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 In this paper we discuss Zemanian’s approach to expand certain generalized functions into series of 

orthonormal functions which are the eigen values of a certain type self-adjoint differential operator for which 

we deal with Laguerre polynomials which are known to form a sequence of orthogonal polynomials  and hence 

system of orthonormal functions n in the interval (0,) with respect to the weight function x.e-x and construct 

a testing function space A(Ln
()) as a subspace of L2(I) space and then expand the members of dual space A(Ln

()) 

of this space into orthonormal series of n. 

 

1. Introduction: 

The various methods for expansion of certain Schwartz distributions (generalized functions) with respect to 

different orthonormal systems and that for generalization of the integral transforms to the certain class of 

generalized functions by using these expansions have been developed by several authors. As a by-product of 

these expansions certain inversion formulae for the integral transforms of generalized functions are obtained 

therefore each of the methods of such expansions arises a whole new class of generalized integral 

transformations. 

 

In 1950, Schwartz [11] has given the expansion of elements of Sn i.e. of tempered distributions with respect to 

orthonormal system of the Hermite polynomials. 

 

Korevaar [6] in 1959, Widlund [14] in 1961, Giertz [4] in 1964 and Walter [13] in 1965 investigated the technique 

of orthogonal series expansions to generalized functions. 

 

In 1966, Zemanian [16] has given new approach of expanding of certain Schwartz distributions into series of 

orthonormal functions which are eigen function of the self adjoint differential operator and he developed a 

straight forward technique to generalized in a distributions way a variety of integers transforms. Specially his 

work based on L2-convergence theory of orthonormal series and in particular, he also identified few spaces of 

distributions corresponding to certain orthonormal system. e.g. space Sn΄ of tempered distributions in the case 

of Hermite system. 
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Further Zemanian`s method has been extended to all regular C∞, self-adjoint ordinary differential operators by 

Judge [5] and in the same year, Guillemot-Teissiers [12] developed a technique of expanding of tempered 

distributions in orthonormal series of Laguerre polynomials. 

 

In 1978, Panday and Pathak [7] discussed the same kind work as in Zemanian [18] by extending the L1 

convergence theory of orthogonal series in the distributional sense. Further in 1983, following Zemanian, 

Pathak [9] extended his work by applying 𝐿𝑝-convergence theory. In between certain summability methods also 

were employed by Ditzion [2], Pathak[8].  

Recently in 1990 Duran [3] discussed expansion of distributions in the orthonormal series of the generalized 

Laguerre polynomials Ln
()(x). Specially he extended the result of Guillenot-Tessiers and obtained some new and 

interesting properties applying these results. In this special case Duran`s space of distribution coincides with 

space Sn΄ of tempered distribution. 

In our work we consider the orthonormal system {n} ,dfined in (2.2), and then following Zemanian we study 

the expansions of members of A(Ln
()) with respect to this orthonormal system. 

2. Preliminaries: 

In this section we describe the space 𝐿2(𝐼) Laguerre polynomial, transform and their important properties 

which are useful in our subsequent work. 

2.1 The space 𝑳𝟐(𝑰) 

Let I denote the open interval , 𝒂 < 𝒙 < 𝒃, 𝒐𝒏 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒍𝒊𝒏𝒆. 𝒘𝒉𝒆𝒓𝒆 , 𝒂 = −∞ 𝒂𝒏𝒅 𝒃 may be ∞. 𝑳𝟐(𝑰) is the 

space of (equivalence classes of) quadratically integrable functions on I with the customary inner product,  

(𝑓, 𝑔) = ∫ 𝑓(𝑥)𝑔(𝑥)̅̅ ̅̅ ̅̅𝑏

𝑎
𝑑𝑥                            𝑓, 𝑔 ∈ 𝐿2(𝐼)                                        (2.1.1) 

And norm ||𝑓|| = [(𝑓, 𝑓)]
1

2.            (2.1.2) 

It is a sequentially complete space. 

If k is a nonnegative integer and 𝜃𝑘  denotes a complex-valued smooth function on I such that 𝜃𝑘(𝑥) ≠ 0 on η 

shell denote a linear differentiation operator of the form,  

η = 𝜃0𝐷𝑛1𝜃1𝐷𝑛2 … 𝜃𝑣𝐷𝑛𝑣 ,            (2.1.3) 

Where the 𝑛𝑘 are nonnegative integer and 𝐷𝑘 =
𝑑𝑘

𝑑𝑥𝑘. We also require that the 𝜃𝑘  𝑎𝑛𝑑 𝑛𝑘 be such that  

η = 𝜃𝑣
̅̅ ̅(−𝐷)𝑛𝑣 … (−𝐷)𝑛2𝜃1

̅̅ ̅(−𝐷)𝑛1𝜃0
̅̅ ̅          (2.1.4) 

 Moreover, we shall assume that 𝛈 possesses eigen values 𝝀𝒏 and normalized eigenfunctions 𝝍𝒏(𝒏 =

𝟎, 𝟏, 𝟐, … ) with the following properties. The 𝝍𝒏 form a complete orthonormal system in 𝑳𝟐(𝑰) . the 𝝀𝒏 are real 

and have no finite point of accumulation. (By this we also mean that no particular value of 𝝀𝒏 is assumed for 
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more that a finite number of n.) we shall always number the 𝝀𝒏 such that |𝝀𝟎| ≤ |𝝀𝟏| ≤ |𝝀𝟐| ≤ ⋯ . this form of 

𝛈 will allow us to define a testing function subspace of 𝑳𝟐(𝑰) on which 𝛈 is self-adjoint. 

2.2 Laguerre Polynomials 

We will like to call the polynomial denoted by Ln
(α)(x) as the Laguerre polynomial and its special case for α=0 

denoted as Ln(x) as  the simple Laguerre polynomial. Some authors call Ln
(α)(x)  as the generalized Laguerre 

polynomial and Ln(x)  the Laguerre polynomial. We will use the term generalized Laguerre transform for the 

Laguerre transform of generalized function.   

The one way of defining the Laguerre polynomial Ln
(α)(x) of order α and degree n in x is by means of the 

generating relation  

  𝑒𝑡 𝐹0 1(− ;  1 + 𝛼 ; −𝑥𝑡) = ∑
𝐿𝑛

(𝛼)(𝑥)𝑡𝑛

(1+𝛼)𝑛

∞
𝑛=0               (2.2.1) 

where 0F1 is the generalized hypergeometric function with no numerator but one denominator parameter, n is 

a non negative integer and Re(α) >-1.  

From (4.3.1) by expanding the function on the left we have 

∑
𝐿𝑛

(𝛼)(𝑥)𝑡𝑛

(1 + 𝛼)𝑛

∞

𝑛=0

= ∑
𝑡𝑛

𝑛!

∞

𝑛=0

   ∑
(−1)𝑚𝑥𝑚𝑡𝑚

𝑚! (1 + 𝛼)𝑚

∞

𝑚=0

 

     = ∑

∞

𝑛=0

  ∑
(−1)𝑚𝑥𝑚𝑡𝑛+𝑚

𝑚!  𝑛! (1 + 𝛼)𝑚

𝑛

𝑚=0

 

     = ∑

∞

𝑛=0

  ∑
(−1)𝑚𝑥𝑚𝑡𝑛

𝑚! (𝑛 − 𝑚)! (1 + 𝛼)𝑚

∞

𝑚=0

 

Now by comparing the coefficients of tn on both sides we get  

𝐿𝑛
(𝛼)(𝑥) =   ∑

(−1)𝑚𝑥𝑚(1+𝛼)𝑛

𝑚! (𝑛−𝑚)!(1+𝛼)𝑚

𝑛
𝑚=0                (2.2.2) 

which shows that Ln
()(x) form a simple set of polynomials i.e. a set of polynomials which has one polynomial of 

each degree. 

Equation (4.2.2) can also be written as  

  𝐿𝑛
(𝛼)(𝑥) =

(1+𝛼)𝑛

𝑛!
 ∑

(−𝑛)𝑚𝑥𝑚

(1+𝛼)𝑚𝑚!
∞
𝑚=0       Becau se  

(−1)𝑚

(𝑛−𝑚)!
=

(−𝑛)𝑚

𝑛!
 

This gives   

  𝐿𝑛
(𝛼)(𝑥) =

(1+𝛼)𝑛

𝑛!
, 𝐹, (−𝑚; 1 + 𝛼; 𝑥)        (2.2.3) 

It follows that Laguerre polynomial Ln
()(x) is a terminating confluent hypergeometric series.  

 

It is also relevant to write below the further important and useful properties of Ln
()(x). 

(i) From (2.2.2), we can obtained a very interesting formula   

  𝐿𝑛
(𝛼)(𝑥) =

𝑥−𝛼𝑒𝑥

𝑛!
𝐷𝑛[𝑒−𝑥𝑥𝑛+𝛼]                 (2.2.4) 

This is known as Rodrigues formula for 𝐿𝑛
(𝛼)(𝑥) 

(ii) For α >-1, we have 
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∫ 𝑥𝛼𝑒−𝑥∞

0
𝐿𝑛

(𝛼)(𝑥)𝑥𝑘𝑑𝑥 = 0 𝑘 = 0,1,2, . . . , (𝑛 − 1)                (2.2.5) 

(iii) Product of two Laguerre Polynomials: For this Bailey’s Formula [1] is  

𝐿𝑛
(𝛼)(𝑥)𝐿𝑛

(𝛼)(𝑦) =
𝛤(𝑛+𝛼+1)

𝑛!
∑

(𝑥𝑦)𝑘

𝑘!𝛤(𝑘+𝛼+1)

𝑛
𝑘=0 𝐿𝑛−𝑘

(𝛼+2𝑘)(𝑥 + 𝑦)            (2.2.6) 

(iv) We describe below some useful results known as bounds for the Laguerre Polynomials𝐿𝑛
(𝛼)(𝑥). 

These bounds are discussed by Duran [3] and he used these results for Laguerre expansions of tempered 

distributions and generalized functions  

(a) If α<0, x>0 and n∈N then  

             |𝐿𝑛
(𝛼)(𝑥)| ≤ 𝑒𝑥/2 2−𝛼

2𝜋

𝛤(1/2)𝛤(−𝛼/2)

𝛤(1−𝛼)/2
                (2.2.7) 

Moreover if -2 < α <-1 then  

             |𝐿𝑛
(𝛼)(𝑥)| ≤ 2𝑒𝑡/2                  (2.2.8) 

(b)  For α  > -2, x > 0 and n∈N we have  

            |𝐿𝑛
(𝛼)(𝑥)| ≤ 2 (

𝑛+[𝛼]+2

𝑛
) 𝑒𝑥/2                (2.2.9) 

     In particular, for α =0 

   |𝐿𝑛(𝑥)| ≤ 𝑒−𝑥/2 

2.3 System of Complete Orthonormal Functions n  

We know that the sequence of polynomials Ln
()(x),n=0,1,2 and Re(α) >-1 forms an orthogonal set 

over the interval (0,∞) with respect to weight function xα e-x, i.e. 

             ∫ 𝑥𝛼𝑒−𝑥∞

0
𝐿𝑛

(𝛼)(𝑥)𝐿𝑚
(𝛼)(𝑥)𝑑𝑥 = 0 𝑖𝑓 𝑚 ≠ 𝑛                  (2.3.1) 

We also have  

     ∫ 𝑥𝛼𝑒−𝑥(𝐿𝑛
(𝛼)(𝑥))2𝑑𝑥 =

𝛤(1+𝛼+𝑛)

𝑛!

∞

0
                        (2.3.2) 

Moreover, from above we can show that the functions  

𝜓𝑛(𝑥) = (
𝛤(𝑛+1)

𝛤(𝛼+𝑛+1)
)

1/2

𝑥𝛼/2𝑒−𝑥/2𝐿𝑛
(𝛼)(𝑥)                (2.3.3) 

n=0, 1, 2,…, Re(α )> -1, form a system of complete orthonormal functions in the Hilbert space L2(I) where I= (0, 

∞) and these functions 𝜓𝑛(𝑥) are eigen functions of the operator. 

𝜂 = 𝑥−𝛼/2𝑒𝑥/2𝐷𝑥𝛼+1𝑒−𝑥𝐷𝑥−𝛼/2𝑒𝑥/2              (2.3.4) 

corresponding eigen values 𝜆𝑛 = −𝑛 

In particular, when α=0 the polynomials Ln
()(x) reduce to Ln(x)  called simple Laguerre polynomial  

  𝐿𝑛(𝑥) = ∑
(−1)𝑚𝑛!𝑥𝑚

(𝑚!)2(𝑛−𝑚)!

𝑛
𝑚=0                (2.3.5) 

Although the most of results for Ln(x), which are used frequently, may be obtained by putting α=0 in the results 

already known for Ln
()(x) yet some of them, which are very important and useful in our subsequent work, be 

discussed as below:  

Ln(x) Satisfies the second order differential equation 

xD2𝐿𝑛(𝑥) + (1-x)D𝐿𝑛(𝑥) +n𝐿𝑛(𝑥) =0 
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wh ich can a l so  b e wr i t t en  as   

D [x  e - x  D𝐿𝑛(𝑥)]  +  ne - x  𝐿𝑛(𝑥) =0               (2.3.6) 

The polynomials Ln(x), n=0,1,2,…form an orthogonal set with respect to the wt. function e-x over the interval 

(0,∞) i.e. 

∫ 𝑒−𝑥𝐿𝑛(𝑥)
∞

0
𝐿𝑚(𝑥) = 0,  𝑚 ≠ 𝑛               (2.3.7) 

We also have  

∫ 𝑒−𝑥𝐿𝑛
2(𝑥)

∞

0
𝑑𝑥 = 1,                (2.3.8) 

From above it can be shown that the functions 𝜓𝑛(𝑥) = 𝑒−𝑥/2 𝐿𝑛(𝑥) form a complete orthonormal set in the 

Hilbert space 𝐿2(𝐼), where 𝐼 = (0, ∞).  

Therefore in view of above last three equations we arrive at the conclusion that in the interval 𝐼 = (0, ∞) the 

functions 

𝜓𝑛(𝑥) = 𝑒−𝑥/2 L n (x )    n=0,1 ,2 ,…               (2.3.9) 

are eigen functions of the differential operator 

          𝜂 = 𝑒𝑥/2𝐷𝑥 𝑒−𝑥𝐷 𝑒𝑥/2                           (2.3.10) 

corresponding eigen values λn=-n 

Next, if α is a non-negative integer, say k, then polynomials Ln
(k)(x) are called associated Laguerre polynomials 

which is explicit written as  

        𝐿𝑛
(𝑘)(𝑥) = ∑

(−1)𝑚(𝑛+𝑘)!

(𝑘−𝑚)!(𝑘+𝑚)!𝑚!

𝑛
𝑚=0                      (2.3.11) 

We also write here a useful relation between associated Laguerre polynomials and simple Laguerre polynomials: 

  𝐿𝑛
(𝑘)(𝑥) =

𝑑𝑘

𝑑𝑥𝑘
{𝐿𝑛+𝑘(𝑥)}                      (2.3.12) 

Also From expansion theorem for orthogonal polynomials, for any ƒ(x) defined on (0,∞), we have 

         𝑓(𝑥) = ∑ 𝑎𝑛
∞
𝑛=0 𝐿𝑛

(𝛼)(𝑥)                             (2.3.13) 

at the point of continuity of ƒ(x) and  

1

2
[𝑓(𝑥 + 0) + 𝑓(𝑥 − 0)] = ∑ 𝑎𝑛

∞

𝑛=0

𝐿𝑛
(𝛼)(𝑥) 

at the points of discontinuity of ƒ(x), 

where         

𝑎𝑛 =
𝑛!

𝛤(𝑛+𝛼+1)
∫ 𝑥𝛼𝑒−𝑥𝑓(𝑥)𝐿𝑛

(𝛼)(𝑥)
∞

0
𝑑𝑥                           (2.3.14) 

for Re(α) > -1. 

In the above view, for non negative integer n, we have       

  𝑥𝑛 = ∑
(−1)𝑘𝑛!(1+𝛼)𝑛𝐿𝑘

(𝛼)(𝑥)

(𝑛−𝑘)!(1+𝛼)𝑘

𝑛
𝑘=0                             (2.3.15) 

We now give expansions of Hermite polynomial Hn(x) and Legendre polynomial Pn(x) in the series of Ln
()(x)  

http://www.jetir.org/


© 2018 JETIR August 2018, Volume 5, Issue 8                                                                           www.jetir.org (ISSN-2349-5162) 

JETIR1809A61 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 1070 
 

𝐻𝑛(𝑥) = 2𝑛(1 + 𝛼)𝑛 ∑ 𝐹2 2 [
−

1

2
(𝑛 − 𝑚), −

1

2
(−𝑛 − 𝑚 − 1);

−
1

2
(𝛼 + 𝑛), −

1

2
(−𝛼 + 𝑛 − 1);

−1

4
] ×

(−𝑛)𝑚𝐿𝑚
(𝛼)

(𝑥)

(1+𝛼)𝑚

𝑛
𝑚=0                      (2.3.16) 

And  

𝑃𝑛(𝑥) =
2𝑛(

1

2
)

𝑛
(1+𝛼)𝑛

𝑛!
∑ 𝐹2 3 [

−
1

2
(𝑛 − 𝑚), −

1

2
(−𝑛 − 𝑚 − 1);

1

2
− 𝑛′

1

2
(𝛼 + 𝑛), −

1

2
(−𝛼 + 𝑛 − 1);

−1

4
] ×

(−𝑛)𝑚𝐿𝑚
(𝛼)

(𝑥)

(1+𝛼)𝑚

𝑛
𝑚=0              (2.3.17) 

 3. Testing function Space A(Ln
()) and expansion of test functions 

we now construct a subset of L2(I) which serves as a testing function space for the generalized functions . Let us 

denote this subset of L2(I) by A(Ln
()).  

Let A(Ln
())consists of all functions 𝜑 (x) that possess the following three properties: 

(i) 𝜑 (x) is defined, real valued and smooth on I=(0, ∞) 

(ii) For each k=0, 1, 2, …… 

𝛾𝑘(𝜑)   =   𝛾0(𝜂𝑘𝜑)   =   [∫ |𝜂𝑘𝜑(𝑥)|2∞

0
]

1/2
<   ∞                (3.1.1) 

where operator 𝜂 is defined by (4.4.2), and  

(iii) for each n and k as above, we have  

(𝜂𝑘𝜑, 𝜓𝑛)  =  (𝜑, 𝜂𝑘𝜓𝑛)                    (3.1.2) 

where  𝜓𝑛(𝑥) = (
𝛤(𝑛+1)

𝛤(𝛼+𝑛+1)
)

1/2

𝑥𝛼/2𝑒−𝑥/2𝐿𝑛
(𝛼)(𝑥) 

It can easily be proved that A(Ln
()) is a vector space this vector space is made into a topological vector space by 

defining a topology generated by separating collection of semi norms 𝛾𝑘, 𝑘 = 0,1,2, … …defined by (3.1.1). This 

topology having a countable local base is metrizable through the metric defined by  

𝑑(𝜑, 𝜓)   =   ∑
2−𝑘𝛾𝑘(𝜑−𝜓)

1+𝛾𝑘(𝜑−𝜓)

∞
𝑘=0                        (3.1.3) 

where 𝜑, A(Ln
()). Following Rudin [10] and Zemanian  [15], it is clear that d is complete hence A(Ln

())  is a 

Frechet space and therefore A(Ln
())turns out to be a testing function space. 

Further from (2.3.4) we have 𝜓𝑛 be the eigen functions of the differential operator 𝜂 corresponding eigen 

values λn = -n, so that it is evident that  𝜂𝜓𝑛   =   −𝑛𝜓𝑛   and, in general,   

𝜂𝑘𝜓𝑛   =   (−𝑛)𝑘𝜓𝑛           (3.1.4) 

And then we have 

[𝛾𝑘(𝜓𝑛)]2   =   ∫ |𝜂𝑘𝜓𝑛|2∞

0
𝑑𝑥  =   𝑛2𝑘 ∫ (𝜓𝑛)2𝑑𝑥  =   𝑛2𝑘∞

0
     (3.1.5) 

also for 𝑛 ≠ 𝑚  we have  
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(𝜂𝑘𝜓𝑛, 𝜓𝑚)   =   (−𝑛)𝑘(𝜓𝑛, 𝜓𝑚)   =  0  =   (−𝑚)𝑘(𝜓𝑛, 𝜓𝑚)   =   (𝜓𝑛, 𝜂𝑘𝜓𝑚)    (3.1.6) 

Now from (3.1.5) and (3.1.6) it follows that every 𝜓𝑛 satisfies conditions (ii) and (iii) and also condition (i) by its 

definition and hence every 𝜓𝑛 is a member of A(Ln
()). Also from (3.1.6) it can be shown that the operator  is a 

continuous mapping of A(𝐿𝑛
()) into itself.  

Now from condition (ii) it follows that for every  A(𝐿𝑛
()), k is in 𝐿2(𝐼) and then by the Fourier Laguerre 

expansion of k, we have  

𝜂𝑘𝜑 = ∑(𝜂𝑘𝜑, 𝜓𝑛)𝜓𝑛 =

∞

𝑛=0

∑(𝜑, 𝜂𝑘𝜓𝑛)𝜓𝑛

∞

𝑛=0

 

  = ∑

∞

𝑛=0

𝜆𝑛
𝑘(𝜑, 𝜓𝑛)𝜓𝑛   𝑤ℎ𝑒𝑟𝑒 𝜆𝑛 = −𝑛 

  = ∑∞
𝑛=0 (𝜑, 𝜓𝑛)𝜆𝑛

𝑘𝜓𝑛 = ∑∞
𝑛=0 (𝜑, 𝜓𝑛)𝜂𝑘𝜓𝑛  

These series converge in 𝐿2(𝐼), consequently for each k  

𝛾𝑘[𝜑 − ∑ (𝜑, 𝜓𝑛)𝑁
𝑛=0 𝜓𝑛] = 𝛾0[𝜂𝑘𝜑 − ∑ (𝜑, 𝜓𝑛)𝜂𝑘𝑁

𝑛=0 𝜓𝑛] → 0               (3.1.7) 

as N→ ∞ 

Therefore this shows that every  A(Ln
())can be represented as  

𝜑 = ∑ (𝜑, 𝜓𝑛)𝜓𝑛
∞
𝑛=0                    (3.1.8) 

and the series on right hand side converges in A(Ln
()). Also (3.1.8) defines inverse Laguerre transform of  

A(Ln
()). 

4. Generalized function Space A(Ln
()) and expansion of generalized functions  

We denote the dual of A(Ln
()) by A(Ln

()) which is a space of generalized functions on which Laguerre transform 

will be defined. A(Ln
()) is also complete since A (Ln

()) is a complete countable multinorm space.  

We now discuss below some useful and important properties of the generalized function space A(Ln
()). 

We define a differential operator  on A(Ln
()) where  is obtained by reversing the order in which 

differentiation and multiplication by functions 𝑥𝛼/2𝑒−𝑥/2 and 𝑥𝛼+1𝑒−𝑥 occur in 𝜂 =

𝑥𝛼/2𝑒−𝑥𝐷𝑥𝛼+1𝑒−𝑥𝐷𝑥𝛼/2𝑒𝑥/2and replacing each D by –D. Then we see that =. Thus the differential operator 

on A(Ln
()) is defined by the relation 

(𝜂𝑓, 𝜑) = (𝑓, 𝜂𝜑),  𝑓 ∈ 𝐴′(𝐿𝑛
(𝛼)),  𝜑 ∈ 𝐴(𝐿𝑛

(𝛼))              (4.1.1) 

Since  is a continuous linear mapping of A (Ln
()) into A (Ln

()) therefore it is also a continuous linear mapping 

of A(Ln
()) into A(Ln

()). 
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It is obvious from definition of A(Ln
()) that D(𝐼) ⊂ 𝐴(𝐿𝑛

(𝛼)) where D(𝐼) is space of distributions and 

convergence in D(I) implies convergence in A(Ln
()). Consequently the restriction of any 𝑓 ∈ 𝐴′(𝐿𝑛

(𝛼)) to D(I) is 

a member of D΄(I).  

Since A(Ln
())⊂ 𝐿2(𝐼) and the dual of L2(I) is L2(I). Therefore L2(I) 𝐴′(𝐿𝑛

(𝛼))  

(iv) (I) is a subspace of A(Ln
()) where (I)  is the space of all distributions whose support are compact subsets 

of I. 

(v) For each f 𝐴′(𝐿𝑛
(𝛼)) there exist a non negative integer r and a positive constant C such that  

|(𝑓, 𝜑)| ≤ 𝐶 𝑚𝑎𝑥
0≤𝑘≤𝑟

 𝛾𝑘(𝜑)                     (4.1.2) 

for every 𝜑 ∈ 𝐴(𝐿𝑛
(𝛼)), here r and C depend on 𝑓 but not on 𝜑. 

Finally we have to show that if then f 𝐴′(𝐿𝑛
(𝛼)) then 

 𝑓 = ∑∞
𝑛=0 (𝑓, 𝜓𝑛)𝜓𝑛                   (4.1.3) 

where the series converges is A(Ln
()).   

For any  A(Ln
()) and f 𝐴′(𝐿𝑛

(𝛼)) we have  

(𝑓, 𝜙) = (𝑓, Σ(𝜙, 𝜓𝑛)𝜓𝑛)      𝑏𝑦  𝑢𝑠𝑖𝑛𝑔 (3.1.8) 

= Σ(𝑓, 𝜓𝑛)(𝜙, 𝜓𝑛)̅̅ ̅̅ ̅̅ ̅̅ ̅ 

= Σ(𝑓, 𝜓𝑛)(𝜓𝑛, 𝜙) 

= (Σ(𝑓, 𝜓𝑛)𝜓𝑛, 𝜙) 

i.e                                                    𝑓 = ∑  ∞
𝑛=0 (𝑓, 𝜓𝑛)𝜓𝑛 

Further by using this expansion we can proved the following important theorem:  

A necessary and sufficient condition for f to be in 𝐴′(𝐿𝑛
(𝛼)) is that there be some nonnegative integer q and a 

𝑔 ∈ 𝐿2(𝐼) such that  

𝑓 = 𝜂𝑞𝑔 + Σ𝜆𝑛=0 𝑐𝑛𝜓𝑛                                            (4.1.4) 

Where the 𝑐𝑛𝑑𝑒𝑛𝑜𝑡𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠. 

Proof: Let relation (4.1.4) satisfied for some nonnegative integer q. We can show that 𝜂𝑞𝑔 ∈ 𝐴′(𝐿𝑛
(𝛼)) and that 

A(Ln
())⊂ 𝐴′(𝐿𝑛

(𝛼)). Since 𝜓𝑛 ∈ A(Ln
), then in view of (4.1.3) it follows that 𝑓 ∈ 𝐴′(𝐿𝑛

(𝛼)). 
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Conversely Let 𝑓 = Σ𝐹(𝑛)𝜓𝑛 ∈ 𝐴′(𝐿𝑛
(𝛼)). Set 𝐺(𝑛) = 𝜆𝑛

−𝑞𝐹(𝑛) whenever 𝜆𝑛 ≠ 0, where 𝑞 ≥ 0 is such that 

Σ𝜆𝑛≠0|𝜆𝑛|−2𝑞|𝐹(𝑛)|2 converges; also, set 𝐺(𝑛) = 0 when 𝜆𝑛 = 0. Hence, ∑ |𝐺(𝑛)|2∞
𝑛=0  converges, and, by the 

Riesz-Fischer theorem , there exists a 𝑔 ∈ 𝐿2(𝐼) such that 𝐺(𝑛) = (𝑔, 𝜓𝑛). Moreover, since then we may write 

𝑓 = ∑ 𝐹(𝑛)

∞

𝑛=0

𝜓𝑛 = ∑ 𝜆𝑛𝑞

∞

𝜆𝑛≠0

𝐺(𝑛)𝜓𝑛 + ∑ 𝐹(𝑛)𝜓𝑛

 

𝜆𝑛=0

 

= ∑(𝑔, 𝜆𝑛 𝑞𝜓𝑛)

∞

𝑛=0

𝜓𝑛 + ∑ 𝐹(𝑛)𝜓𝑛

 

𝜆𝑛=0

 

= ∑(𝜂𝑞𝑔,  𝜓𝑛)

∞

𝑛=0

𝜓𝑛 + ∑ 𝐹(𝑛)𝜓𝑛

 

𝜆𝑛=0

 

= 𝜂𝑞𝑔 + + ∑ 𝐹(𝑛)𝜓𝑛

 

𝜆𝑛=0

 

In particular, for α = 0  we denote our testing function space and space of generalized functions by 𝐴(𝐿0) and 

𝐴′(𝐿0)  respectively.  

“It is most important to mention there that the space A(L0) identifies with the space of tempered distributions 

of positive support (see Guillemot-Teissiers [12])” 
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