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. INTRODUCTION

Nirmala Rebecca Paul introduced the Rough topology in [4] using single equivalence relation. In this paper new rough
topologies based on two equivalence relations are introduced and some of the properties are discussed. Moreover, hew rough
topology is approached via graph theory.

Il. PRELIMINARIES

Definition 2.1 Let U be a non-empty finite set of objects called the universe, R be an equivalence relation on U named as the
indiscernibility relation. Let X cU. Here R(x) denotes the equivalence class determined by x.

(i) The Lower approximation of X with respect to R is defined and denoted by Lr(X) = Uyep{x|R(x) € X}
(ii) The Upper approximation of X with respect to R is defined and denoted by Ur(X) = U, ey{x|R(x) N X # @}
(iii) The Boundary region of X with respect to R is defined and denoted by Br(X) = Ur(X)-Lr(X)

Definition 2.2[1] Let U be the universe. Let M, N and O be any three equivalence relations on U named as indiscernibility
relations. Let XcU. Here M(x), N(x) and O(x) denote the equivalence classes determined by X.

(i) The Multi-lower approximation of X with respect to M, N and O is defined and denoted by
Lmven+o(X)=Uepfx|M (x) € X or N(x) € Xor O(x) € X}

(if) The Multi-upper approximation of X with respect to M, N and O is defined and denoted by Umsn:+o(X) =

M(x)NX =+ @and N(x) N X # @ and
Useo 0(x) NX %0 |

(iii) The Multi-boundary region of X with respect to M, N and O is defined and denoted byBm+n+o(X) = Um+n+o(X) — Lmn+o(X).

Definition 2.3 [2] Let U be the universe. Let R and S be any two equivalence relations on U named as indiscernibility relations.
Let X<U. Here R(x) and S(x) denote the equivalence classes determined by x.

(i()The Multi star lower approximation of X with respect to R is defined and denoted by
LR*S(X):Uer{le(x) C Xand S(x) < X}

(i) The Multi star upper approximation of X with respect to R and S is defined and denoted by Ug.s(X) =
UxerixIR)NX #@or SX)NX =0}

iii) The Multi-boundary region of X with respect to R and S is defined and denoted by Bg,s(X)=Ug.s(X)-Lgr.s(X).

Definition 2.4[4] Let U be the universe, Let R be an equivalence relation on U then t4(X) = {U, @, Bx(X) } forms a topology
called rough topology.

I11. NEew ROUGH TOPOLOGY ON TWO EQUIVALENCE RELATIONS

Definition 3.1 Let U be the universe. Let R and S be any two equivalence relations on U named as indiscernibility relations. Let
Xcu.
(i) The Lower approximation of X with respect to R and S is defined and denoted by Lres(X) = UxcuixIR(x) € X or S(x) € X }
where R(x) and S(x) denote the equivalence classes determined by x.
(i) The Upper approximation of X with respect to R and S is defined and denoted by Ugres(X)
= UgeulxIR(x) N X # @ or S(x) N X # @ }where R(x) and S(x) denote the equivalence classes determined by x.
(iii) The boundary region of X with respect to R and S is defined and denoted by Bres(X)=Uras(X)-Lres(X).

Definition 3.2 Let U be the universe. Let R and S be equivalence relations on U and tzgs(X) = {U, @, Brgs(X)} where XU
and 7 (X) satisfies the following axioms.

(i) U and @ € tpgs(X). (ii) The union of the elements of any sub collection of tzgs(X) is in Tzrgs(X).

(iif) The intersection of the elements of any finite sub collection of Tgs(X) IS in Trgs(X).
That is trqs(X) forms a topology called new rough topology on U with respect to two equivalence relations R and S. Also
Tr+s(X), Tr.s (X) form rough topologies on U with respect to two equivalence relations R and S where
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Tres(X) = {U, D, Bris(X)}; Tres(X) = {U, B, Br.s(X)}. Tres(X) and tz.5(X) are called new multi topology and new multi
star topology on two equivalence relations.

Example 3.3 Let U={a, b, ¢, d, e} Let X = {a, b, ¢, d}. Let U/R={{a}.{b, c}, {d}, {e}}, U/S = {{a, b, c}, {d, e}}

Lres(X) = {a,b, ¢, d}; Upgs(X) ={a, b, ¢, d, €}; Brgs(X) = {e}

Lemma 3.4 For any subset X of U,

(i) Lres(X) = Lr(X) U Ls(X) (ii) Uras(X) = Ur(X) U Us(X) (iii)Bras(X) S Br(X) U Bs(X) (iv) Lres(X) € X (v) X S Uras(X)
Proof
(i) Lros(X) = Uyey{x|R(x) € XorS(x) € X}

Let X ELres(X)
X ELras(X) Iff[ R(x) € X or S(x) € X] iff [x € Lr(X) or x € Ly(X)] iff x ELr(X)ULs(X); Therefore Lras(X) = Lr(X)U Ls(X)
(i) Ures(X) = Ur(X)U Us(X)
Let x €Ures(X)
X EUras(X) iff R(x) N X #= @ orx € S(x) ) N X # @ iff x eUr(X) or x eUs(X) iff x eUr(X)U Us(X).
Therefore Uras(X) = Ur(X) U Usg(X)
(iii) Bros(X) <€ Br(X) U Bs(X)
Let Xx€ Bras(X) =X € Ures(X)N [Lres(X)]¢ =x€ {Ur(X) UUs(X)} N [Lres(X)]®
=X€ {Ur(X) N [Lras(X)]°} U Ug(X) N [Lras(X)]° }
=x€ {Ur(X) N [Lr(X)] N [Ls(X)]°} U{Us(X) N [Lr(X)]° N [Ls(X)]¢ }< [Ur(X) N [Lr(X)]¢ ] U[Us(X) N [Ls(X)]¢]
=x€ Br(X) U Bs(X). Therefore Bres(X) S Br(X) U Bs(X)
(iv) Lres(X) € X and X S Ures(X) (by Definition 3.1)
Remark 3.5 Braes(X) #Br(X) U Bs(X) {Equality does not hold}
Example 3.6 Let U = {a, b, c}; U/R = {{a}.{b},{c}} and U/S = {{a, b}{c}} Let X ={a, c}
Lp(X) ={a,c}; Ur(X) ={a, c}; Ba(X) = {0}; Ls(X) = {c}; Us(X) = {a, b, c}; Bs(X) = {a, b}; Bx(X) U Bs(X)={a,b }
Lrgs(X) = {a,c}; Urgs(X) = {a, b, c}; Brgs(X) = {b} # Br(X) U Bs(X)
Lemma 3.7 (i) Lres(@)= 0 (ii) Ures(®)= 0@ (iii) Lres(U)= U (iv) Uras(U)= U (v) Lras(X) =Lser(X) (Vi) Uras(X) = User(X)
Proof
(i) Lros(®) = Urey{xIR(x) € @ or S(x) €0} = 0 (ii) Ures(®) = Uey(XIRG) NG %= DorSx) N o # ¢ }=0
(iii) Lros(U)=Uey{x|R(x) € Uor S(x) € U} = U (iV)Ures(U)=Urey{x|R(x) NU #Qor S(x)NU =@} =U
(V)Lres(X) =Lser(X) (by Definition 3.1); (vi) Uyeyfx|R(xX) N @ # @orS(x) N @ + @ }=0

Note 3.8
1. Lres(X%) #[Uraes(X)]°¢ 2. Uras(X®) #[Lras(X)]° .

Example 3.9 Let U={a, b, ¢, d},U/R ={{a}{b}{c}{d}}.U/S = {{a, b} {c, d}}. Let X = {a, b, c}.Therefore X°® ={d};
Ures(X)={a, b, ¢, d}; [Ures(X)]® =0; Lres(X®)={d}#[ Ures(X)]¢ Therefore Lres(X®) #[Uras(X)]°
Example 3.10 Let U={ab,c,d};U/R={{a}{b} {c}{d}}; U/IS={{ab}{c,d}}. Let X={ab,c}.Therefore X°={d}
Ures(X®)={d,c}#[Lres(X)]¢ where Lres(X)={a,b,c}; [Ures(X)]*={d}
Theorem 3.11 For any Subset X of U
(i) . Lres(X) € Lres(X) (ii) Urss(X) = Ures(X) (iii)Bras(X) < Brrs(X)
Proof
(i) Letx eLrrs(X)= R(x) €X and S(x) =X =x € Lr(X)N Ls(X) < Lr(X)U Ls(X)=Lres(X). Therefore Lr+s(X) S Lras(X)
(ii) Urss(X)=Uyepfx|R(x) N X # @ orS(x) N X # @ }= Ures(X).Therefore Ur+s(X) = Uras(X)
(iii) Lr=s(X) € Lras(X) {by ()}
[Lres(X)]°S [Lr*s(X)]¢ { by Property of Sets}; Bras(X) = Uras(X) - Lras(X)
= Ures(X) N [Lros(X)]° SUg.s(X)N [Lr.s(X))]° = Ugus(X)- Lg.s(X)= Br.s(X). Therefore Bres(X) SBg.s(X)
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Corollary 3.12 The topology tzes(X) is coarser than tz.s(X)

Proof follows from the theorem 3.11 (iii)

Theorem 3.13 For any Subset X of U,

(i) Lr+ s(X)= Lres(X); (ii) Ur+s(X) SUres(X) (iii) Br+s(X) < Breas(X)

Proof

(i) Lre s(X)=U epix|R(x) € X or S(x) € X }= Lres(X). Therefore Lr+ s(X)= Lres(X)

(i) Ur+s(X)=Uep{xIRx) NX #@and S(xX)NX # B} S Uyepfx|RX)NX £ D or S(x) N X # @ }= Uraes(X)
Therefore Ur +s(X) S Uras(X)

(iii) Lr+s(X) = Lres(X); Ur+s(X)E Ures(X); Brss(X) = Ur+ s(X)- Lr+ s(X) = Ur+ s(X)N [Lr+ s(X)]° € Ures(X)N [Lr @s(X)]°
= Ures(X) - Lr @s(X) = Bres(X). Therefore Br+s(X) S Bras(X)

Corollary 3.14 The topology tzes(X) is finer than 7, s(X)

Proof follows from the theorem 3.13(iii)

Theorem 3.15 For any Subset X and Y of U,

(DLres(XNY)E Lras(X) N Lras(Y) (i))Ures(X)U Uras(Y) € Uras(XUY)

Proof

(DLres(XNY) = Uyeu{x|IR(x) €S XNYorSx) cXnY}

Let X€ Lras(XNY) =R(x) € XNYorS(x) €S XNY=R(x) € XorS(x) € XandR(x) S YorS(x) Y

=X € Lras(X) and X € Lres(Y) =X € Lras(X) N Lras(Y). Therefore Lras(XNY) S Lras(X) N L res(Y)

(if)Let x € Ures(X) U Uras(Y)

= Rx)NX #PorR(x) NY=QorSx)NX =PorSx)NY =9

=X E UgeyXIRG) N X UY) #0BorS(x) N (XUY) # B} = Uras(XUY)

Ures(X) U Ures(Y) S Ures(XUY)

Theorem 3.16 For any Subsets X and Y of U

(i) XY = Lras(X) € Lras(Y) (ii) XS Y = Uraes(X) S Ures(Y)

Proof

(i) Let XS Y Let X€ Lras(X) =R(X) € X or S(X) €X =R(x) SX €Y or S(x) EXCY = R(X) €Y or S(X)SY =XE€ Lraos(Y)
= Lros(X)E Lros(Y). Therefore XEY = Lras(X) S Lras(Y)

(i) Let XS Y Let X € Ures(X) =R(x)NX# @ or SK)NX# @ =R(x)NY+# @ or S(x)NY+# @ since XSY

=X € Uras(Y) = Uras(X)S Uras(Y). Therefore XCY =Ures(X) SUras(Y)

IV. GRAPH THEORETIC APPROACH

Definition 4.1: Let G1=G(V,E1) and G,=G(V, E>) be two graphs with same vertex set V(G) and ve V(G). The neighbourhood of v
with respect to G; is Ni(v)={v}U {u € V(G):uv € E;(G)}.The neighbourhood of v with respect to G, is Nz(v)={v}u
{fu e V(G):uv € E,(G)}

Definition 4.2: Let G1=G(V,E1) and G2=G(V, E2) be two graphs and H be a graph with a vertex set V(H)< V(G). Then

(i) The Lower approximation L:P(V(G))—~P(V(G)) is Ly,en,(V(H)) =Uyev){v: N1 (v) € V(H) or N, (v) € V(H)};

(ii) The upper approximation U:P(V(G))-P(V(G)) is Uy, gn,(V(H)) =Uyer){v: Ny (v) N V(H) # @ or N,(v) N V(H) # @ };

(iii) The boundary region is By, gn,(V(H))= Uy, en, (V(H))- Ly, en, (V(H)).

Definition4.3: Let Giand G.. be a graphs. Let N1(v) be a neighbourhood of v with respect to Giand N2(v) be a neighbourhood of v
with respect to G,.Let H be a subgraph with a vertex set V(H)< V(G).
v, on, V(H)) = {vie),o, By, en, (V(H))} forms a topology on V/(G) called new rough topology on V/(G) with respect to V/(H).
(V(G), Ty, @n, (V(H))) forms a new rough topological space induced by graphs Giand G..
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Example 4.4

<,
N

=
(4]
2]
=3

The following table shows rough topology for possible grapr':slg:r?of.tie figure 4.4 such that V(H) cV(G).
V(H) v,on, (V(H))
{a} {V(G). o.{b.c}}
{b} {V(G). 0.{bca}}
{c} {V(G), @.{b,ca}}
{d} {V(G). 0.{de}}
{e} {V(G). 9, {de}}
{a b} {V(G), o.{b,c}}
{a c} {V(G), @.{b,c}}
{a, d} {V(G), 8.{b,c,d,e}}
{a, e} {V(G), 0.{b,c,d,e}}
{b, ¢} {V(G). 0.{a}}
{b, d} {V(G), 0}
{b, e} {V(G), 0}
{c, d} {(v(G), 2}
{c.e} {V(G). 0}
{d, e} {V(G), 8}
{a, b, c} {V(G), 0}
{a, b, d} {V(G), .{b,c.de}}
{a, b, e} {V(G), .{b,c.de}}
{b, c, d} {V(G), 0{ade}}
{b,c, e} {V(G), 8.{ad,e}}
{c,d, e} {V(G), 8.{ab,c}}
{a, c, e} {V(G), 9,{b,c.d,e}}
{a,e, d} {V(G). o.{b.c}}
{e, b, d} {V(G), 0. {a,b,c}}
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{a c d} {V(G), ®.{b,c.d.e}}
{a b, c,d} {V(G), 0 {e}}
{a,b,d, e} {V(G). 0.{b,c}}
{a,b,c, e} {V(G), 0.{de}}
{a, e c, d} {V(G), 8.{b,c}}
{b,c,d, e} {V(G), 0.{a}}

{a, b, c, d e} {V(G), 0}

Y {v(G). 9}
Table 4.6

Theorem 4.7 Let G1=G(V,E1) and G2=G(V, Ez)be two graphs.Let H and K be graphs such that V(H) € V(G) and V(K) € V(G).
(i) IfV(H) € V(K) then Ly, gn,(V(H)) S Ly, en,(V(K)) and Uy, gn,(V(H)) S Uy, en,(V(K))

(i) Ly, @n, (VIH)U Ly, gn, (V(K))E Ly,en, (V(H) U V(K))

(i) Uy, gn, (V(H) N V(D) € U, ony (V)N Un, g, (V(K)

Proof

(i) Let V(H) € V(K) and Let v € Ly, g, (V(H) = Ni(v) € V(H) or N(v) € V(H)

= Ni(v) € V(K) or N2(v) € V(K) (Since V(H) € V(K))

= V€ Ly, on, (V(K)).

Therefore Ly, gn,(V(H)) € Ly, on, (V(K)) if V(H) € V(K). Let v € Uy, gn,(V(H)) = No(v)NV(H)# @ or N2(v)NV(H)* @
= Ny(v)NV(K)# 0 or N2(v)NV(K)= @ (since v(H) € V(K))

=V € Uy, gn,(V(K)). Therefore Uy, gy, (V(H)) € Uy, gn,(V(K))

(ii)) Since V(H) €V(H) U V(K) and V(K) SV(H) U V(K)

by () Lo, (V(H)) € Ly n, (V(H)UV(K)) and Ly, g, (V(K)) ELy, g, (V(H)UV(K)

Ly,en, (V(H)U Ly, gn, (V(K)) ELy, gn, (V(H)UV(K))

(i) V(H)NV(K) € V(H) and V(H)NV(K) € V(K)

Uy, en, VIH)NV(K)) € Uy, gn,(V(H)) and Uy, gn, (VIH)NV(K)) € Uy, gn, (V(K)) {by (i)}
Uy, en, (VI)NV(K)) € Uy, gn, (VDN Uy, gn, (V(K))

Note 4.8: Equality does not hold in (ii) and (iii) of theorem 4.7
Consider the example 4.4 Let V(H)={a, b, e} and Let V(K)= {d}; Ly, gn, (V(H))U Ly, gn, (V(K))= {a}

Ly, en, (V(H)UV(K)) = {a, d, e} # Ly, gn, (V(H))U Ly, on, (V(K)). Let V(H) = {a, d, e} and V(K)={b, d, e}
Uy, en, VIHDNV(K)) = {d, e}; Uy, gn, VIH)N Uy, gn, V(K) = {a, b,c, d,e} # Uy, gn,(VIH)NV(K))

V. CONCLUSION

New Topology with respect to two equivalence relations are discussed. Moreover, a graph theoretic approach to new rough
topology is introduced. These results can be used for further studies in Rough topology based on equivalence relations.
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