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. INTRODUCTION

Fixed Point Theory has witnessed enormous amount of research in past few decades. As Banach[3], in 1922, laid the
foundations of contraction principle and devised the mechanism for ensuring and finding a fixed point to be existent provided
the self-map be continuous, he opened up a broad opportunity to generalizations and applications of the contraction principle.
The principle may be stated as follows:

“If X is a complete metric space, then every contraction mapping from X to itself has a unique fixed point.”

In 1930, Wilson[10] introduced the concept of quasi — metric, which is merely suppressing one of the abiding axioms for
being a complete metric i.e. d(x,y) = d(y,x). Hitzler & Seda[6] introduced the concept of dislocatedmetricspace and
generalized the Banach’s contraction principle. Ahmed, Hassan & Zeyada[l2] introduced the concept of
dislocatedquasimetricspace, which is an obvious generalization of dislocatedmetricspace and Banach’s contraction
principle. In 1989, Bakhtin[2], introduced the concept of b — metricspace and generalized Banach’s contraction principle for
b — metricspace. Chakkrid and Cholatis[8] introduced the concept of dislocatedquasib — metricspace.

In this paper we establish some new outcomes using Chatterjea contraction principle[4], Ciric contraction principle[5] and Rich
contraction principle[9].

1. PRELIMINARIES

Definition 2.1[1]. Let X be a non empty set, let d: X X X — [0,0) and let k € R.Then (X, d) is said to be b — metricspaceif the
following conditions are satisfied:

(i)d(x,y) =0ifandonly if x =y, Vx,y € X.

(iNd(Cx,y) =d(y,x), Vx,y € X.

(iii) There exist a real numberk = 1 such that d(x,y) < k[d(x,2) + d(z,y)],Vx,y € X.
Definition 2.2[1]. Let Xbe a non empty set and let d: X X X - R, then (X, d) is known as dislocated metric if the following
conditions are met andvx, y,z € X.

M d(x,y) =0, vx,y € X.

(ind(x,y) =d(y,x), Vx,y € X.

(ii)d(x,y) =d(y,x) =>x =y, Vx,y € X.

(iv)d(x,y) <d(x,z) + d(z,y),Vx,y € X.
If dsatisfies  (i),(iii) and (iv) then dis called dislocatedquasimetricon Xand the pair (X,d)is
calleddislocatedquasimetricspace.
Definition 2.3[1]. Let X be a non-empty set and let the mapping d: X x X — [0, ).Let a constant k > 1. Iffollowing conditions
are satisfied:

M dlx,y) =d(y,x) =0, Vx,y € X.

(i) d(x,y) < kl[d(x,2z) + d(z,y)],Vx,y € X.
Then the pair (X, d)is called dislocatedquasib — metricspace.
Definition 2.4[1]. Let (X, d)be adqgb — metricspace. A sequence < x,, >in X is called to be dgb-converges to x € X if

11113010 d(x,x)=0= 1111_1)130 d(x,x,)

In this case x is called dgb — limitof < x,, >and is written as x,, — x.
Definition 2.5[8]. Let (X, d) be a dgb-metric space. A sequence < x,, >in X is called as dgb-Cauchy sequence if

lim d(xp, xp) =0 = lim d(x,,, x,)
n,m-oo n-owo

Proposition 2.6[8]. If (X,d) is a dgb — metricspace then a function f : X — X is continuous if and only if x,, » x = fx, -

fx.
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Definition 2.7 Let A and B be nonempty closed subsets of ametricspace (X,d) and S: AU B — AU B. S is called a cyclic map
iff S(A) € BandS(B) <€ A.
Definition 2.8[7].A cyclic map S:A U B — A U Bis said to be a cyclic contraction if there exists « € [0,1) such that

d(Sx,Sy) < ad(x,y)
Vx € Aandy € B.
Definition2.9 Let A and B be non empty closed subsets of a completedqb — metricspace (X, d). A cyclic mapping S:AU B —
A U B is called a dgb — cyclicChatterjeatypecontractionif there exist some r € (0,%)Such that

d(Sx,Sy) < r[d(x,Sy) +d(y,Sx)]
Vx€EAy€eBwithk >1and kr <1.

Definition2.10 Let A and B be non empty closed subsets of a completedqb — metricspace (X, d). A cyclic mapping S: AU
B — AU B iscalled a dgb — cyclicCirictypecontractionif there exist some r € (0, 1)such that

d(Sx,Sy) < rmax[d(x,y),d(Sx,x),d(Sy, y)]
Vx€EAy€eBwithk >1and kr <1.

Definition2.11 Let A and B be non empty closed subsets of a completedqb — metricspace (X, d). A cyclic mapping S: AU
B - AU B iscalled a dgb — cyclicReichtypecontractionif there exist some a, b&cwhere(a + b + ¢) < 1,such that

d(Sx,8y) < a.d(x,Sx) + b.d(y,Sy) + c.d(x,y)
Vx €A,y € Bwithk >1landk(a+b+c) < 1.

I1l. MAIN RESULTS

Now, we prove cyclic — Chatterjea type Contraction in dislocated quasi b — metric space.
Theorem 3.1 Let A and B be nonempty closed subsets of a complete dislocated quasi — b — metric space (X,d). Let cyclic
mapping S: A U B - A U B satisfies the condition of a dgb — cyclic — Chatterjea type Contraction. Then S has a unique fixed
pointin AN B.
Proof: Let x € A(fix).Then, by the condition of the theorem,
d(S5%x,Sx) = d(S(Sx), Sx)
d(S%x,Sx) < r[d(Sx,Sx) + d(x,S5x)]
d(S%x,Sx) <ra (1)
And
d(Sx,S%x) = d(Sx,S(Sx))
d(Sx,S%x) < r[d(x,S?x) + d(Sx, Sx)]
d(Sx,5%x) < r[d(Sx,Sx) + d(x,5%x)]
d(Sx,S%x) <ra 2
Where a = (d(Sx, Sx) + d(x,5%x))
Now, from (1) and (2), we have, d(S3x, S%x) < r?a, and d(S%x,S3x) < rla.
And in generalv n € N, we get,
(§™1x, S™x) < r'*a
And
(§™x,S™1x) < ra
Let n,m € N withm > n, by using the triangular inequality, we have
d(S™x,S™x) < k™ d(S™x, S™ 1x) + k™ d(S™ 1, S™2x) + - + k(S 1x, S™x)
— (km—nrm—l + km—n—lrm—z + +km—n—2rm—3 4.+ kzrn+1 + kr")a
= ((kr)™ =1 4 (kr)m 11 4 (k)™ 2 4t (k)2 + (kr)r T Da
el L o e L S o ) T
=" HY(m-n-1Da
d(S™x,S™x) < (r" Hpa
With 8 > 0,asn — oo, we get d(S™x,S5™x) — 0.
In a similar way, let m,n € N, with m > n, by using triangular inequality, we have
d(S$"x,S™x) < (r" Y pa
With B > 0,as n —» oo, we get d(§™x,S™x) — 0. Therefore sequence < S™x > is a Cauchy sequence that converges to some
u € X.As (X,d) is complete, sequence < S™x >is in A and sequence < $?"~1x > is in B in a way that we have both the
sequences tend to same limit u € X.
Since A and Bare closed subsets of X and, u € A n B, therefore An B # Q.
Now we will prove the existence of fixed point i.e. Su = u.
By the condition of the theorem we have
d(S™x,Su) = d(S(S™ 1x), Su)
d(S"x,Su) < r[d(S™ 1x,Su) + d(u, S™x)]
Now as n — oo, we get
d(u,Su) < rld(u,Su) + d(u,u)]
d(u,Su) < rd(u, Su)
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Since r = 1, this inequality is only possible if d(u, Su) = 0.
Similarly from the condition of the theorem, we have

d(Su,S™x) = d(Su, S(S"x))

d(Su,S"x) < r[d(u,S™x) + d(S™ 1x, Su)]
Now as n — oo, we get

d(Su,u) < r[d(Su,u) + d(u, Su)]

From triangular inequality, d(Su,u) < rd(Su, Su)
Which gives d(Su,u) = 0.
Hence d (u, Su) = d(Su,u) = 0 and thus, Su = u. This implies that u is a fixed point of S.

Now we prove the uniqueness of the fixed point. Let v € X be another fixed point of S, such that Sv = v. Then by the condition
of the theorem we lead to
d(u,v) = d(Su,Sv)
d(u,v) <r[d(u,Sv) + d(v,Su)]
d(u,v) <r[d(u,v) +d(w,u)]
d(u,v) =rd(u,u)
d(u,v) =0.
Similarly,
d(v,u) = d(Sv,Su)
d(w,u) < r[d(v,Su) + d(u,Sv)]
dv,u) < r[d(v,u) +d(u,v)]
diw,u) =rd(w,v)
d(v,u) =0.
d(u,v) = d(v,u) = 0. This implies that u = v and u is the unique fixed point of S.
Now, we provide alternate proof for cyclic — Ciric type Contraction in dislocated quasi b — metric space. Wu et.al.[8] in
2016 proved cyclic — Ciric type Contraction in dislocated quasi b — metric space.
Theorem 3.2 Let A and B be nonempty closed subsets of a complete dislocated quasi — b — metric space (X,d). Let cyclic
mapping S: AU B = A U B satisfies the condition of a dgb — cyclic — Ciric type Contraction. Then S has a unique fixed point
inANB.
Proof: Let x € A(fix).Then, by the condition of the theorem,
d(S?%x,Sx) = d(S(Sx), Sx)
d(5%x,Sx) < r max[d(Sx,x) + d(§%x,Sx) + d(Sx, x)]
Let @ = max[d(S%x,Sx) + d(Sx, x)]
d(S%x,Sx) <ra 3)
And
d(Sx,S%x) = d(Sx,5(Sx))
d(Sx,5%x) < r max[d(x,Sx) + d(Sx,x) + d(S%x, Sx)]
Let B = max[d(x,Sx) + d(Sx, x) + d(S?x, Sx)]
d(Sx,S*x) <rp (4)
Let { = max[a, ]
Now, from (3) and (4), we have, d(S3x,S%x) < r2¢ and d(S2x, S3x) < r?{.
And more generally Vn € N, we get,
(5™ 1x, S™x) < 1C
And
(S™x, S™1x) < ¢
Let n,m € Nwith m > n, by using the triangular inequality, we have
d(S™x,S™x) < k™ d(S™x, S™ 1x) + k™M Id (S x, S™2x) + - + k(ST 1x, S™x)
— (km—nrm—l 4 kmn-lpme=2 4 g emen=2,m=3 4y 2pentl krn)(
= ((kr)™ =1 4 (kr)™ 41 (k)™ 2 bt (k)2 + (Rr)r™ )
< (rn—l B L MR o Tn_l)f
=" Hm-n-1){
d(S™x,S"x) < (r"HA
With A > 0,asn — oo, we get d(S™x,S™x) - 0.
In a similar way, let m,n € N, with m > n, by using triangular inequality, we have
d(S™x,S™x) < (r™HA
With A > 0,as n —» oo, we get d(S™x,S™x) — 0. Therefore sequence < S™x > is a Cauchy sequence that converges to some
u € X.As (X,d) is complete, sequence < S™x >is in A and sequence < S?"1x > is in B in a way that we have both the
sequences tend to same limit u € X.
Since A and B are closed subsets of X and, u € A n B, therefore AN B # (.
Now we will prove the existence of fixed point i.e. Su = u.
By the condition of the theorem we have
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d(S™x,Su) = d(S(S™ 1x), Su)
d(S™x,Su) < rmax[d(S™ 1x,u) + d(S"x,S* 1x) + d(Su, u)]
Now as n — oo, we get
d(u,Su) < rmax[d(u, Su) + d(u, u) + d(Su, Su)]
d(u,Su) < rd(u,Su)
Since r = 1, this inequality is only possible if d(u,Su) = 0.
Similarly from the condition of the theorem, we have
d(Su, S™x) = d(Su, S(S™'x))
d(Su,S™x) < rmax[d(u, S"1x) + d(Su,u) + d(S™x, S 1x)]
Now as n — oo, we get
d(Su,u) < rmax[d(u,u) + d(Su, Su) + d(u,u)]
Which gives d(Su,u) = 0.
Hence d (u, Su) = d(Su,u) = 0 and thus, Su = u. This implies that u is a fixed point of S.

Now we prove the uniqueness of the fixed point. Let v € X be another fixed point of S, such that Sv = v. Then by the condition of
the theorem we lead to
d(u,v) = d(Su,Sv)
d(u,v) £ r max[d(u,v) + d(Su,u) + d(Sv, v)]
d(u,v) £ rmax[d(u,v) +d(u,u) + d(v,v)]
d(u,v) £r[d(u,v)]
d(u,v) =0.
Similarly,
d(v,u) = d(Sv, Su)
d(w,u) < rmax [d(v,u) +d(Sv,v) + d(Su,u)]
d(v,u) < rmax[d(v,u) +d(w,v) +d(u,u)]
dw,u) < r[d(v,u)]
d(v,u) = 0.

d(u,v) = d(v,u) = 0. This implies that u = v and u is the unique fixed point of S.
Now, we prove cyclic — Reich type Contraction in dislocated quasi b — metric space.
Theorem 3.3 Let A and B be nonempty closed subsets of a complete dislocated quasi — b — metric space (X,d). Let cyclic
mapping S: A U B —» A U B satisfies the condition of a dgb — cyclic — Reich type Contraction. Then S has a unique fixed point
inAnB.
Proof: Let x be some arbitrary in X. We define a sequence < x,, > in X such that x; = S(x,), x, = S(x;) ... in general S(x,,) =
Xons1r S(Xgns1) = Xaneo forn = 0,1,2,3 ...Then, by the condition of the theorem,
d(xy, x3) = d(Sxq, Sx1)
d(xq,x3) < a.d(xy,Sxg) + b.d(xy,Sx,) + c.d(xg, x1)
d(xq,x3) < a.d(xg, %) + b.d(xg,x5) + c.d(xg,x1)
d(xq1,%5) < (a+ c)d(xg,x1) + b.d(xq,x5)
d(xqy,x5) — b.d(x1,%,) < (a+ c)d(xg,x1)
(1 = b)d(xy,xz) < (a+ c)d(xo,x,)
a+c
d(xy,x;) < (m) d(x,%1)
In a similar way we have, d(x,, x3) < (%:) d(xq,x3)
a+c

2
or, d(x,;,x3) < (E) d(xg,x1)

.. . . a+c\"
And continuing like this we have, d(x,, Xp1+1) < (E) d(xg,x1)

a+c\"*!
) Ao
a+c

n+1
Now as n — oo, (E) d(xy,x,) = 0, This, therefore, suggests that the sequence {x, } is a Cauchy Sequence in X.Thus,

there is a point u € X such that x,, —» u. Therefore we have, Su = u. Now we prove the uniqueness of the fixed point. Let v € X be
another fixed point of S, such that Sv = v. Then by the condition of the theorem we have
d(u,v) = d(Su,Sv)
du,v) <a.d(u,Su)+ b.d(w,Sv) +c.d(u,v)
dlu,v) <a.d(u,u)+b.dlw,v) +c.d(u,v)
d(u,v) <c.d(u,v)
d(u,v) = 0.

d(xn+1: xn+2) < (

Similarly,
d(v,u) = d(Sv, Su)
d(v,u) < a.d(v,Sv) + b.d(u,Su) + c.d(v,u)
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div,u) <a.d(v,v) + b.d(u,u) + c.d(v,u)
d(v,u) <c.d(v,u)
d(v,u) = 0.

d(u,v) = d(v,u) = 0.This implies that u = v and u is the unique fixed point of S.

IV. CONCLUSION

We presented some new results and provided alternate proof for fixed point result in dislocated quasi b-metric space using dqb-
cyclic Ciric type contraction.
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