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Abstract : Let G = (V, E) be a simple graph of order n. The total dominating set S of V that every vertex of V (including those in the set
itself ) is adjacent to some vertices of S. A total dominating set S of G is called a pendant total dominating set if the induced sub graph
<S> contains at least one pendant vertex. In this paper, we introduce a new type of graph polynomial called pendant total domination

polynomial. We obtain the pendant total domination polynomial of some standard graphs.
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l. Introduction
Throughout this paper, we will consider only simple graphs. Let G = (V,E) be a simple graph. For S <V (G), we use <S> for the sub

graph induced by S. For any vertex veV(G), the open neighborhood of v is the set N(v) = {UeV(G)|UVeE(G)} and the closed

neighborhood of v is the set N[v]=N(v)U{v}. For a setS cV(G), the open neighborhood of S is the set N(S)=| JN(v) and the

Ves

closed neighborhood of S is the set N[S]=N(S)US. The maximum degree of the graph G is denoted by A(G) and the minimum

degree is denoted by &(G) .A set of vertices S in a graph G is said to be a dominating set if every vertex veV (G) is either an element of

S or is adjacent to an element of S.

A set of vertices S in a graph G is said to be a total dominating set if every vertex veV (G) (including those in the set itself ) is adjacent
to an element of S.A total dominating set S of G is called pendant total dominating set if the induced sub graph <S> contains at least one
pendant vertex. The minimum cardinality of a pendant total dominating set of G is called the pendant total domination number and is
denoted by y,,(G) . A vertex of degree zero is called an isolated vertex and a vertex of a degree one is called a pendant vertex. An edge
incident to a pendant vertex is called a pendant edge. For a detailed treatment of the domination and domination polynomial of a graph,
the reader may referred to [2,1].We introduced the pendant total domination polynomial of G, and obtain pendant total domination

polynomial for some standard graphs.The join of G, and G, denoted by G, v G, is the graph such that

E(G,vG,) =E(G)UE(G,)U{uv;ueV (G,),veV(G,)} and V(G,vG,)=V(G,)UV(G,) . The star graph K, isagraph of order n+1
obtained by joining the two graphs G, =K, and G, = K_n A fangraph F_  is defined as the graph join K_mv P, , where K_m is the
empty graph on m nodes and P, is the path graph on n nodes. An m - gonal n - cone graph, also called the n — point suspension of C_ ,

is defined by the graph join C_ v K_n , where C, is a cyclic graph and K_n is an empty graph.

1. Pendant Total Domination Polynomial Of A Graph

Definition 2.1 Let G be a simple graph of order n with no isolated vertices. Let d, (G,i) be the family of pendant total dominating

sets of G with cardinalityiand let d (G,i):|Dpet (G)| . Then the pendant total domination polynomial d (G, x) of G is defined as

d, (G, X)= Z dpe,(G,i)xi , Where . (G) is the pendant total domination number of G.

1=7pet (G)

JETIR1903166 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 446


http://www.jetir.org/

© 2019 JETIR March 2019, Volume 6, Issue 3 www.jetir.org (ISSN-2349-5162)

Example 2.1 Consider the graph G given in the figure 2.1

[ @ @ @ @ o @
(Figure 2.1)

The pendant total dominating sets of G of cardinality 5is 1 i.e. {v,,v;,v,,V;,v,} .Therefore d , (G,5)=1.

The pendant total dominating sets of G of cardinality 6 is 2 i.e. {v;,V,,V;,V,,Vs,Vs} and {v,,v;,v,,Vs,Vs,V, }. Therefore d , (G,6)=2.
The pendant total dominating sets of G of cardinality 7 is 1 i.e. {v;,v,,v;,v,,V;,V,,V;} . Therefore d  (G,7)=1.

Since, the minimum cardinality is 5, y,,(G)=5

pet

)l

Dpet (G, x)= z dpet(Gi i)xi

i:}/pe((G)
7 . .
:deeI (G,i)x'
i=5

= d,,(G,5)X° +0d,, (G,6)x°+d (G, 7)X
=X +2x° + X’
=x°(1+2x+x?)

D, (G,X) =x*(1+X)’

Observation 2.1 Let G be any connected graph of order n>2 . Then
a) d,(G,n)=1,if G has a pendant vertex.

1,if 6(G)=1
0, otherwise

b) dpet(G,n):{

C) dpet (G,|)=O iff i <7 pet (G) ori>n.
d) d,(G,x) hasno constant term.

e) Zeroisarootof d(G,x) of multiplicity y,. (G) .

Proposition 2.1 Let G be a connected graph of order greater than equal to 2 then D, (G, x):(gj 2iff G =K,
Proof : Let G be a complete graph of order greater than equal to 2 . Clearly y ., (G) =2 and a pendant total dominating set of size two is

obtained by choosing any two vertices in V(G). hence there are (E) ways to select the pendant total dominating set of size two and so
n . . . .
Do (G,2)=(Ej . For any subset S of vertices, of size at least three, the induced sub graph <S> contains no pendant vertex and so

D, (G,i)=0 for i>3. Therefore Dpet(GlX)z(gsz.

Conversely, Let Sbea y,, -setof Gandassume D, (G,x)=(E] 2. Since coefficient of x' is zero for i >3, it follows that G contains

no pendant dominating set of size greater than two. Further , every pair of vertices will be a pendant dominating set and hence any two
vertices in G are adjacent, proving that G =K, .

Theorem 2 : Let G,,G, be connected graphs of order n,m>2 respectively. Then D, (G, v G,,x) = nmx’ + Dy (G, X) + Dy (G, X) .

Proof : Let G =G, v G, and suppose that D, is a pendant dominating set of G, and D, is a pendant dominating set of G, . Further,

ny(m - L . .
7w (G) =2 and there are (lj(l j ways to select the minimum pendant dominating set in G. Next, selecting at least one vertex
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from G, and two vertices from G, (or conversely), then the resulting set leads to a sub graph having no pendant vertex. It implies that,

D,..(G,i) =0, fori >3 and vertices taken from G, and G, . Any pendant dominating set of size greater than or equal to three arises

from or G, . The pendant dominating sets of G, or G, will also be a pendant dominating set of G. Therefore

D, (G, +G,.X) = K;]@sz +D,, (G, %)+ D, (G,.X).

D, (G, +G,,x) =nmx* + D, (G,,X) + D, (G, X).

Corollary 2.1 For a connected graph G, the followings are true :

a) Ifn>4 then D W,,x)=nx*+D,(C,,x).
b) If G isam- gonal n- cone graph C, then
D, (Cyy.ps X) =nMX* + D, (C,, X).
¢c) IfGisafangraph F  ,then
D, (Fpnr X) = nMX* + D, (B, X).

Proof :a) Let W, be a wheel with n> 4 vertices, which can be constructed by joining the graph

G, =C,, with G, =K,,ie W, =C_, +K,.Now by using Theorem 2, we get D, (W,,x) =nx*+D,, (C,,,X).
b) Let G=C,, beacone graphand it can be construct by joining the graph G, =C withG, =K_n,i.e.,Cm'n =C, +K_n. Now by
using Theorem 2, we get D, (C,,,X) =nmx*+D_, (C,,x).
c) By applying the theorem 2, with G, = K_mand G, =P, , we have the result.

Proposition 2.2The following properties holds for coefficient of D, (P,, ).
8) D (P,n) =Lif n>2.

b) Dy (P,,N—1) =n,if n>3.

<) Dpet(Pn!n) =lifn>2

d) Dpet(Panvn) =0Vvn.

Theorem3: Let G=S .Then D, = x[(1+ x)' —1}.

Proof: Let G =S, beastar graph. Then 7,,(G)=2 andG =S, = Ko +K,. Let{U,,u,,U,,........,u,} be a vertex set of K, and u be a

vertex of K,. Any pendant total dominating set in G must contain u and so the number of pendant total dominating sets of size two
will be the number of totally disconnected graph and so d, (G,2) =n.
Also, pendant dominating sets of size j,3< j<n are obtained by taking any j—1 number of vertices fromV (K). Therefore, we

n . n
have [j J ways to choose a pendant set of j sizeand so d, (G)z(j J.

Therefore

D, (G,X) = x[(l x)" —1}
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nx(1—x) —x
2

Theorem 4 : Let G =K, beacomplete bipartite graph. Then D, (G,x) = (nx)2 {H :|+ 2nx",

(2-x%)
Proof : Let G be a complete bipartite graph with 2n vertices. Clearly y,,(G) =2. The minimum pendant total dominating set is of

size two and maximum pendant total dominating set is of size n+1 . There are n* edges of pendant total dominating set of size

two. Therefore d

n-1 N . L
(G,x) =n’. Then there are n? ways to select the pendant total dominating set of size three, similarly
pet 1

n-2 _— . 2n ——
nz( 1 J ways to select the pendant total dominating set of size n and ( 1 j ways to select the pendant total dominating set of
size n+1. Therefore
2n
Dyt (G, %) =[ n*X* +n*(n=1)x° +n*(n - 2)x* +...]+( ) jx””.

= (nx)2 [1+ (n=)x+(n-2)x" + ] +2nx",
n+l

= (nx)2[1+ nX +nx% +nx® +...—x—2x* -3x3 —...J+2nx .

n+l

= (nx)2[1+ NX(L+ X+ X* +...) — X1+ 2x +3x° +...)]+2nx :
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