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Abstract—Closure properties is a very important properties for formal languages used in automata theory. A certain type of
language under some operation yield same type of language, then it is said to be language is closed under that operation.
Example is that regular language under union, intersection, concatenation and some others is closed. Myhill-Nerode Theorem is
a very important theorem for determining whether a given language is regular or not, because it gives necessary and sufficient
condition for a given language to be regular language, on the basis of finite number of equivalence classes.
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I. INTRODUCTION

DFA is a deterministic finite automata machine which recognizes strings of regular languages. It is a pure recognising or
validating machine which can only recognize or validate input strings. It does not give any output corresponding to input
strings. DFA is defined by 5-tuple definition i.e. (Q, ¥, 8, qo, F), where:

Q: It is a finite nonempty set of states.
>: It is a finite nonempty set of input alphabets.

o: It is a transition function, which define how transition of state will take place from one state to another state according to
mapping rule:

6:Qx2—Q
Qo: It is one of the states used as a start state or initial state for the purpose of to begin recognition of input strings, where q
€Q.

F: It is non empty set of final states or accepting states, where F is subset of set of states i.e. Q.
Myhill-Nerode Theorem:

Myhill- Nerode theorem states that Language L is a regular language if and only if the set of equivalence classes of L is
finite.
OR
1. Language L can be divided into set of all possible strings into separate (mutually exclusive) classes.
2. IfL isaregular language then number of classes created is finite.
3. If number of classes that L has is finite, then L is a regular language.
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Equivalence Classes:

Classes: Let L = (a+b)*a + (a+b)*b
There is two classes-
Ca=(atb)*a  ending in a.
Ca=(atb)*  endinginb.

A binary relation is said to be equivalence relation if and only if it is
1. Reflexive
2. Transitive
3. Symmetric

There is a natural equivalence relation between the strings of finite automata.
Suppose DFAM= (Q, E, 6, qo, F) for X, y, z € > '*, a relation Ry, is defined as follows
XRmyiffo* (qo, X) = (o, y)
Reflexive:
v 8% (qox)=8%(qoy) Vxer*
* XRmX
~ Rumis reflexive.
Transitive:
8% (qox)=8%(qoy) and 8*(qo,y)= 8*(qo,2)
& 0%(qox)=06%(qo2z)
It means that if XRmy and yRmz then XRmz.
~ Rm is transitive.
Symmetric:
v 8% (qo.x)=06%(qoY)
8% (qoy) =8%(qo,X)
~ Rm is symmetric.
~ Rm is equivalence classes.

The equivalence relation Ri divides the set > * into equivalence classes. The number of equivalence classes is known as index

and it is finite always for regular language.

Il. STATE OF ART

In existing approach of proving closure properties of regular language used properties of regular expression which is given

below:

UNION: Let R and S be two regular expression of equivalent regular language Lr and Ls respectively. LrU Ls will be also

regular language because R+S being also regular expression.
LrU Ls={a|a€ Lrorae Ls(orboth)}

Example: —

Lr ={0a|a € {0,1}*} = strings start with 0

Ls ={a0|a € {0,1}*} = strings end with 0
Lr U Ls={a € {0,1}* | a either will starts with 0 or ends with 0 (or both)}[10].

~ 0'@:)0.1 \(11 0 (01
10 [0Fa]0)
\1\‘@90’1 1
L,={0x| x€{0,1}*} L,={x0| x€{0,1}*}
M, =(Q, %, 84, 9o, Fy) M, = (R, Z, 8,, 1y, F»)
L,=L(M,) L,=L(M,)

FIG 1: Union of Two DFAs
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Here the concept used basically of set theory. Regular expression is actually algebraic fashion representation of regular
language. If we view regular language as a set then, regular language is a set of strings. R is a one set, S is another set, and R+S
is actually union of these two set that is actually RUS.

INTERSECTION: Let R and S be two regular expression of equivalent regular language Lrand Ls respectively. LrN Ls will be
also regular language because RNS being also regular expression. In this also set concept have used to prove that regular
language is closed under intersection operation.

Let “M1 = (Ql, Z, 381, q1, F1)” and “M2 = (Q2, £, 82, q2, F2)” be DFAs recognizing L1 and L2, respectively.

“Idea: Run M1 and M2 in parallel on the same input and accept if both M1 and M2 accept. Consider M = (Q, Z, §, q0, F)
defined as follows”.

Q=0Q1xQ2

g0 =<ql, g2>

d(<pl, p2>, a) =<d1(pl, a), 82(p2, a)>
F=F1xF2

M accepts L1 N L2 What happens if M1 and M2 where NFAs? Still works! Set 8(<p1, p2>, a) =31(p1, a)x32(p2, a)[9].

FIG 2: Example of Intersection

In same way there is proof for other closure properties concatenation, difference, complement etc.

I11. PROPOSED METHOD

The main motive of to write this paper to acknowledge peoples that we can prove closure properties of regular languages using
Myhill-Nerode theorem in more detail understanding of stings of different class of particular regular language.. In my approach
using Myhill-Nerode theorem, | have used number of finite classes that have particular regular language in proving closure
properties of regular language.In my approach, there is more exploration of strings of regular language. We know that formal
languages are set of strings. In case of regular language we can divide language in disjoint subsets of many language that is
known as claas according to Myhill-Nerode theorem. In proofs, | have used max and min function as a tool to prove closure
properties of regular languages. Now we will use these concepts in proving closure properties of regular language.

IV. IMPLEMENTATION
IV.I. CLOSUER UNDER UNION
If L and M are two regular languages, so union of these two regular languages L and M, that is LUM will be also regular

Language.

Proof: If L and M are regular languages, they have finite
number of classes. Suppose L and M have C, and Cunumber of classes respectively. Therefore C.and Cw are finite according
to Myhill-Nerode Theorem because L and M are regular languages.
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Let LUM have number of classes is Cy. Value Cy cannot less than greater between Cand Cyand cannot exceed to C .+ Cw.

Since least number of classes in LUM may be C when classes in M is subset of classes in L or least number of classes in LUM

may be Cmwhen classes in M is subset ofclasses in L. Maximum number of classes in LUM may be C.+ Cmwhen L and M have
disjoint set of classes. Therefore following inequalities hold:

max (Cr, Cm) < Cy<Cr+ Cwm
(Using set theory union concept)
Therefore
Cu have four possible values :
a. C|_
b. Cwm
c. C_L+Cwm
d. Any value between Cior Cyand C. +Cwm
All four values are finite.

So number of classes in LUM is finite.

~ LUM is regular language using Myhill_Nerode theorem concept..

IV.1l. CLOSURE UNDER INTERSECTION

If L and M are two regular languages, then intersection of these two regular languages L and M that is LNM will be also
regular language.
Proof: If L and M are regular languages, so they will have finite number of classes. Suppose number of classes in L and M are
CLand Cw respectively.

Therefore C_and Cw are finite.

Let LNM have number of classes is Cn, Minimum possible number of class in intersection of languages L and M will be 0
when L and M have disjoint set of class in their languages. It means there is no common class. Maximum number of class in
LNM will be either C when classes in L is subset of classes in M or Cy when classes in M is subset of classes in L. Therefore
following inequalities hold:

0 < Cn <min (C, Cwm)
(Using set theory intersection concept)

With above inequalities it is clear value of Cn is between 0 and Ci(or Cw), both inclusive, therefore number of classes in
LNM,that is Cnis finite. Therefore LNM is regular language using Myhill —Nerode theorem concept.

IV.I1l. CLOSURE UNDER CONCATENATION

If L and M are two regular languages, then concatenation of these two regular languages L and M, that is LM will be also
regular language.

Proof: If L and M are regular languages, so they will have finite number of classes. Suppose number of classes in L and M
are Crand Cw respectively. Let concatenation of regular languages L and M, which is LM have number of classes Cpm.

Since regular languages L and M are set of strings and their concatenated language i.e. LM is similar to Cartesian product of L
and M i.e. L x M. L x M will have number of classes equal to humber of class in second language i.e. equal to Cm. This is
because regular language formed by concatenation of L and M i.e. LM will inherits properties of second language i.e. of regular
language M.

Therefore equalities hold:

Cm =Cwm

Therefore number of classes in concatenated language LM is always equal to second regular language i. e. equal to number of
classes in regular language M. Hence number of classes in language LM is finite. Hence concatenated language LM formed by
concatenation of two regular languages L and M is always a regular language.
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IV.IV. CLOSURE UNDER KLEENE CLOSURE

If L is regular language then language formed by closure operation this language i.e. L* will be also a regular language.

Let L is regular language having finite number of classes
i.e. CL. Let number of classes in L™ is C".

Proof: Since L*will have same set of class as in L except to extra class of null string class if L not have.
So following inequalities will hold for C".

C< CL+1
- Cis finite.
~ C«is finite.
And so L* is regular language.

IV.V. CLOSURE UNDER DIFFERENCE

If L and M are two regular languages, then difference of these two regular languages L and M that is L-M will be also regular
language.

Proof: Let L, M and L-M have C, Cw, and C.m number of classes. L-M will have all classes in L excluding common classes
in M. If there is no common class between classes of regular languages L and M then language L-M will have classes equal to

classes in regular language L.

Therefore following inequalities will satisfy for C.m,
CL<CLm < C-Cwm

(Usingset theory concept)

Since value of Cp.m.is between two finite number, Therefore using concept of Myhill-Nerode theorem difference of two
regular languages L and M i.e. L-M is also a regular language.

IV.VI. CLOSURE UNDER COMPLEMENTATION
The complement of a regular language L (w.r.t. an alphabet set })i.e. > *- L is also regular language.

>* is always have finite number of classes i.e. always equal to | Y, | +1. Y *- L. will have all classes in Y * excluding classes
inL.

Since Y * is regular language, the complement of a regular language is always regular.
Proof: Let ) have n finite element, let us it is equal to n.
Let > * have number of classes Cyx.
RS Cz* :n+1
Let > *- L have number of classes Cy=...
Then CZ*—L = (I"I+1)-C|_
(Usingset theory concept)
i.e. finite.
(' where Cy is number of classes in L)Since (n+1)-CLis a finite number being n and Cqfinite number. Therefore using Myhill-
nerode theorem concept complement of regular language L is also regular language.
IV.VII. CLOSURE UNDER REVERSAL
If L is regular language then LR is also regular language.

If number of classes in L is finite, then number of classes in

LR is also finite because action of reversal of each string in L form set of strings i.e. equal to language LR.
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Therefore LR is regular.
We can also prove other properties in same way.

V. CONCLUSION
It is very easy to prove closure properties of regular languages using Myhill-Nerode but more importantly is to explore Myhill-
Nerode theorem in new dimension i.e. importance of Myhill-Nerode theorem beyond the proving of given language is regular
or not. | have tried to explore to use of class in regular language that is middle way between individual string and whole
language. Actually | have not ever seen use of class of regular language except to Myhill-Nerode theorem itself, so maybeit can
be use in future in other dimension.
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