    2A(X)K(Y, Z)W + A(Y )K(X, Z)W + A(Z)K(Y, X)W 

+A(W )K(Y, Z)X + g(K(Y, Z)W, X)ρ1, (2.13) 

 
where D is the Levi-Civita connection and X, Y , Z and W are arbitrary vector fields on 

Mn. The vector field ρ1 associated with the 1-form A is defined by A(X) = g(X, ρ1). 

Definition 2.3. A non-flat n-dimensional differentiable manifold Mn, (n > 3), is called weakly 

symmetric if there are 1-forms A, B, C and D on Mn such that 

 

(DXK)(Y, Z)W =   A(X)K(Y, Z)W + B(Y )K(X, Z)W + C(Z)K(Y, X)W 

+D(W )K(Y, Z)X + g(K(Y, Z)W, X)σ, (2.14) 

 
where X, Y , Z  and W  are arbitrary vector fields on Mn.  The vector field σ associated with the 1-form 

p is defined as p(X) = g(X, σ).  A weakly symmetric manifold  Mn is said to be pseudo symmetric if B 

= C = D = A, σ = ρ1 and A is replaced by 2A, locally symmetric if A = B = C = D = 0 and σ = 0. A 

weakly symmetric manifold is said to be proper if at least one of the 1-forms A, B, C and D is not 

zero or σ/=0. 

Definition 2.4. A non flat n-dimensional differentiable manifold Mn, (n > 3), is called weakly Ricci-

symmetric if there are 1-forms α, β and γ on Mn such that 

(DXS)(Y, Z) = α(X)S(Y, Z) + β(Y )S(X, Z) + γ(Z)S(X, Y ), (2.15) 

 
where X, Y and Z are arbitrary vector fields on Mn. A weakly Ricci-symmetric manifold 

Mn is called pseudo Ricci-symmetric if α = β = γ. 

Similarly we define the following definitions: 

Definition 2.5. A non-flat n-dimensional differentiable manifold Mn, (n > 3), is called weakly 

symmetric with respect to the semi-symmetric non-metric connection ∇ if there are 1-forms A, B, C 

and D on Mn such that 

 

(∇XR)(Y, Z)W =   A(X)R(Y, Z)W + B(Y )R(X, Z)W + C(Z)R(Y, X)W 

+D(W )R(Y, Z)X + g(R(Y, Z)W, X)σ, (2.16) 

 
where X, Y , Z and W are arbitrary vector fields on Mn and the 1-forms A, B, C,  D  and the vector 

field σ are defined previously. 

Definition 2.6. A non-flat n-dimensional differentiable manifold Mn, (n > 3), is called weakly Ricci-

symmetric with respect to the semi-symmetric non-metric connection ∇ if there are 1-forms α, β 

and γ on Mn such that 

 

(∇XS)(Y, Z) = α(X)S(Y, Z) + β(Y )S(X, Z) + γ(Z)S(X, Y ), (2.17) 
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where X, Y and Z are arbitrary vector fields on Mn. 
 

Contracting (2.16) with Y , we get 

 

(∇XS)(Z, W ) =   A(X)S(Z, W ) + B(R(X, Z)W ) + C(Z)S(W, X) 

+D(W )S(X, Z) + p(R(X, W )Z), (2.18) 

 
where p is defined as p(X) = g(X, σ) for arbitrary vector field X. 

Özgür   [25]   considered   weakly   symmetric   and   weakly   Ricci-symmetric   Kenmotsu manifold 

and proved the following theorems: 

Theorem 2.7. There is no weakly symmetric Kenmotsu manifold M ,  (n > 3), unless 

A + C + D is everywhere zero. 
 

Theorem 2.8. There is no weakly Ricci-symmetric Kenmotsu manifold M ,  (n  >  3), unless α + β + γ 

is everywhere zero. 

Sular [30] considered weakly symmetric and weakly Ricci-symmetric Kenmotsu manifold with 

respect to the semi-symmetric metric connection and proved the following results: 

Theorem 2.9. There is no weakly symmetric Kenmotsu manifold M admitting a semi- symmetric 

metric connection, (n > 3), unless A + C + D is everywhere zero. 

Theorem 2.10. There is no weakly Ricci-symmetric Kenmotsu manifold M admitting a semi-

symmetric metric connection, (n > 3), unless α + β + γ is everywhere zero. 

Now we consider the weakly symmetric and weakly Ricci-symmetric Kenmotsu manifold admitting 

the semi-symmetric non-metric connection ∇ and prove the following theorem: 
 

Theorem 2.11. Let Mn, (n > 3) be an n-dimensional weakly symmetric Kenmotsu manifold 

admitting a semi-symmetric non-metric connection ∇ then there is no Mn, unless A + C + D is 

everywhere zero. 
 

Theorem 2.12. Let Mn, (n > 3), be an n-dimensional weakly Ricci-symmetric Kenmotsu manifold 

admitting a semi-symmetric non-metric connection then there is no Mn, unless α + β + γ is 

everywhere zero where α, β and γ are parameters of the manifold. 

Proof. Putting Z = ξ in (2.17) and then using (2.11), (??) and (??), we find 

 

(∇XS)(Y, ξ) =    −(n − 1)α(X)η(Y ) − (n − 1)β(Y )η(X) 

+γ(ξ)S(X, Y ) + (n − 1)γ(ξ)g(φX, Y ). (2.19) 

In consequence of (2.19), we have 

 

−(n − 1)g(X, Y ) + 2(n − 1)g(φX, Y ) − S(X, Y ) 

= −(n − 1)α(X)η(Y ) − (n − 1)β(Y )η(X) 

+γ(ξ)S(X, Y ) + (n − 1)γ(ξ)g(φX, Y ). (2.20) 

Taking X = Y = ξ in (2.20) and using (2.2), (2.4) and (2.11), we find 

 
α(ξ) + β(ξ) + γ(ξ) = 0. (2.21) 
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Replacing X by ξ in (2.20) and using (2.2), (2.4), (2.11) and (2.21), we get 

 
β(Y ) = β(ξ)η(Y ). (2.22) 

 
Again replacing Y by ξ in (2.20) and using (2.2), (2.4), (2.11) and (2.21), we obtain 

 
α(X) = α(ξ)η(X). (2.23) 

 

From (2.2), (2.8), (2.11), (2.12) 

(∇ξS̃)(ξ, X) = 0. (2.24) 
 
 
 

In view of (2.17), above equation becomes 
 

α(ξ)S̃(ξ, X) + β(ξ)S̃(ξ, X) + γ(X)S̃(ξ, ξ) = 0. (2.25) 

 
With the help of (2.2), (2.4), (2.11) and gives 

 
γ(X) = γ(ξ)η(X). (2.26) 

 
Adding (2.22), (2.23) and (2.26) and using (2.21), the theorem follows. 
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[3] Ahmad  M.  and  Özgür  C., Hypersurfaces  of  an  almost  contact  r-paracontact  Rie- mannian 

manifold endowed with a semi-symmetric non-metric connection, Results in Math., 55(2009), 1-

10. 

[4] Chaubey S.K. and Ojha R.H., On the m-projective curvature tensor of a Kenmotsu manifold, 

Diff. Geometry-Dynamical system, Vol. 12(2010), 52-60. 

[5] De U.C.  and  Guha  N. On generalized recurrent manifolds, Proc. Math. Soc., 

7(1991), 7-11. 
 

[6] De U.C. and Sengupta J., Quarter-symmetric metric connection on Sasakian manifold, 

Common Fac. Sci. Univ. Ank. Series Al Vol. 49(2000), 7–13. 

[7] De U.C. and Sengupta  J., On three dimensional Kenmotsu manifolds, Indian Jour. Pure Appl. 

Math., 35(2004) 159-165. 

[8] De U.C., On φ-symmetric Kenmotsu manifolds, Int. Elect. Jour. of Geometry, 

1(2008), 33-38. 

 
 

http://www.jetir.org/


© 2018 JETIR September 2018, Volume 5, Issue 9                                                      www.jetir.org (ISSN-2349-5162) 

JETIR1809962 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 1150 
 

[9]  De U. C. and Sheikh A. A., Differential Geometry of manifolds, Narosa Publishing 

House, 2009. 

[10] De U.C. and Sarkar A., On the quasi-conformal curvature tensor of a (k,µ)contact metric 

manifold, Math Reports 14(64)(2012), 115–129. 

[11] Duggal K.L. and Bejancu A., Lightlike submanifolds of Semi-Riemannianian Manifold and 

Applications, Kluwar Academic. Publisher, 1996. 

[12] Guines R., Sahin B. and Kilic E., On Lightlike hypersurfaces of a semi- Riemannian Space 

form, Turk. J. Math. 27(2003), 283-297. 

[13] Imai T., Hypersurfaces of a Riemannian manifold with semi-symmetric metric connection, 

Tensor N.S., 23(1972), 300-306. 

[14] Jeffery Lee M., Manifold and Differentiable Geometry, Graduate studies in Mathematics, 

American Mathematical Soc., Vol 107, 2009. 

[15] Jin D.H., Einstien Half-lightlike submanifolds of a Lorentzian space from with a semi-

symmetric non-metric connection, Journal of inequalities and application, 1(2013), 403. 

[16] Jin D.H., Non-tangential Half-lightlike submanifolds of semi-Riemannian manifolds with semi-

symmetric non-metric connections, Journal of Korean Math. Soc. 51(2014) no.2, 311-323. 

[17] Jin D.H., Lightlike hypersurfaces of a trans-Sasakian manifold with a quarter- symmetric 

connection, Applied mathematical Sciences, Hikari Ltd, Vol. 9(2015), no. 28, 1393-1406. 

[18] Kenmotsu K.,A class of almost contact Riemannian manifolds, Tohoku Math. J., 

24(1972), 93-103. 
 

[19] Klic E. and Bahadir O., Lightlike hypersurface of a product manifold and quarter- symmetric 

non-metric connections, Int. Jouranal of Maths. and Mathematical Sci. Hindawi. Volume (2012), 

Art I.D. 178390, 17 pages. 

[20] Matsumoto K., On Lorentzian para-compact manifold, Bull. of Yamagata Univ., Nat. Sci. 

12(1989), 151-156. 

[21] Mihai and Rosca R., On Lorentzian P-Sasakian manifolds, Classical Analysis, World Scientific 

Publication 1992, 155-169. 

[22] Mishra R.S. and Pandey S.N., On quarter-symmetric F-connection, Tensor N.S. 34(1980), 1–

7. 

[23] Mishra R.S., Structures on differentiable manifold and their applications, Chan- drama 

Prakashan, Allahabad, India, 1984. 

[24] Mondal A.K. and De U.C., Some properties of a quarter-symmetric connection on Sasakian 

manifold, Bull. Math. Anal. Appl. issue 3(2009), 99–108. 
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