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Abstract: We have seen that all rational numbers, can be represented as finite simple continued fractions. The
main reason of interest of continued fractions, however, is in their application to the representation of irrational
numbers. In this article, we shall show that every irrational number can be expressed as an infinite continued
fraction
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2. Infinite continued fraction

To expand an irrational number, we need infinite continued fractions; for example

1
V2+1=2+(V2-1)=2+ =2 4+—
( ) \/E-l-l 2+ 1
V2 +1
=2+ 1 =2+ !
24+ —=— 24—
\/E-I_l 2+ =

The expression of V2 + 1 as a continued fraction uncovers a remarkable elegance and regularity, as opposed to
its decimal representation, which does not show any regularity.

Definition 1: Let (a,)n=o be a sequence of real numbers, all positive except possibly ao. Infinite continued
fraction is denoted by [ao; a1, a2, ... ]. The infinite continued fraction is said to converge if the limit

lim [ay; a4, ay, ..., a,] exists, and in that case the limit is also denoted by [ao; a1, @z, ... ].

n—-oo

We know that, [ao; a1, @z,...,an] = Cy, the above limit can be writtenas lim [ay; a4, ay, ..., a,] = lim C,,.
n—-oo

n—oo

Let us now existence of the above limit. By Theorem 3, we have Co< C2<...< (2 < ... < Co+i<...< (3<
C1. Because the even-numbered convergents (>» form monotonically increasing sequence and bounded above
by i, they will converge to a limit o that is greater than each Cxh. Similarly, odd numbered convergents Con+1
are monotonically decreasing and bounded below by (¢, and hence converges to o’ that is less than each Con+1.
Let us prove a = a’. We have

P2n+12n = Panlonsr = (=1 = 1.
Consider,

, P2n+1  DP2n 1
a-a < Cypyg —Copp= ———=—"T"
Q2n+1 Q2n  92n92n+1
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and hence

1
0<|a-al< —
Q2n92n+1 an

. . . 1 B
Since the gi increases as i becomes large, z " Oasn — c. Hence o =a’.
2n

Theorem 1: The value of any infinite continued fraction is an irrational number.
Proof: Let us suppose that x denotes the value of the infinite continued fraction [ao; a1, az, ... ]; that is, x is the

limit of the sequence of convergents

p
C, = [ag; ay, ay, ..., ay] = —
an
Because x lies strictly between the successive convergents G, and Ch+1 , we have
1
0<|x_Cn|<|Cn+1_Cn|: pn+1_p_n— .
dn+1 An ndn+1

With the view to obtaining a contradiction, assume that x is a rational number, say, x =a /b, whereaand b >0

are integers. Then

1

Anqn+1

a Dn

b qn

and so,

b
|aQn_bpn| < .

n+1

As @i increase without bounds as i increases, we can chose n so large that b < gn+1 and hence
0 < lag, — bp,| < 1.
This shows that there is a positive integer between 0 and 1, which is a contradiction.
The converse of the above theorem is also true.
Theorem 2: Every irrational number has a unique representation as an infinite continued fraction.
Proof: Let xo be an arbitrary irrational number. Let us find the sequence of integers ao, a1, a, ... as follows:
Let
a, =[x]and x,,=——k>0
« =[%] Ty a (1)
It is evident that xx+1 is irrational whenever x is irrational. Since Xo is irrational all xk are irrational by induction.
Thus,

O<x —a =X —[x]<1 2
and hence

1

X, =—>1
k+1 Xk _ak (3)

so that the integers ax+1=[Xk+1] > 1 for all k> 0. Thus, we have a sequence of integers ao, a1, az, ..., all positive

except perhaps for ao.
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Now, (3) can be written as

1
X, =a, +—, k=>0.
Xk+1

Through successive substitutions, we obtain

= [ao;aiva21"'1 Xn+1]
for every positive integer n. Now, we have to prove that the infinite simple continued fraction [ao, a1, a, ...]

indeed converges to Xo.
Let n be a fixed positive integer. Then,

Xn+1 pn + pn—l

Xo = [ao;a1’az""!xn+1] i
Xn+1qn + qn—l

where C, = Po s the nt convergent of x, =[a,;a,,a,,---]. Hence,

_ Xpt1Pn T Pn-1 Pn
T Xpetln t o1 Gn
_ —(Pn9n-1 — Pn-19n)
 (¥n419n + Gn-1)4n
S, S
 (¥ns19n + Gn-1)n
From (2), we have xn+1 > an+1 and therefore

xO_Cn

c,|- 1 3 1 _ 1
" (Xn+lqn + qn—l)qn (an+lqn + qn—l)qn qn+1qn

% -

Because gk increases without bounds as k increases, —0asn—o. Hence

n+1qn
lim )
X0 =n —)OOCn = [ama*uaza"']-

Example 1: Consider the irrational number X, = @ The successive irrational numbers xx (and hence ax)

can be computed as follows:
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X, =~23=4++/23-4 [[V23]=4 a,=4
1 1 _V23+4_ 23-3

o] VB4 7 7 &t
1 7 _\23+3_ J_ 3 ~
R P N - R ;%3
- 1 2 _\23+3_ @—4 a1
—[6] V23-3 7 7
1
x4_XS_[XS]_@_4_\/§+4_8+(\/§—4) a,=8

Because Xs = X1, also Xe = X2, X7 = X3, Xg = X4; then we get X9 = X5 = X1, and so on, which means that the block of

integers 1, 3, 1, 8 repeats indefinitely. We find that the continued fraction expansion of J23 s periodic with
the form
\V23=04;1,318,1,318,-]
=[4,131,8]
Now, we prove that the representation of an irrational number as an infinite continued fraction is unique in the
following theorem.

Theorem 3: If the two infinite simple continued fractions [a,;a,,a,,:-] and [by;b,b,,---] represent the same

irrational number x, then ax=bx fork=0, 1, 2, 3, ...

Proof: Suppose that x =[a,;&;,a,,---]. Then,C, =a, and C, =a, + 1 we have from Theorem 4 of Chapter 15,

1
a, < X <a, +— so that a, =[x]. Note that
a‘l

s -
[a1;az’a3""]

Suppose that [a,;a,,8,,---] = [by;b,,b,,--] then clearly, ao = bo = [X] and that

[ao;avazf"] =3, +

1 1
+——=h+—
[a1;a2va3""] [b1;b2’b31"']
so that

[al;aZ’aS’”'] — [bl;bzvb3""]

Now assume that ax = bx and that [a, ;;8&,.,, 8.3 1=[0.1;B.,, b, -] . Using the same argument, we see that

adk+1 = bk+1, and
1 1
Qo t———————== bk+l o
[ak+2 Qg ] [bk+2; bk+31 ' ]
which implies

[ak+2;ak+37' : ] = [bl<+2;bk+3" ’ ]

Hence by induction, we see that ax = bx fork =0, 1, 2, ...
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Theorem 4: If x is an irrational number, then there are infinitely many rational numbers p / g such that

- Y
aa @
Proof: Let p«/ gk be the k™ convergent of the continued fraction of x. Then, by Theorem 2, we know that
Py 1 1
X——| < ——< = [ a <q.
G| OO G Co
Hence
Pl L
G| Ok

Consequently, the convergents of X, px/ gk, k=1, 2, ... are infinitely many rational numbers which satisfy (4).
3. Rational approximation to irrational numbers

The following theorem and corollary shows that the convergents of the simple infinite continued fraction
of an irrational numbers x are the best rational approximation to x.
Theorem 5: Let pn/ gn be the n™ convergent of the continued fraction representing the irrational number x. If

a and b are integers, with 1 <b < gns+1, then
|g,x— p,| < |bx —a|
Proof: Consider the system of equations

pna - pn+1ﬂ =a
qna gk qn+1ﬁ = b

Then, the solutions of the above system of equations are given by

& = (~1)""*(aGy., - bp,..)
B =(-1)""(bp, - aq,)
Note that « #0. For, ifa =0, then(aq,,, =bp,.,) and, because gcd(p,,;,0,.,) =1, d... [0 Orb>0q,,,, whichis
a contradiction to our hypothesis.
If 5=0, then a=p,a and b=q, and hence|bx —a|=|al|q,x - p,| = |q,x - p,|, which is the required
result. So, assume S =0.

If B<0, then the equation q.a=b—q,,,A implies that g, >0 and therefore  >0. If 4> 0,then

b <q,,, which implies b < £q, ., and therefore aq, =b—q,,, <0; this makes & <0. Hence, o and S must

have opposite signs. By Theorem 4 of Chapter 15, since x lies between P and h,

n Ona
G X=P, and Oy X— Py
will have opposite signs. This implies
a(qx=p,) and  B(Gy.X—Pyy)

must have the same sign and therefore
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‘a(qnx_ pn)+ﬁ(qn+1x_ pn+1) = |a||qnx_ pn|+|ﬁ||qn+lx_ pn+1|

Now, consider

|bx —a] =|(dye + 4.1 B)X = (Py + Py.1B)
=|a(a,x = p, )+ B(GrsX — Pos)
= |a||an - pn|+|ﬂ||qn+lx_ pn+l|
>|a||an— pn|
>|an— pn|

which is the desired inequality.

Corollary 1: If 1 <b <gn, the rational number a / b satisfies

x—Pal _‘
d, b
Proof: Suppose
x—Pals _‘
ds b
then
|an— pn|:qn X—& >b X—%‘=|bX—a|

which is a contradiction to Theorem 5.
Theorem 6: Let x be an arbitrary irrational number. If the rational number a /b where b > 1 and ged(a, b) =
1, satisfies

o
2b?

a
X — —
b

then a/ b is one of the convergents pn / gn in the continued fraction representation of x.
Proof: Assume that a/b is not a convergent of X. Since the sequence gn is an increasing sequence, there exists
a unique integer n for which gqn <b < gns+1. For this n, the last lemma gives the first inequality in the chain

al 1
X—p.|=bx—al=bjx——|<—
which may be written as
(Pl 1
9,| 2ba,

Since, a/ b # pn/ gn, bpn — agn is a nonzero integer, and hence 1 < |bpn — agn|.

Now, consider

1 1
<=t
2bg,  2b?

bpn — aqn
ba,

P23
q, b

P
dy

a
X__
b

1
<
ba,

— X[+

Since, g, > Db,
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1 1 < 1 1 1

+ < + =—.
2bq,  2b*  2b*  2b° b

Therefore

1 1

—<—:>i<l:>q >Db
bg, b? o

b

n

But this is a contradiction to the fact that g, < b. This completes the proof.
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