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Abstract:

Phase space is a consequence of Heisenberg uncertainty principle (HUP) and it has become one of the
greatest invention of modern physics because study of phase space provide very deep understanding of many
microscopical physical phenomenon. Since as we are aware that nature loves symmetry and when symmetry
and phase space both are taken into account simultaneously then it provide deep and easiest understanding
of 1 D, 2D,3D and DD fermi parameters. In this research paper we have calculated various physical properties
like as fermi energy, fermi momentum, fermi wavelength, fermi temperature, fermi wavevector etc with the
help of symmetry and concept of phase space.
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Introduction:

In classical mechanics, microstates of any system can be defined by position and momentum of all the
particles of the system. Now if a system consist N , number of particles in the system then microstate of
system can be specified by 3N position co-ordinates g1,02,03.......... gan and 3N momentum co-ordinates
P1,P2,P3......... pan. obviously 6N dimension is required to completely described the system. This type of 6N
dimensional space is known to be phase space. Phase point(q;,p;) are said to be representative point of the
given system.

State of a particle in phase space is then given by specifying that its position co-ordinate lie in the interval
between q and q+dq , and at the same instant its momentum co-ordinates lies in the interval between p and
ptop , it means phase space is divided into very small phase cells of size 0pdq here each cell have the same
size and each cell represents a different states of the particle.

According to Heisenberg uncertainty principle (HUP) AqAp~h here h is planck constant and having the
dimension of joule-sec. Agq represents uncertainty in the measurement of position and Ap is the
corresponding uncertainty in the measurement of the momentum. HUP itself ensure that phase space should
be divided into subparts having the volume h of a particular phase cell. Therefore two dimensional volume
of a particular phase cell will be of the order of h (planck constant). In a 2f dimensional space volume of a
particular phase cell will be hf. This result ensure that in two dimensional phase space, volume of a particular
phase cell will be order of h. Similarly in four dimensional phase space and six dimensional space volume
of a corresponding phase cell will be of the order of h? and h® respectively. In mathematical form we can
represent volume of a phase cell

AxAp,.~h (joule-sec) two dimension phase cell volume
AxAp, AyAp,~h? (joule-sec)? four dimension phase cell volume

AxAp,AyAp,AzAp, ~h3(joule-sec)® six dimension phase cell volume

JETIR1901E96 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 729


http://www.jetir.org/

© 2019 JETIR January 2019, Volume 6, Issue 1 www.jetir.org (ISSN-2349-5162)

From modern quantum physics we know that state of a system is described by spatial parts and spin parts.
Due to this volume of phase space also depends upon spatial or position- momentum part and it also depends
upon total spin states. For a particular system which consist many particles and each individual particle have
spin S then for such particle magnetic spin quantum number ms have the value lies between -s to +s , so
tatal spin state is equal to Y3 m,= (2s+1)=y values.

Fermi Energy:

It is described as the highest energy that the electrons assumes at a temperature of OK. under the free electron
model , the electrons in a metal can be considered to form a fermi gas and number density (N/V) of the
conduction electron in metals range between approximately 1028 to 10?° electrons per met® and value of fermi
energy is of the order of 2 to 10 eV . More appropriately fermi energy is lowest for cesium metal 1.53 eV
and it is highest for aluminium metal 11.8eV. for white dwarf fermi energy is about to be order of 0.3 MeV.
For nucleus it is of the order of 40MeV. Fermi energy in different dimensions have different dependency but
in all the cases it always depends upon density and mass of the particle.

Fermi Temperature:

The fermi temperature can be assumed to be the temperature at which thermal effects becomes comparable
to quantum effects associated with fermi statistics. The fermi temperature for a metal is a couple of orders of
magnitude above room temperature.

€
In mathematical form fermi temperature is defined as Tf = (K—f) where & is the fermi energy and Kg
B

is the Boltzmann constant.

Fermi momentum:

Momentum of a electron corresponding to fermi energies said to be fermi momentum. In
2
. p . b
mathematical form g = (%) where py is the fermi momentum
m

Fermi velocity can be described as V= ?f here fermi velocity is the group velocity of a fermion at the fermi
surface .

Fermi momentum pr = Nk; where kg is called fermi wave vector.

Use of phase space in classical and quantum theory was discussed in detail [1] . quantum field theory [2],
Ising model [3] random walk [4] phenomenon was explained with the help of phase space and its dimensions.
Energy, density of states and dimensions relation was discussed and necessary mathematics was drawn in
detail, [5,6]. Path integration of a relativistic particle in D dimensional space [7,8] was discussed by different
research workers and finite dimensional Hillbert space [9-13] and its construction also discussed by various
workers.

D

D _Dy = . _ .
] - (zm)z E’)2 here N, isthe number of particle quantum states , E is the

L

— 5 | =
Z \ h?

l"1+2

NS - [D - 1] [Zn
energy of the particle, m is the mass of the particle, L is the length of the system and D is the dimension of

the system.

Density of states g(E) is defined as the number of particles quantum states per unit energy range so number
g(E)dE of particles states with in the energy range E to E+dE is thus given by dNs so that we have
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This expression clearly shows that density of state is directly proportional to

g(E)oc LP

D-2

9(E)x E 2
As we know that for 1D space D=1 so we have

g(E)x L

9E)x B2

similarly for 2D space D=2 so we have
g(E)x L2
g(E)ex E° independent upon E
and in the same way for 3D space D=3 so we have
g(E)x L3
gE)x E2
now to evaluate for fermi energy we have

N= [ F g(E)dE

D
L1P nD/Z 2Zm\z p
V=0 -15] T (57) &2
o [1+%
2
h2 F1+% v
e

From this expression for a 1D system

N 2
er o p? o (7)
For 2D system

N
X poX—
EF X P )

For 3D system

2

2 z
3

oo ()

In above expressions L represents the length of the system in 1D , A represents the area of the system in 2D
and V represents the volume of the system in 3D .
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Now total energy of a fermi gas in the ground state at absolute temperature T = 0K is

Etotal = fogp Eg(E)dE

D+2

2 b, =
_ D(D-1)V (Zm)zrr 28
~ 0+2)@mP \n2/) r142°F

So we have Etotal = (%) Ner  And average energy per particle

E_Etotal_(D)g
0 N \p+2/°F

From this expression it can be concluded that

For 1D, D=1 Eo:%F
For 2D, D=2 Eo :%F

For3D,D=3 Eo=Zep

D/ 5
Gm 2pp 42

Fermi wave vector Kg =
D-1 2

1
For 2D, D=2 then Kr = [4m p]2

For 3D, D=3 then Kr=[372p]3
Symmetrical mathematical analysis for fermi parameters:

1D Analysis:

N(total number of particle quantum states) = I/ dxdpx

X temg
Due to spatial states due to spin states

Now taking the limit of x from 0 to L and for the momentum limit of px is from O to ps where L is the length
of the system and ps is the fermi momentum.so we have

L pf
fo f(f) dxdpy

N = X (25 +1) where S is the spin of the particle

N=>py Xy wherey= (25 +1)

pr = I;’—f This expression shows that fermi momentum depends upon the directly proportional to density

% and inversely proportional to v in the case of 1D

Fermi wavelength:

Wavelength corresponding to fermi momentum is said to be fermi wavelength. From the De Broglie
hypothesis of wave particle duality we have

h _ h _ (N\ 1!
Af—p—f-w_—h-(ﬂ)

<
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This expression shows that fermi wavelength depends upon inversely proportional to density% and directly

proportional to y in the case of 1D.
Fermi Energy:

Energy corresponding to the fermi momentum is said to be fermi energy. So we have

_ (Pf)z_i[N_h]z
= 2m " amlyL

This expression shows that fermi energy depends upon directly proportional to square power of density and
inversely proportional to square power of y in case of 1D.

Fermi Temperature:

Temperature at which thermal effects becomes comparable to quantum effects associate with the fermi Dirac
statistics is said to be fermi temperature and mathematically we have

1 [th

— L
& = kBTf or Tf = E— amkp LyL

This expression shows that fermi temperature depends upon directly proportional to square power of density
and inversely proportional to square power of y in case of 1D.

Fermi wavevector:

Wave vector corresponding to fermi momentum is said to be fermi wavevector. Mathematically we have

_ _ Pf _1Nh _ 27N
pf— hkf or kf— ? _EV_L _y_L

This expression shows that fermi wavevector is directly proportional to density and inversely proportional
to y in case of 1D.

Relation between average energy and fermi energy:

) Osf eD(e)de

) ng D(e)de

8_0 =
In 1D density of states is inversely proportional to half power of energy so we have

£ -1
_ ez de
A
J, AeZ de
Here A is proportional constant
&
3
This shows that average energy of the particle is equal to one third of fermi energy in 1D.

5_0:

2D Analysis:

. dxd dyd
N(total number of particle quantum states) = [ ax p’}‘l {f Yy X tSms

Due to spatial states due to spin states
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J[ dxdy = A(area of the system) and for [[ dp, dp, construct a ring of radius having the momentum

p and width dp and then take the limit of momentum from 0 to ps where ps is the fermi momentum.so we
have

N = %fopf 2npdp X (2S5 + 1) where S is the spin of the particle

N :Z—fpfz Xy wherey= (25+1)

This expression shows that fermi momentum depends upon the directly proportional to half power of density
% and inversely proportional to half power of y in the case of 2D

Fermi wavelength:

Wavelength corresponding to fermi momentum is said to be fermi wavelength. From the De Broglie
hypothesis of wave particle duality we have

-1

B — r - _ [L]T
f pf h[L]% TAY
TAY.

This expression shows that fermi wavelength depends upon inversely proportional to half power of density
% and directly proportional to half power of vy in the case of 2D.

Fermi Energy:

Energy corresponding to the fermi momentum is said to be fermi energy. So we have

_ @) _ 1 own?
™ 2m _Zmn'Ay

This expression shows that fermi energy depends upon directly proportional to density and inversely
proportional to vy in case of 2D.

Fermi Temperature:

Temperature at which thermal effects becomes comparable to quantum effects associate with the fermi Dirac
statistics is said to be fermi temperature and mathematically we have
_ — & 1 .1Ne
& = kBTf or Tf = s = kg 2m Ay
This expression shows that fermi temperature depends upon directly proportional to density and inversely
proportional to y in case of 2D.

Fermi wavevector:

Wave vector corresponding to fermi momentum is said to be fermi wavevector. Mathematically we have

1 1
_ __ by _1 N 1z _ N 12
pp =y or ky = 5L =gn[ 2o <ol
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This expression shows that fermi wavevector is directly proportional to half power of density and inversely
proportional to half power of y in case of 2D.

Relation between average energy and fermi energy:

B fosf eD(e)de
&= 77—
° fOSfD(e)de
In 2D density of states is independent upon energy so we have
£f
= s fogfeAde
J," Ade

Here A is proportional constant

This shows that average energy of the particle is equal to half of fermi energy in 2D.

3D Analysis:
Ni(total number of particle quantum states) = 2L 4x4P= 0 d¥ bie. o X S mg
h
Due to spatial states due to spin states

JJf dxdydz =V (volume of the system) and for [{[ dp,dp,dp, construct a spherical shell having the
radius of momentum p and width dp and then take the limit of momentum from 0 to pr where pr is the fermi

momentum.so we have
N = %f:” 4mp?dp x (2S+ 1) where S is the spin of the particle
N=2L2mp3xy wherey= (2S+ 1)
33 Pr” XY Y

3_ 3Nh3
f antVy

1
. [3N 3
50 pf =h [47TV)/]
This expression shows that fermi momentum depends upon the directly proportional to one third power of
density% and inversely proportional to one third power of y in the case of 3D
Fermi wavelength:

Wavelength corresponding to fermi momentum is said to be fermi wavelength. From the De Broglie
hypothesis of wave particle duality we have
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-1

1. = ﬂ_ h _ [ 3N ]T
f 127 b 3N % 4TtVy
[4-11:Vy]

This expression shows that fermi wavelength depends upon inversely proportional to one third power of
density% and directly proportional to one third power of vy in the case of 3D.

Fermi Energy:

Energy corresponding to the fermi momentum is said to be fermi energy. So we have
() :
_pr) _ 1 553N |3
Sf T 2m th [41'L'Vy]

This expression shows that fermi energy depends upon directly proportional to two third power of density
and inversely proportional to two third power of y in case of 3D.

Fermi Temperature:

Temperature at which thermal effects becomes comparable to quantum effects associate with the fermi Dirac
statistics is said to be fermi temperature and mathematically we have

2
_ _f&F_ 11 2[3N]§
& = kgTy or Tf_kB kBth anvy

This expression shows that fermi temperature depends upon directly proportional to two third power of
density and inversely proportional to two third power of vy in case of 3D.

Fermi wavevector:

Wave vector corresponding to fermi momentum is said to be fermi wavevector. Mathematically we have

py = hley or ky = :%h[%]i :2n[%]§

This expression shows that fermi wavevector is directly proportional to one third power of density and
inversely proportional to one third power of y in case of 3D.

Relation between average energy and fermi energy:

[ ng eD(&)de

) Oef D(&)de

8_0 =
In 3D density of states is directly proportional to half power of energy so we have

€ 1
_ J T eAe2de
80 = —gf l
J,] Ae2de
Here A is proportional constant

_ 3

& = 5 ‘Sf
This shows that average energy of the particle is equal to three fifth part of fermi energy in 3D.
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DD Analysis:

N(total number of particle quantum states) = I dxdps If dydpy If diipz """"""""" [ dxpap X
fsms
Due to spatial states due to spin states
On solving we get
D
ve -] T G e
2r

F1+

where y = (2S5 + 1), Sis the spin of the particle

2
B2 r1+% N
— 4

Evov 1LY rm—p H

EF:

Y

Fermi momentum:

2
D = 2
2 2 ri+- ([P o

p h 1]|p

gp = L= —471[ 2 pl X H
2m 2m D-1 Y

(]I

h( )1 F1+7 1%
= h(4m)2 X[—]
Py D_1 p v

This expression shows that fermi momentum depends upon the directly proportional to one upon D power
of density p and inversely proportional to one upon D power of y in the case of DD

Fermi wavelength:

Wavelength corresponding to fermi momentum is said to be fermi wavelength. From the De Broglie
hypothesis of wave particle duality we have

Af=£: h T —Zn(4n) I g lFXH%

D 1D 1

1lri+s 115

2 D
h(4n)2[D_1 p x[;]

This expression shows that fermi wavelength depends upon inversely proportional to one upon D power of
density p and directly proportional to one upon D power of vy in the case of DD.

Fermi Energy:

Energy corresponding to the fermi momentum is said to be fermi energy. So we have

2

2 D D 2

h2 ri+= |P 115

— (pf) — 4‘7'[[ 2 pl x [_]D
2m 2m D-1 Y
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This expression shows that fermi energy depends upon directly proportional to two upon D power of density
and inversely proportional to two upon D power of y in case of DD.

Fermi Temperature:
Temperature at which thermal effects becomes comparable to quantum effects associate with the fermi Dirac

statistics is said to be fermi temperature and mathematically we have

2
1 h?

2
D 2
_ _ EF _ F1+; b l D
Sf = kBTf or Tf = _kB = _kB _Zm a1 lD—l pl X [)’]

This expression shows that fermi temperature depends upon directly proportional to two upon D power of
density and inversely proportional to two upon D power of v in case of DD.

Fermi wavevector:

Wave vector corresponding to fermi momentum is said to be fermi wavevector. Mathematically we have

1 1
pf _1 3 F1+§ D 1% 4 F1+§ D 1%
py = hkp or ky = v :gh(4n)2 S P X [;] = (4m)>2 —— P X [;]

This expression shows that fermi wavevector is directly proportional to one upon D power of density and
inversely proportional to one upon D power of y in case of DD.

Relation between average energy and fermi energy:

fosf eD(e)de

[5D(e)de

0

8_0 =
In DD density of states is directly proportional to half power of energy so we have

e, D=2
[ eAe 7 de
8= b
Jyf ATz de

Here A is proportional constant

D
D+2

8_0 =
This shows that average energy of the particle is equal to % part of fermi energy in DD.

Result and Discussion:

Symmetry always play an important role with respect to law of nature. As nature loves symmetry to make
thing beautiful so here we have applied symmetry concept on phase space to evaluate the various physical
fermi parameters in 1D,2D,3D and DD. Various physical properties like as fermi energy, fermi momentum,
fermi wavelength, fermi temperature, fermi wavevector calculated with the help of symmetry and concept
of phase space and fermi parameters dependency on density of the system and spin of the particle is shown
in the table 1.1 in symmetrical form.
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Table 1.1: Comparative table for fermi parameters in 1D,2D and 3D

Physical quantities 1D 3D DD
No. of states filled upto 8% 8% g%
energy ¢ is proportional to
Density of states D(g) is 8_71 e% g%
proportional to
Density Dependency of N o N 3 p%
fermi momentum [_] [V]
Spin Dependency of fermi 1 %
momentum 7y =2S+1 [ ] [ [_]
4
Density Dependency Fermi -1 3 -Dl
wavelength [_] [_] p
L vV
Spin Dependency Fermi 1 1 1
wavelength y=2S+1 [y]1 [v]3 [v]P
Density Dependency Fermi 'N'% 'N% p%
energy N v
Spin Dependency Fermi _1_% _1% 1 2
energy vy =2S+1 - - [_]
LY ] L] 4
Density Dependency Fermi 'N12 'N'% p%
temperature ] s
Spin Dependency Fermi _1_% _1_% _1% 1 %
temperature 7y =2S+1 - _ k. [_]
Ly ] LY ] L) ] 4
Density Dependency Fermi 'N'% 'N'% 'N'% p%
wavevector - — D
| L | | Al |V
Spin Dependency Fermi _1_% _1_% _1_% 1 1
wavevector y=2S+1 = - o [_]
LY ] L) ] L) 4
Average energy g, and oy s == __3 == D .
fermi energy &; relation °7 3 0 0= 3 0= D%
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