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1 Introduction 

The concept of perfectly continuous function is introduced by Noiri [22]. Properties of perfectly continuous functions 

are elaborated in [14]. The class of perfectly continuous function properly contains the class of strongly continuous 

function of Levine [20] and is strictly contained in the class of cl-supercontinuous (≡clopen continuous) functions 

introduced by Reillyand Vamanamurthy [24]. Taking account of [15], we can mention some remarkable classes of 

function in descending order, each class properly contains the next class z-perfectly continuous function [17], pseudo 

perfectly continuous function [15], quasi-perfectly continuous functions [18], δ-perfectly continuous [13] strongly 

continuous functions of Levine [20]. 

In this paper we extend the notions and results of variants of continuity of functions to the realm of multifunctions 

(see for example [2], [3], [4], [6], [7], [8], [9], [10], [11], [19], [21], [22], [23], [24], [25], [27]). 

In the present paper we extend the notion of z-perfectly continuous functions [17] to the realm of multifunctions 

and introduce the notion of upper and lower zperfectly continuous multifunctions and elaborate upon their place in 

the hierarchy of variants of continuity of multifunctions that already exist in the literature. It turns out the class of 

upper (lower) z-perfectly continuous multifunction properly contains the class of upper (lower) quasi-perfectly 

continuous multifunctions [18] and so includes all upper (lower) perfectly continuous multifunctions [9]. 

Section 2 is devoted to the preliminaries and basic definitions. In section 3 we define the notion of upper and lower 

z-perfectly continuous multifunctions. In Section 4 we discuss characterization and study basic properties of upper 

z-perfectly continuous multifunctions. It turns out that upper z-perfectly continuity of multifunctions is preserved 

under the composition and expansion of range. In section 5, we study lower z-perfectly continuous multifunctions 
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and give their characteristics. It is shown that lower z-perfectly continuity of multifunction is preserved under the 

composition and expansion of range. 

2 Preliminaries and Basic Definitions 

Throughout the paper we essentially follow that notations and terminology of L. Gorniewicz [5]. Let X and Y be 

nonempty sets. Then ϕ : X ¨ Y is called a multifunction from X into Y if for each x ∈ X, ϕ(x) is a nonempty subset of Y 

. Let B be a subset of Y . Then the set ϕ+ 
−1(B) = {x ∈ X : ϕ(x)∩ B 6= φ} is called large inverse image [5] 1 of B and the 

set ϕ−
−1(B) = {x ∈ X : ϕ(x) ⊂ B} is called small inverse image of B. The set Γϕ = {(x, y) ∈ X × Y|y ∈ϕ(x)} is called the graph 

of the multifunction. Let A be subset of X. Then ϕ(A) = ∪{ϕ(x) : x ∈ A} is called image of A. A multifunction ϕ : X ¨ Y is 

upper semicontinuous (respectively lower semicontinuous) if ϕ− 
−1(U) (respectively ϕ+

−1(U)) is an open set in X for 

every open set U in Y . A subset U of a topological space X is called a cl-open set if it can be expressed as the union 

of clopen sets. The complement of a cl-open set will be referred to as a cl-closed. A subset A of a space X is called 

regular open if it is the interior of its closure i.e. A = A¯◦. A collection β of subsets of a space X is called an open 

complementary system [16] if β consists of open sets such that for each B ∈β, there exist B1, B2,... ∈β with B =S{X \Bi 

: i ∈ Z+}. A subset U of a space 

X is called strongly open Fσ-set [5] if there exists a countable open complementary system β(U) with U ∈β(U). A subset 

H of a space X is called a regular Gδ-set [21] if H is the intersection of a sequence of closed sets whose interiors 

contain H, i.e if 

H  Fi
◦ where each Fi is a closed subset of X. The complement of a regular Gδ set is called a regular 

Fσ-set. Let X be a topological space and let A⊂ X. A point x ∈ X is called a θ-adherent point [26] of A if every closed 

neighbourhood of x intersects A. Let clθA denote the set of all θ-adherent point of A. The set A is called θ-closed if A 

= clθA. The complement of a θ-closed set is referred to as a θ-open set. A point x ∈ X is said to be a cl-adherent point 

of A if every clopen set containing x intersects A. Let [A]cl denote the set of all cl-adherent points of A. Then a set A 

is cl-closed if and only if A = [A]cl. A subset of A of a space X is said to be cl-closed if it is the intersection of clopen 

sets. The complement of a cl-closed set is referred to as a cl-open set. Any union of cozeros sets is called z-open [12]. 

The complement of z-open set is referred to as z-closed set. 

Definition 2.1 ([12]). A multifunction ϕ : X ¨ Y from a topological space X into a topological space Y is said to be 

(1) strongly continuous if ϕ− 
−1(B) is clopen in X for every subset B ⊂ Y . 

(2) upper perfectly continuous if ϕ− 
−1(V) is clopen in X for every open set V ⊂ Y . 

                                                        
1 However, what we call “large inverse large ϕ−1(B)” some authors call it ‘lower inverse’ and  

+ 1  
denoteand employit bytheϕ−(notationB) and similarlyϕ+(B) fortheythecallsame. “small inverse image ϕ−− (B)” as ‘upper inverse image’  
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(3) lower perfectly continuous if ϕ−1(V) is clopen in X for every open set V ⊂ Y . 

+ 
(4) upper completely continuous if ϕ− 

−1(V) is regular open in X for every open set 

V ⊂ Y . 

(5) lower completely continuous if ϕ+ 
−1(V) is regular open in X for every open set 

V ⊂ Y . 

Definition 2.2. A multifunction ϕ : X ¨ Y from a topological space X into a topological space Y is said to be 

(1) upper z-supercontinuous [3] if for each x ∈ X and each open set V containing ϕ(x), there exists a cozero set U 

containing x such that ϕ(U)⊂ V. 

(2) lower z-supercontinuous [3] if for each x ∈ X and each open set V with ϕ(x)∩V =6 φ, there exists a cozero set U 

containing x such that ϕ(z)∩V 6= φ for each z ∈ U. 

(3) upper Dδ-supercontinuous [11] if for each x ∈ X and each open set V containing ϕ(x), there exists a regular Fσ-

set U containing x such that ϕ(U)⊂ V. 

(4) lower Dδ-supercontinuous [11] if for each x ∈ X and each open set V with ϕ(x)∩V =6 φ, there exists a regular Fσ-

set U containing x such that ϕ(z)∩V =6 φ for each z ∈ U. 

(5) upper strongly θ-continuous [19] if for each x ∈ X and each open set V containing ϕ(x), there exists a θ-open set 

U containing x such that ϕ(U)⊂ V. 

(6) lower strongly θ-continuous [19] if for each x ∈ X and each open set V with ϕ(x)∩V =6 φ, there exists a θ-open 

set U containing x such that ϕ(z)∩U 6= φ for each z ∈ U. 

Definition 2.3. A multifunction ϕ : X ¨ Y from a topological space X into a topological space Y is said to be 

(a) upper (lower) perfectly continuous (respectively almost perfectly continuous, respectively quasi perfectly 

continuous, respectively δ-perfectly continuous) 

[9] if ϕ−
−1(U)(ϕ+

−1(U)) is clopen in X for every open (respectively regular open, respectively θ-open, respectively 

δ-open) subset U of Y . 

(b) upper quasi z-supercontinuous ([11]) if for each x ∈ X and each θ-open set V containing ϕ(x), there exists a 

cozero set U containing x such that ϕ(U)⊂ V. 

Definition 2.4. A multifunction ϕ : X ¨ Y from a topological space X into a topological space Y is said to be 
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(a) upper supercontinuoue (δ-continuous) [1] if for each x ∈ X and each open (regular open) set V containing ϕ(x), 

there exists a regular open set U containing x such that ϕ(U)⊂ V. 

(b) lower supercontinuous (δ-continuous) [1], if for each x ∈ X and each open (regular open) set V with ϕ(x)∩ V =6 

φ, there exists a regular open set U containing x such that ϕ(z)∩ V =6 φ, for each z ∈ U. 

Definition 2.5. A multifunction ϕ : X ¨ Y from a topological space X into a topological space Y is said to be 

(i) upper supercontinuous (δ-continuous) [2] if for each x ∈ X and each open (regular open) set V containing ϕ(x), 

there exists a regular open set U containing x such that ϕ(U)⊂ V. 

(ii) lower supercontinuous (δ-continuous) [2] if for each x ∈ X and each open (regular open) set V with ϕ(x)∩ V =6 

φ, there exists a regular open set U containing x such that ϕ(z)∩ V =6 φ for each z ∈ U. 

(iii) upper cl-supercontinuous [8] at x ∈ X if for each open set V with ϕ(x)⊂ V, there exists a clopen set U containing 

x such that ϕ(U)⊂ V. 

(iv) lower cl-supercontinuous [8] at x ∈ X if for each open set V with ϕ(x)∩V 6 =φ, there exists a clopen set U 

containing x such that ϕ(z)∩ V 6= φ for each z ∈ U. 

3 Upper and lower z-perfectly continuous 

Definition 3.1. A multifunction φ : X ¨ Y from a topological space X into a topological space Y is 

(a) upper z-perfectly continuous at x ∈ X if for each cozero set V with ϕ(x)⊂ V, ∃ a clopen set U in X containing x such 

that ϕ(U)⊂ V. 

The multifunction is said to be upper z-perfectly continuous if it is upper zperfectly continuous at each x ∈ X. 

(b) lower z-perfectly continuous at x ∈ X if for each cozero set V with ϕ(x)∩V 6 =φ, there exists a clopen set U in X 

containing x such that ϕ(x)∩ V 6= φ for each x ∈ U. 

The multifunction is said to be lower z-perfectly continuous if it is lower zperfectly continuous at each x ∈ X. 

Examples 

Example 3.1. Let X = {a, b, c} with the topology as τX = {ϕ, X,{a},{b, c}}. Let Y = {x, y} with the topology τY = {φ, Y,{y}}. 

Define a multifunction φ : (X,τX ) ¨ (Y,τY ) by ϕ(a) = {y}, ϕ(b) = {x, y}, ϕ(c) = {x}. Then the 

multifunction is upper perfectly continuous and hence upper z-perfectly continuous but not lower perfectly 

continuous and lower z-perfectly continuous. 
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Example 3.2. Let X ={a, b, c} with the topology τx ={φ, X,{a},{c},{a, c},{a, b}} and let Y ={x, y} with the topology τY ={φ, 

Y,{y}}. 

Define a multifunction ϕ : (X,τX ) ¨ (Y,τY ) by ϕ(a) = {y}, ϕ(b) = {x, y}, ϕ(c) = {y}. Then clearly ϕ is lower perfectly 

continuous and lower z- perfectly perfectly continuous. But ϕ is not upper perfectly continuous and upper z- 

perfectly continuous as {y}⊂ Y is cozero set in Y but ϕ− 
−1({y})={a, c} is not clopen so ϕ 

is not upper z-perfectly continuous. 

4 Properties of upper z-perfectly continuous multifunctions 

Theorem 4.1. Let ϕ : X ̈  Y be a multifunction from a topological space X into a topological space Y. Then the following 

statements are equivalent 

(a) ϕ is upper z-perfectly continuous 

(b) ϕ− 
−1(B) is a cl-open set in X for every z-open set B in Y. 

(c) ϕ+ 
−1(B) is a cl-closed set in X for every z-closed set B in Y. 

Proof. (a) ⇒ (b): Let B be a z-open subset of Y . 

To show that ϕ− 
−1(B) is cl-open set in X. 

Let x ∈ϕ− 
−1(B). Then ϕ(x)⊂ B. Since B is a z-open subset of Y , so B = S Uα, each Uα is a cozero set. α∈Λ 

Therefore ϕ(x)∈ Uα for some α∈Λ. Since ϕ is upper z-perfectly continuous, therefore ∃ a clopen set Hα containing x 

such that ϕ(Hα)⊂ Uα. Now 

  
x . 

Since Hα is clopen, so Hα is cl-open. 

Hence, x ∈ Hα ⊂ϕ− 
−1(B) and so ϕ−

−1(B) is a cl-open set in X. 

(b) ⇒ (c): Let B be a z-closed subset of Y . Then Y \ B is a z-open subset of Y 

By (b) ϕ− 
−1(Y \ B) is cl-open set in X. 

Since ϕ− 
−1(Y \ B)= X \ϕ+

−1(B), so ϕ+
−1(B) is a cl-closed set in X.   
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Theorem 4.2. If a multifunction ϕ : X ¨ Y is upper z-perfectly continuous and ϕ(X) is endowed with the subspace 

topology then the multifunction ϕ : X ¨ϕ(X) is upper z-perfectly continuous. 

Proof. Since ϕ is upper z-perfectly continuous, so for every cozero set V of Y , ϕ−1(V 

∩ϕ(X))=ϕ−
−1(V)∩ϕ−

−1(ϕ(X))=ϕ−
−1(V)∩ X =ϕ−

−1(V) is cl-open − and hence ϕ : X ¨ϕ(X) is upper z-perfectly continuous. 

 

Theorem 4.3. If ϕ : X ¨ Y is upper z-perfectly continuous and ψ : Y ¨ Z is upper z-continuous then ψ◦ϕ is upper z-

perfectly continuous. 

Proof. Let W be a cozero set in Z. 

Since ψ is upper z-continuous, ψ−
− 

1(W) is a z-open set in Y . 

Therefore ψ−
−

1(W)=α
S
∈Λ Wα, where each Wα is a cozero set in Y . Again since ϕ is upper z-perfectly 

continuous, so each ϕ− 
−1(Wα) is clopen 

 

which is clopen in X. 

Therefore ψ◦ϕ : X → Z is upper z-perfectly continuous.   

Theorem 4.4. Composition of two upper z-perfectly continuous function is upper zperfectly continuous. 

Proof. The result follows as every upper z-perfectly continuous multifunction is upper z- continuous.   

Theorem 4.5. If ϕ : X ¨ Y is upper z-perfectly continuous and ψ : Y ¨ Z is upper semi-continuous then ψ◦ϕ : X ¨ Z is 

upper z-perfectly continuous multifunction. 

Proof. Since every upper semi-continuous function is upper z-perfectly continuous so ψ◦φ is upper z-perfectly 

continuous.   

Theorem 4.6. Let ϕ : X ¨ Y be upper slightly continuous and ψ : Y ¨ Z be upper z-perfectly continuous then the 

multifunction ψ◦ϕ : Y ¨ Z is upper z-perfectly 

continuous. 
Proof. The result follows by Theorem 4.3 as every upper slightly continuous function is upper z- continuous.   
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Corollary 4.7. Let ϕ : X ¨ Y be upper z-perfectly continuous and if Z is a space containing Y as a subspace then ψ : X ¨ 

Z defined by ψ(x)=ϕ(x) for each x ∈ X 

is upper z-perfectly continuous. 

Proof. Let W be a co-zero set in Z then W ∩ Y is a cozero set in Y . Since ϕ : X → Y is upper z-perfectly continuous, So 

ϕ−1(W ∩ Y) is clopen set in X. 

− 
1 W)={x ∈ X : ψ(x)⊂ W}={x ∈ X : ψ(x− )⊂ W ∩ Y}. Now ψ− ( 

Thus ψ : X → Z is upper z-perfectly continuous.   

5 Properties of lower z-perfectly continuous multifunction 

Theorem 5.1. Let ϕ : X → Y be a multifunction from a topological space X into a topological space Y. Then the following 

statements are equivalent: 

(a) ϕ is lower z-perfectly continuous 

(b) ϕ+ 
−1(B) is a cl-open set in X for every z-open set in Y. 

(c) ϕ− 
−1(B) is a cl-closed set in X for every z-closed set B in Y 

Proof. (a)⇒(b): Let B be a z-open subset of Y . To show that ϕ+ 
−1(B) is cl-open in X. Let x ϕ+ 

−1(B). Then ϕ(x)∩B =6 φ. 

Since B is a z-open subset of Y , so B = S Uα whereeach Uα is a cozero set.   α∈ Λ 

Therefore ϕ(x)∩ Uα =6 φ for some α∈Λ. 

Since ϕ is lower z-perfectly continuous, therefore there exists a clopen set H containing x such that ϕ(h)∩ B =6 φ for 

each h ∈ H. Hence x ∈ H ⊂ ϕ+
−1(B) and so ϕ−(B) is a cl-open set in X being a union of clopen sets. 

+ 
(b)⇒(c): Let B be a z-clsoed subset of Y . Then Y \ B is a z-open subset of Y . By (b)ϕ−

−1(Y \ B) is cl-open set in X. Since 

ϕ−
−1(Y \ B) = X \ϕ+

−1(B), so ϕ+
−1(B) is a cl-closed set in X.   

Theorem 5.2. If a multifunction ϕ : X ¨ Y is lower z-perfectly continuous and ϕ(X) is endowed with the subspace 

topology then the multifunction ϕ : X ¨ϕ(X) is lower z-perfectly continuous. 

Proof. Since ϕ is lower z-perfectly continuous, so for every cozero set V of Y , ϕ−1(V 
∩ϕ(x)=ϕ+

−1(V)∩ϕ+
−1(ϕ(X))=ϕ+

−1(V)∩ X =ϕ+
−1(V) is cl-open. + 

∈ 
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Hence ϕ : X ¨ϕ(X) is lower z-perfectly continuous.   

Theorem 5.3. If ϕ : X ¨ Y is lower z-perfectly continuous and ψ : Y ¨ Z is lower z-continuous, then ψ◦ϕ is lower z-

perfectly continuous. In particular, composition of two lower z-perfectly continuous multifunction is lower z-perfectly 

continuous. 

Proof. Let W be a cozero set in Z. Since ψ is lower z-continuous ψ+
−1(W) is a zopen set in Y . Therefore ψ−

+
1(W) = S 

Wα, where each Wα is a cozero set in Y . 

Again, since ϕ is lower z-perfectly continuous, α∈Λ so each ϕ+ 
−1(Wα) is clopen. 

• ‹  

Now (ψ◦ϕ)−
+

1(W)=ϕ+
−(ψ−

+(W))=ϕ+
− S W  which is clopen in 

X. So ψ◦ϕ : X ¨ Z is lower z-perfectly continuous. α∈Λ   

Corollary 5.4. Composition of two lower z-perfectly continuous function is lower zperfectly continuous. 

Proof. The result follows as every lower z-perfectly continuous multifunction is lower z- perfectly.   

Corollary 5.5. If ϕ : X ¨ Y is lower z-perfectly continuous and ψ : Y ¨ Z is lower semi-continuous then ψ◦ϕ : X ¨ Z is lower 

z-perfectly continuous multifunction. 

Proof. Since every lower semi-continuous multifunction is lower z- perfectly continuous, so ψ◦ϕ is lower z-perfectly 

continuous.   

Theorem 5.6. Let ϕ : X ¨ Y be lower slightly continuous and ψ : Y ¨ Z be lower z-perfectly continuous then the 

multifunction ψ◦ϕ : X ¨ Z is lower z-perfectly 

continuous. 

Proof. The result follows by Theorem 5.3 as every lower slightly continuous function is lower z- continuous.   

The following corollary shows that lower z-perfectly continuity of a multifunction is preserved under the expansion 

of its range. 

Corollary 5.7. Let ϕ : X ¨ Y be lower z-perfectly continuous and if Z is a space containing Y as subspace then ψ : X ¨ Z 

defined by ψ(x)=ϕ(x) for each x ∈ X is 

lower z-perfectly continuou. 

Proof. Let W be a cozero set in Z then W ∩Y is a cozero set in Y . Since ϕ : X ¨ Y is upper z-perfectly continuous, So 
ϕ−1(W ∩ Y) is clopen set in X. + 
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Now ψ−
+

1(W)={x ∈ X : ψ(x)∈ W}={x ∈ X : ψ(x)⊂ W ∩ Y}. 

Thus ψ : X ¨ Z is upper z-perfectly continuous.   
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