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Abstract:  In this paper we extend the definitions of Frobenius inner product, Frobenius Norm and the induced metric of usual matrices 

to Frobenius inner product, Frobenius Norm and the induced metric definitions of complex fuzzy matrices. By using these definitions, 

we define Inner product space, Normed space and metric space of complex fuzzy matrices. Finally, in this paper we use some basic 

result from general topology and prove that the collection of all complex fuzzy square matrices will also a topological space. 
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I. INTRODUCTION 

The concept of fuzzy set theory was introduced by Zadeh [1] in 1965. Fuzzy set theory has many applications in various fields, especially in 

medicine and treatments. Fuzzy matrices are another important concept in fuzzy mathematics, which has many applications in modelling 

different uncertain situations in medical diagnosis and science.  

The notion of fuzzy matrices was introduced by Thomson in 1977, and it is developed by Kim and Roush as an extension of Boolean matrices. 

The concept of complex fuzzy sets, which is an extension of the classical fuzzy sets, in which the membership function assigns its values on the 

unit disc of the complex plane [set of all complex numbers with modulus less than or equal to 1]. The representation of complex degree of 

membership in polar co-ordinates was introduced by Ramot. Frobenius inner product is a binary operation that gives a number in return when 

we give two matrices to it. 

II. PRELIIMINARIES 

2.1 Fuzzy Matrices 

 A fuzzy matrix is a matrix which has its elements from [0,1], called the fuzzy unit interval. 

 A fuzzy matrix A of order 𝑚 × 𝑛 is defined as 𝐴 = [〈𝑎𝑖𝑗 , 𝑎𝑖𝑗𝜇〉]𝑚×𝑛, where 𝑎𝑖𝑗𝜇  is the membership value of the element 𝑎𝑖𝑗  in A. 

 For simplicity, we write A as 𝐴 = [𝑎𝑖𝑗]𝑚×𝑛. 

 2.2 Complex Fuzzy Set 

A complex fuzzy set defined on the universe of discourse U, is characterized by a membership function 𝜇𝐹(𝑥), that assign any element 𝑎 ∈ 𝐹 a 

complex valued grade of membership in F. By definition, the values 𝜇𝐹(𝑥)  receive all lie within the unit circle in the complex plane, and are 

thus of the form 𝑟𝐹(𝑥)𝑒
𝑖𝜔𝐹(𝑥), 𝑖 = √−1, 𝑟𝐹(𝑥) and 𝜔𝐹(𝑥) are both real valued 𝑟𝐹(𝑥)ϵ [0, 1] , 𝜔𝐹(𝑥)ϵ [0, 2π) , the complex fuzzy set may be 

represented as the set of ordered pairs. F = {(x,𝜇𝐹(𝑥))): xϵ U} 

2.3 Complex Fuzzy Matrices 

A complex fuzzy matrix is a matrix which has its elements from the unit disc in the complex plane. A complex fuzzy matrix of order m × n 

is defined as, 𝐶𝐹 = [〈𝑎𝑖𝑗 , 𝑎𝑖𝑗𝜇〉]𝑚×𝑛 𝑎𝑖𝑗𝜇 = 𝑟𝑖𝑗𝑒
𝑖𝜔𝑖𝑗  ;  𝑟𝑖𝑗𝜖 [0, 1] and 𝜔𝑖𝑗𝜖 𝜖[0, 2𝜋)  

 

Example, 𝐶𝐹 =  [
0.1𝑒𝑖

𝜋

2 0.5𝑒𝑖𝜋 0

0.3𝑒𝑖
𝜋

3 0.2𝑒𝑖0 0.7𝑒𝑖
𝜋

4

0𝑒𝑖0 0.6𝑒𝑖𝜋 1

]

3×3

 

 

2.4) OPERATIONS ON THE COMPLEX FUZZY MATRICES 

2.4.1 Addition of two complex fuzzy matrices 

Two complex fuzzy matrices are comfortable for addition if the matrices are of same order. If  𝐶𝐹1  =  [𝑎𝑖𝑗µ]𝑚×𝑛 and 𝐶𝐹2  =  [𝑏𝑖𝑗𝜗]𝑚×𝑛 then 

𝐶𝐹1  +  𝐶𝐹2  =  [𝑐𝑖𝑗𝜂] 𝑚×𝑛;   𝑐𝑖𝑗𝜂 =  𝑚𝑎𝑥{𝑎𝑖𝑗µ, 𝑏𝑖𝑗𝜗} 

2.4.2 Multiplication of two complex fuzzy matrices 

The product of two complex fuzzy matrices is to be defined we need the number of columns of the first matrix is equal to the number of rows 

of the second matrix. i.e.; If 𝐶𝐹1  =  [𝑎𝑖𝑗µ]𝑚×𝑛 and 𝐶𝐹2  =  [𝑏𝑖𝑗𝜗]𝑛×𝑝 ; 𝐶𝐹 =  (𝐶𝐹1)(𝐶𝐹2)  =  [𝑐𝑖𝑗𝛾]𝑚×𝑝 ; 

𝑐𝑖𝑗𝛾 = 𝑚𝑎𝑥{𝑚𝑖𝑛{𝑎𝑖1µ,   𝑏1𝑗𝜗 },𝑚𝑖𝑛{𝑎𝑖2µ,   𝑏2𝑗𝜗 } ,   𝑚𝑖𝑛{𝑎𝑖3µ,   𝑏3𝑗𝜗 }, . . . , 𝑚𝑖𝑛{𝑎𝑖𝑛µ,   𝑏1𝑛𝜗 }  };  1 ≤ 𝑖 ≤ 𝑚,   1 ≤ 𝑗 ≤ 𝑝. 

2.4.3 Trace of a complex fuzzy matrix 

Let 𝐶𝐹 =  [𝑎𝑖𝑗𝜇]𝑛×𝑛 be a square complex fuzzy matrix. Then 𝑇𝑟𝑎𝑐𝑒(𝐶𝐹)  = 𝑚𝑎𝑥{𝑎𝑖𝑖𝜇} 

2.4.4 Conjugate transpose of a complex fuzzy matrix 

The conjugate transpose of a complex fuzzy matrix CF is defined as the transpose of the conjugate of the matrix.  

That is 𝐶𝐹̅̅̅̅ 𝑇 = (𝐶𝐹)∗. 
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2.4.5 Determinant of a complex fuzzy matrix 

Let 𝐶𝐹 = [𝑎𝑖𝑗𝜇]𝑛×𝑛be an n × n complex fuzzy matrix then, ||𝐶𝐹| = 𝑎11𝜇𝑀11 + 𝑎12𝜇𝑀12+.   .  . +𝑎1𝑛𝜇𝑀1𝑛, where 𝑀𝑖𝑗  is the minor of the (𝑖𝑗)𝑡ℎ 

entry. 

III. THEOREMS ON THE COLLECTION OF COMPLEX FUZZY MATRICES 

3.1 Theorem I: -Vector space of complex fuzzy matrices 

The set of all complex fuzzy matrices of order 𝑛 × 𝑛 will form a vector space over the field, the unit disc of the complex plane under the binary 

operations,  

(i) Addition of two complex fuzzy matrices: - 

If  𝐶𝐹1  =  [𝑎𝑖𝑗µ]𝑚×𝑛 and 𝐶𝐹2  =  [𝑏𝑖𝑗𝜗]𝑚×𝑛 then 𝐶𝐹1  +  𝐶𝐹2  =  [𝑐𝑖𝑗𝜂] 𝑚×𝑛;   𝑐𝑖𝑗𝜂 =  𝑚𝑎𝑥{𝑎𝑖𝑗µ, 𝑏𝑖𝑗𝜗} 

(ii) Scalar multiplication: - 

If 𝐶𝐹 = [𝑎𝑖𝑗𝜇]𝑛×𝑛, then for any scalar 𝑧 = 𝑟𝑒𝑖𝜃 in the unit disc of the complex plane,  

The scalar multiplication is defined by, 

𝑧. 𝐶𝐹 = [𝑐𝑖𝑗𝛾]𝑛×𝑛;   𝑐𝑖𝑗𝛾 = 𝑚𝑖𝑛{𝑟𝑒𝑖𝜃 , 𝑟𝑖𝑗𝑒
𝑖𝜔𝑖𝑗} 

Proof: - 

Closure Property 

By the definition itself 

Associativity 

Since the minimum operator is associative. 

Existence of additive identity 

The zero matrix is the additive identity. 

Existence of additive inverse 

If  𝐶𝐹 =  [𝑎𝑖𝑗𝜇]𝑛×𝑛, the additive identity of  𝐶𝐹 is −𝐶𝐹. 

i.e.; If  𝐶𝐹1  =  [𝑎𝑖𝑗µ]𝑛×𝑛 and 𝐶𝐹2  =  [𝑏𝑖𝑗𝜗]𝑛×𝑛 ; 𝑎𝑖𝑗𝜇 = 𝑎𝑖𝑗𝑒
𝑖𝜔𝑖𝑗 and 𝑏𝑖𝑗𝜇 = 𝑏𝑖𝑗𝑒

𝑖𝜗𝑖𝑗 

𝐶𝐹1 − 𝐶𝐹2 = [𝑐𝑖𝑗𝛾]𝑛×𝑛 ⇢ (#)  

𝑐𝑖𝑗𝛾 = 

{
 
 

 
 
𝑎𝑖𝑗𝑒

𝑖𝜔𝑖𝑗    ;   𝑎𝑖𝑗 > 𝑏𝑖𝑗   𝑎𝑛𝑑 𝜔𝑖𝑗 > 𝜗𝑖𝑗

0𝑒𝑖𝜔𝑖𝑗       ;    𝑎𝑖𝑗 ≤ 𝑏𝑖𝑗   𝑎𝑛𝑑 𝜔𝑖𝑗 > 𝜗𝑖𝑗

0𝑒𝑖0         ;    𝑎𝑖𝑗 ≤ 𝑏𝑖𝑗   𝑎𝑛𝑑 𝜔𝑖𝑗 ≤ 𝜗𝑖𝑗

𝑎𝑖𝑗𝑒
𝑖0      ;    𝑎𝑖𝑗 > 𝑏𝑖𝑗   𝑎𝑛𝑑 𝜔𝑖𝑗 > 𝜗𝑖𝑗

  

So, if we take 𝐶𝐹−1 as −𝐶𝐹, 

𝐶𝐹 − 𝐶𝐹 = [𝑐𝑖𝑗𝛾]𝑛×𝑛  ;  𝑐𝑖𝑗𝛾 = 0𝑒𝑖0 , ∀𝑖, 𝑗  

Since, 𝑎𝑖𝑗 = 𝑏𝑖𝑗   𝑎𝑛𝑑 𝜔𝑖𝑗 = 𝜗𝑖𝑗  

So, the collection of all complex fuzzy matrices of order  𝑛 × 𝑛 is a group under addition. 

Closure property of scalar multiplication 

By the definition itself. 

Right and left distributive properties holds 

𝑧. (𝐶𝐹1 + 𝐶𝐹2) = 𝑧. 𝐶𝐹1 + 𝑧. 𝐶𝐹2  

(𝐶𝐹1 + 𝐶𝐹2). 𝑧 =  𝐶𝐹1. 𝑧 + 𝐶𝐹2. 𝑧  

Since the minimum operator id distributive over maximum operator. 

Associativity holds 

(𝑧1𝑧2). 𝐶𝐹 =  𝑧1. (𝑧2. 𝐶𝐹)  
Since the minimum operator is associative. 

Scalar multiplication by unity 

1𝑒𝑖0. 𝑎𝑖𝑗𝜇 = min{1𝑒
𝑖0, 𝑟𝑖𝑗𝑒

𝑖𝜔𝑖𝑗} = 𝑟𝑖𝑗𝑒
𝑖𝜔𝑖𝑗    

i.e.; 1𝑒𝑖0. 𝐴 = 𝐴. 

𝐶𝐹𝑛×𝑛 is a vector space under the defined operations. 

Hence the theorem. 

3.2 Frobenius inner product of complex fuzzy matrices 

The Frobenius inner product of complex fuzzy matrices is defined by,  

for any two complex fuzzy matrices 𝐶𝐹1 and 𝐶𝐹2 of order 𝑛 × 𝑛 then,  

〈𝐶𝐹1, 𝐶𝐹2〉 = 𝑇𝑟𝑎𝑐𝑒((𝐶𝐹1)
∗(𝐶𝐹2)) , where (𝐶𝐹1)

∗ is the conjugate transpose of 𝐶𝐹1. 

Theorem II: - The inner product space of complex fuzzy matrices. 

The collection of all complex fuzzy matrices of order 𝑛 × 𝑛, 𝐶𝐹𝑛×𝑛 will form an inner product space under the mapping  

〈𝐶𝐹1, 𝐶𝐹2〉 = 𝑇𝑟𝑎𝑐𝑒((𝐶𝐹1)
∗(𝐶𝐹2)) → (1)  

For any 𝐶𝐹1, 𝐶𝐹2 ∈  𝐶𝐹
𝑛×𝑛 and where (𝐶𝐹1)

∗ is the conjugate transpose of 𝐶𝐹1. 

Proof: - 

Using Theorem: - I, we have 𝐶𝐹𝑛×𝑛 is a vector space over the field D (unit disc in the complex plane.) 

It remains to show that the mapping defined in (1) is an inner product. 

〈 , 〉 ∶  𝐶𝐹𝑛×𝑛 × 𝐶𝐹𝑛×𝑛 ⟶𝐷 where D is the unit disc in the complex plane. 

Closure property 

Trace is a scalar in the unit disc, therefore, 〈𝐶𝐹1, 𝐶𝐹2〉 ∈ 𝐷 

Linearity 

Since the trace is a linear function, therefore 〈 , 〉 is linear. 
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© 2019 JETIR January 2019, Volume 6, Issue 1                                                                           www.jetir.org (ISSN-2349-5162) 

JETIR1901F77 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 1300 
 

Conjugate symmetry 

〈𝐶𝐹1, 𝐶𝐹2〉 = 〈𝐶𝐹2, 𝐶𝐹1〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  

〈𝐶𝐹2, 𝐶𝐹1〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝑇𝑟𝑎𝑐𝑒((𝐶𝐹2)
∗(𝐶𝐹1))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   

                  = (𝑇𝑟𝑎𝑐𝑒((𝐶𝐹1)
∗(𝐶𝐹2))  

                  = 〈𝐶𝐹1, 𝐶𝐹2〉 
Positive definiteness 

〈𝐶𝐹, 𝐶𝐹〉 > 0    , ∀ 𝐶𝐹 ≠ 𝑂  

Since the Trace is defined as ∑𝑎𝑖𝑗𝜇 = 𝑀𝑎𝑥{ 𝑎𝑖𝑗𝜇} 

Therefore, 𝐶𝐹𝑛×𝑛 is an inner product space. 

Hence the theorem. 

3.3 Frobenius norm on the complex fuzzy matrices 

Frobenius norm on 𝐶𝐹𝑛×𝑛 is a function ‖. ‖: 𝐶𝐹𝑛×𝑛 ⟶𝐷 defines by, 

‖𝐶𝐹‖ = √〈𝐶𝐹, 𝐶𝐹〉 = √𝑇𝑟𝑎𝑐𝑒((𝐶𝐹)∗(𝐶𝐹)) ⟶ (2) , where 𝐶𝐹∗ is the conjugate transpose of 𝐶𝐹. 

Theorem III: - Normed space of complex fuzzy matrices 

The collection 𝐶𝐹𝑛×𝑛 of all complex fuzzy matrices of order 𝑛 × 𝑛 will form a normed space under the function (2) defined on 𝐶𝐹𝑛×𝑛. 

Proof: - 

Using Theorem, I, 𝐶𝐹𝑛×𝑛 is a vector space and also the function defined in (2) is well defined from 𝐶𝐹𝑛×𝑛 ⟶𝐷. 

It remains to show that ‖. ‖ is a norm. 

Sub Additivity 

It is clear from the definition itself, 

‖𝐶𝐹1 + 𝐶𝐹2‖ = √〈𝐶𝐹1 + 𝐶𝐹2, 𝐶𝐹1 + 𝐶𝐹2 〉  

                       ≤ √〈𝐶𝐹1, 𝐶𝐹1〉 + √〈𝐶𝐹2, 𝐶𝐹2〉 

                       = ‖𝐶𝐹1‖ + ‖𝐶𝐹2‖ 

Homogeneity 

‖𝑧. 𝐶𝐹‖ =  |𝑍| ‖𝐶𝐹‖ , is clear from the definition itself. 

Positive definiteness 

Obvious from the definition itself. 

Therefore, 𝐶𝐹𝑛×𝑛 is a normed space. 

Hence the theorem. 

Theorem III: - Metric space of complex fuzzy matrices 

The metric induced by the Frobenius nor will made the collection 𝐶𝐹𝑛×𝑛 a metric space. 

The induced metric is defined as, 

𝑑: 𝐶𝐹𝑛×𝑛 × 𝐶𝐹𝑛×𝑛 ⟶𝐷 and  

𝑑(𝐶𝐹1, 𝐶𝐹2 ) = ‖𝐶𝐹1 − 𝐶𝐹2‖ , the ‘- ‘operator already defined in (#). 

Proof: -   

Clearly d is a metric on 𝐶𝐹𝑛×𝑛. 

Positive definiteness 

𝑑(𝐶𝐹1, 𝐶𝐹2 ) ≥ 0 , ∀ 𝐶𝐹1, 𝐶𝐹2 ∈  𝐶𝐹
𝑛×𝑛, since the norm is. 

Distinguishes points 

𝑑(𝐶𝐹1, 𝐶𝐹1 ) = 0 𝑎𝑛𝑑 𝑑(𝐶𝐹1, 𝐶𝐹2 ) ≠ 0 𝑤ℎ𝑒𝑟𝑒 𝐶𝐹1 ≠ 𝐶𝐹2 , ∀ 𝐶𝐹1, 𝐶𝐹2 ∈  𝐶𝐹
𝑛×𝑛 . 

Symmetry 

Using the definition of norm. 

Triangle inequality 

Using the definition of norm. 

Therefore, 𝐶𝐹𝑛×𝑛 is metric space. 

Hence the theorem’ 

3.4 Proposition * 

Every metric space is topological space. 

Proof: -  

Let (𝑋, 𝑑) be a metric space. 

Let 𝜏 be the collection of all open sets in X. 

Claim: - 𝜏 be a topology on X. 

∅, 𝑿 ∈ 𝝉  

Since ∅ contains no points, we can say that ∅ contains all its open spheres centered on the elements of it. So ∅ ∈ 𝜏.  

Similarly, since X is the full set, it contains all the open spheres centered on the elements of X. So 𝑋 ∈ 𝜏. 
𝝉  is closed under arbitrary union 

Let {𝑈𝛼: 𝛼 ∈ 𝐼} be an arbitrary collection of open sets in 𝜏.  
If  ⋃ 𝑈𝛼 = ∅𝛼∈𝐼 ⇒ ⋃ 𝑈𝛼 ∈ 𝜏𝛼∈𝐼  

So, let ⋃ 𝑈𝛼 ≠ ∅𝛼∈𝐼 ⇒ 𝑙𝑒𝑡 𝑥 ∈ ⋃ 𝑈𝛼𝛼∈𝐼  

⇒ 𝑥 ∈ 𝑈𝛼   for some 𝛼 ∈ 𝐼, open set in 𝜏. 
⇒ ∃ 𝑥 ∈ 𝑆𝑟𝛼(𝑥) ⊆ 𝑈𝛼 .  

⇒ 𝑥 ∈ 𝑆𝑟𝛼(𝑥) ⊆ 𝑈𝛼 ⊆ ⋃ 𝑈𝛼𝛼∈𝐼  . 

Since x is arbitrary, ⋃ 𝑈𝛼𝛼∈𝐼  is open ⇒ ⋃ 𝑈𝛼𝛼∈𝐼 ∈ 𝜏. 

𝜏  is closed under arbitrary union. 
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𝝉  is closed under finite intersection 

Let {𝑈𝛼1 , 𝑈𝛼2 , 𝑈𝛼3 , . . . , 𝑈𝛼𝑛} be any finite collection of open sets in 𝜏. 

Claim: - ⋂ 𝑈𝛼𝑖 ∈ 𝜏
𝑛
𝑖=1  

If ⋂ 𝑈𝛼𝑖 = ∅ ∈ 𝜏
𝑛
𝑖=1 , nothing to prove. 

So, let ⋂ 𝑈𝛼𝑖 ≠ ∅𝑛
𝑖=1 ⇒ 𝑥 ∈ ⋂ 𝑈𝛼𝑖

𝑛
𝑖=1  

⇒ 𝑥 ∈ 𝑈𝛼𝑖 , ∀ 𝑖 = 1,2,3, . . . , 𝑛  

⇒ ∃ 𝑆𝑟𝛼𝑖
(𝑥) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥 ∈  𝑆𝑟𝛼𝑖

(𝑥) ⊆  𝑈𝛼𝑖  , ∀ 𝑖 = 1,2,3, . . . , 𝑛. 

⇒  𝑥 ∈  𝑆𝑟𝛼𝑖
(𝑥) ⊆  𝑈𝛼𝑖  ⊆ ⋂ 𝑈𝛼𝑖

𝑛
𝑖=1  . 

Since 𝑥 ∈ ⋂ 𝑈𝛼𝑖
𝑛
𝑖=1  is arbitrary. 

⋂ 𝑈𝛼𝑖
𝑛
𝑖=1 ∈ 𝜏  

𝜏  is closed under finite intersection. 

Hence (𝑋, 𝑑) be a Topological space with topology 𝜏. 
Theorem IV: - Topological space of complex fuzzy matrices 

The space 𝐶𝐹𝑛×𝑛 is a topological space  

Proof: - 

Using theorem III,  𝐶𝐹𝑛×𝑛 is metric space under the induced metric d. 

So, using proposition *, every metric space is a topological space. 

We can say that, 𝐶𝐹𝑛×𝑛 is a topological space. 

Hence the theorem. 

IV. CONCLUSION 

The work presented in this paper is the interesting frame work of complex fuzzy matrices and its collection. Also, we discussed the definitions 

of Frobenius inner product, Frobenius norm and the induced metric on the collection of complex fuzzy matrices, by using some already defined 

definitions in usual matrices. So, by using these definitions on the collection of all 𝑛 × 𝑛 complex fuzzy matrices, we proved that the collection 

will become an inner product space, a normed space and hence a metric space. Using the general result every metric space is a topological space, 

finally we concluded that the set all complex fuzzy matrices of order 𝑛 × 𝑛 will form a Topological space. 
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