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Abstract: Let G be a finite group. Any minimal generating subset of G is called a basis of G. The cardinality 
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1. Introduction 

How many subgroups does a finite set have? The answer is 2𝑛, where n is the cardinality of the set.  There 

are many interesting functions from the family of Dihedral groups to set of Natural numbers. For the 

Dihedral group 𝐷𝑛 ,of order 2𝑛, Stephan.R.Cavior in [1] proved that the number of subgroups is 𝑑(𝑛) +

𝜎(𝑛), where 𝜎(𝑛) is the sum of positive divisors of  𝑛. In [16],Vinod et al proved that 𝐷𝑛is associated to 

𝑑(𝑛)by the number of non-mixed subgroups also by non-mixed normal subgroups , associated to σ(n) by its 

number of mixed subgroups, associated to   d(n) + n by its cyclic subgroups, associated to (n + 3)/2  if n 

odd and (n + 6)/2 if n even by its conjugacy classes etc. In this paper we find some nice relations between 

the family of Dihedral groups and the set of Natural numbers by finding the number of different basis and 

automorphisms of Dihedral groups. 

2.Notations and Preliminary 

A group 𝐺 generated by two elements 𝑟 and 𝑠 with orders 𝑛 and 2 such that 𝑠𝑟𝑠−1 = 𝑟−1is said to be the nth 

dihedral group and is denoted by 𝐷𝑛.The order of 𝐷𝑛 is 2𝑛.Now we define this group geometrically. The 

distance preserving bijection on a metric space 𝑋 is called  a symmetry on 𝑋. The collection of all 

symmetries on a metric space X will form a group under composition of mapping called group of 

symmetries on X, denoted by 𝑆𝑦𝑚(𝑋). For 𝑛 ≥ 3, Let 𝑃𝑛denote the n-sided regular polygon in the plane. In 

[14], Keith Conrad proved that size of 𝑆𝑦𝑚(𝑃𝑛) is 2𝑛 and which is isomorphic to𝐷𝑛. Most of the notations, 

definitions and results we mentioned here are standard and can be found in [7]or [11]For any given natural 

number𝑛 we denote Zn for the cyclic group of order n and DiCn denote the dicyclic group of order 4n. We 

write the symbol G ≅  G′ , If the group G and the group  G′ are isomorphic. If H is a subgroup of the group 

𝐺, then we denote it by H ≤ G. The order of an element 𝑥 in the group 𝐺 is denoted by 𝑜(𝑥) and for any set 

X we denote |𝑋|for the cardinality of the set X. If G is a group and 𝑎1, 𝑎2, 𝑎3,… 𝑎𝑛 are elements in G, the 

symbol 〈𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛〉 represents for the subgroup generated by 𝑎1, 𝑎2, 𝑎3,… 𝑎𝑛.For any given natural 

number 𝑛 denote: 

 𝜑(𝑛) = The number of non- negative integers lass than 𝑛 and relatively prime to 𝑛 

 𝑑(𝑛) = The number of positive divisors of 𝑛. 
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 𝜎(𝑛) = The sum of positive divisors of  𝑛. 

The greatest common divisor of 𝑚 and 𝑛 is denoted by(𝑛, 𝑚) 

Theorem 2.1: [14] Let𝐺 be a group generated by 𝑎 and 𝑏 such that 𝑎𝑛 = 𝑒, 𝑏2 = 𝑒 and 𝑏𝑎𝑏−1 = 𝑎−1. If the 

size of G is 2𝑛 the 𝐺 is isomorphic to 𝐷𝑛. 

By theorem 2.1, we make an abstract definition for dihedral groups. 

Definitin2.2: For 𝑛 ≥ 3, let 𝑅𝑛 = {𝑟0, 𝑟1, … , 𝑟𝑛} and 𝑆𝑛 = {𝑠0, 𝑠1, … , 𝑠𝑛}. Define a binary operation on 

𝐺𝑛 = 𝑅𝑛𝑈𝑆𝑛by the following relations: 

  𝑟𝑖 . 𝑟𝑗 = 𝑟𝑖+𝑗𝑚𝑜𝑑(𝑛)      ri. sj = si+j𝑚𝑜𝑑(n),      

   𝑠𝑖 . 𝑠𝑗 = 𝑟𝑖−𝑗𝑚𝑜𝑑(𝑛)    𝑠𝑖 . 𝑟𝑗 = 𝑠𝑖−𝑗𝑚𝑜𝑑(𝑛)  ⩝ 0 ≤ 𝑖, 𝑗 ≤ 𝑛. 

Then(𝐺𝑛, ₀)is a group of order 2𝑛 called nth Dihedral group. 

Note that the  identity element in (𝐺𝑛, ₀) 𝑟0 , the inverse of ri is  rn−i  and the inverse of  si is si for all 0 ≤ i ≤

n. It is clear that 𝑟1
𝑖 = 𝑟𝑖 and 𝑟𝑗 . 𝑠0 = 𝑠𝑗 ⩝ 0 ≤ i, j ≤ n. Since   Gnis a group of order 2n and can be generated 

by r1and s0 such that: 

      r1
n = rn = r0, s0

2 = r0 and s0r1s0
−1 = s0r1s0 = s−1s0 = r−1 = rn−1 = r1

−1, 

the group Gnis isomorphic to Dn = 〈r1, s0〉. 

The elements of Rn are called rotations and that of  Sn are called reflections. 

A subgroup of  Dnwhich contain both rotations and reflections is called a mixed subgroups and other 

subgroups ie subgroups contain rotations only is called non-mixed subgroup. 

 Theorem2.3: [16] Every mixed subgroup of  Dnis dihedral. 

Theorem2.4: [16] The number of non-mixed subgroups of  Dnis d(n) namely {〈rn/d〉|d is a divisor of n}. 

Theorem2.5: [16] If H is a mixed subgroup of  Dnthen, 

|H| = 2d, for some d and ddivide n and H ≅  Dn = 〈rn

d
, s〉 for some s in H 

Theorem2.6: [16] If d/n, the number of mixed subgroups of order 2d is n/d namely 

{〈rn/d , si〉|0 ≤ i ≤ n/d}. 

Theorem2.7: [14] If 𝑎 and 𝑏 are two elements in  Dn,then  〈𝑎, 𝑏〉 = {𝑎𝑘𝑏𝑚|0 ≤ 𝑘, 𝑚 ≤ 𝑛 − 1} 

Definition 2.8: Let G be a finite Group. A subset A of G is said to be a basis of G if A generate G and |𝐵| ≥

|𝐴| for all generating set B of G. 

By the above definition it is clear that all basis has same cardinality. This unique number is called the 

dimension of 𝐺 and it is denoted by 𝑑(𝐺). 

Definition2.9: The cardinality of any basis is of 𝐺 called the dimension of 𝐺. 

Example2.10: The Group Zn can be generated by a single element namely {1}. Hence {1} is a basis of Zn 

and  the  dimension of Znis 1 𝑖𝑒 d(Zn) = 1. 

Theorem2.11: The group Zn has 𝜑(𝑛) basis namely {{𝑘}|0 ≤ 𝑘 < 𝑛, (𝑘, 𝑛) = 1} 

Example 2.12: The Kein-4-group 𝑉 = {𝑒, 𝑎, 𝑏, 𝑐} cannot be generated by single element. But it can be 

generated by two elements, for example, {𝑎, 𝑏}. Hence d(V) = 2. 

 There are other bases for Klein-4-group 𝑉. {{𝑎, 𝑏}, {𝑎, 𝑐}, {𝑐, 𝑏}} are the different bases of 𝑉 and the 

number of bases of Klein-4-group is 3. Also from the above, we have group Gn ≅  Dn and it is clear that 
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d(Dn) = 2 and {r1, s0} is one of its basis. There are other bases for it. In this paper our first aim is to 

characterize this 

3. Main results 

A basis of  Dn which contain both rotation and reflection is called a mixed basis and other basis is called 

non-mixed basis. By the definition 2.2 it is obvious that two rotations cannot generate  Dn. Hence non-mixed 

basis of  Dn are basis consisting of two reflections. 

Theorem 3.1: The number of mixed basis for  Dn(𝑛 ≥ 3) is  𝒏𝝋(𝒏). 

Proof: Let 𝑠𝑗(0 ≤ j ≤ n − 1) be a reflection in  Dn.  Then for any  0 ≤ i ≤ n − 1, 

    〈𝑟𝑖 , 𝑠𝑗〉   ≅  {𝑟𝑖
𝑚𝑠𝑗

𝑡|0 ≤ 𝑚, 𝑡 ≤ n − 1}     ;by theorem 2.7  

     = {𝑟𝑖
𝑚 𝑠𝑗  , 𝑟𝑖

𝑚 𝑟0|0 ≤ 𝑚, ≤ n − 1}   ; since 𝑠𝑗
𝑡 = 𝑠𝑗𝑜𝑟 𝑟0 

      = {𝑟𝑖
𝑚 𝑠𝑗  , 𝑟𝑖

𝑚 |0 ≤ 𝑚 ≤ n − 1} 

      = {𝑟𝑖
𝑚 𝑠𝑗  |0 ≤ 𝑚 ≤ n − 1} ∪ { 𝑟𝑖

𝑚 |0 ≤ 𝑚 ≤ n − 1} 

      = 〈𝑟𝑖 〉𝑠𝑗  ∪ 〈𝑟𝑖 〉 =  Dn iff  0 ≤ i ≤ n − 1 and (𝑖, 𝑛) = 1. 

Hence corresponding to each reflection  sj (0 ≤ j ≤ n − 1)there are φ(n)mixed bases are there namely 

{{sj, ri  }|0 ≤ i ≤ n − 1 and (𝑖 , 𝑛) = 1}.So the number of mixed basis for  Dn(n ≥ 3) is nφ(n).  

Theorem3.2: The number of non-mixed basis for  Dn(n ≥ 3) is  
𝒏𝝋(𝒏)

𝟐
. 

Proof: Since the dimension of  Dn is 2, any basis of  Dn contain exactly two elements. The subgroup 

generated by two rotations always lies in Rn and hence cannot form a basis. Therefore any non- mixed basis 

of  Dn contain exactly two reflections. : Let sj(0 ≤ j ≤ n − 1) be a reflection in  Dn.  Then  for any  0 ≤ i ≤

n − 1,   

 〈si , sj〉 =  〈ri−j sj , sj 〉       ; by definition 2.2 

  =  〈ri−j  , sj 〉 ≅   Dn iff  i − j ≡ k modn and (k, n) = 1 

Hence corresponding to each reflection  sj (0 ≤ j ≤ n − 1 ) there are φ(n) non-mixed basis for  Dn namely 

{{si+j, sj  }|0 ≤ i ≤ n − 1 and (i , n) = 1}. If {si, sj  } is a mixed basis corresponding to the reflection si then 

it is also a basis corresponding to the reflection sj . Hence the number of non-mixed basis for  Dn(n ≥ 3) is  

nφ(n)

2
  . 

Theorem3.3: The number of different  basis for  Dn(n ≥ 3) is   
3

2
 nφ(n) . 

Proof: The collection of all different bases of  Dn(n ≥ 3)is the union of all  mixed and non-mixed bases 

.Hence the  different bases of  Dn(n ≥ 3) is 
 nφ(n)

2
+ nφ(n) =

3

2
 nφ(n) . 

Theorem3.4: The number of automorphism on Dn(n ≥ 3) is  nφ(n). 

Proof: Let 𝜙:  Dn →  Dn  be an automorphism. Since  {s0, r1 } is a basis for  Dn   and  𝜙 is an 

automorphism, 𝜙 preserve basis and order   𝜙({s0, r1 }) is a basis for  Dn , 𝑜(s0) = 𝑜(𝜙(s0)) and 𝑜(r1 ) =

𝑜(𝜙(r1 )).Since 𝑜(s0) = 2 and 𝑜(r1 ) = 𝑛 ,we have 𝑜(𝜙(s0)) = 2 and 𝑜(𝜙(r1 )) = 𝑛. Since n ≥ 3 , 𝜙(r1 ) 

is a rotation of order 𝑛 and hence 𝜙(r1 ) = rk for some 0 ≤ k ≤ n − 1 and (𝑘, 𝑛) = 1. If 𝜙(s0) is a rotation 
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then  𝜙({s0, r1 }) is a subset of 𝑅𝑛 and hence it cannot be a basis. This gives 𝜙(s0)  is a reflection   and 

hence 𝜙(s0) has 𝑛 possibilities namely {sj |0 ≤ 𝑗 ≤ 𝑛 − 1}. Suppose 𝜙(r1 ) = rk;  0 ≤ k ≤ n −

1 and (𝑘, 𝑛) = 1 and 𝜙(s0) = sj .Then  𝜙(ri ) = 𝜙(r1 
𝑖) = [𝜙(r1 )]𝑖 = (𝑟𝑘)𝑖 = 𝑟𝑘𝑖(𝑚𝑜𝑑𝑛)  

and 𝜙(𝑠𝑖 ) = 𝜙(𝑟𝑖 𝑠0) = 𝜙(𝑟𝑖 )𝜙(𝑠0) = 𝑟𝑘𝑖. 𝑠𝑗 = 𝑠𝑘𝑖+𝑗(𝑚𝑜𝑑𝑛) . 

Thus every automorphism 𝜙:  Dn →  Dn has the form ri → 𝑟𝑘𝑖(𝑚𝑜𝑑𝑛) and 𝑠𝑖 → 𝑠𝑘𝑖+𝑗(𝑚𝑜𝑑𝑛) for some 0 ≤

𝑘, 𝑗 ≤ n − 1 and (𝑘, 𝑛) = 1. 

Conversely assume 𝜙𝑘,𝑗:  Dn →  Dn be a map given by  ri → 𝑟𝑘𝑖(𝑚𝑜𝑑𝑛) and 𝑠𝑖 → 𝑠𝑘𝑖+𝑗(𝑚𝑜𝑑𝑛) for some 0 ≤

𝑘, 𝑗 ≤ n − 1 and (𝑘, 𝑛) = 1.Now we will prove 𝜙𝑘,𝑗 is an automorphism on  Dn. 

For this  let 0 ≤ 𝑖, 𝑡 ≤ n − 1; then  

  𝜙𝑘,𝑗  (𝑟𝑖 𝑟𝑡 ) = 𝜙(𝑟𝑖+𝑡 ) = 𝑟[𝑖+𝑡]𝑘(𝑚𝑜𝑑𝑛) = 𝑟𝑖𝑘(𝑚𝑜𝑑𝑛). 𝑟𝑡𝑘(𝑚𝑜𝑑𝑛) = 𝜙(𝑟𝑖 )𝜙(𝑟𝑡 ),  

  𝜙𝑘,𝑗  (𝑠𝑖 𝑠𝑡 ) = 𝜙𝑘,𝑗(𝑟𝑖−𝑡 ) = 𝑟[𝑖−𝑡]𝑘(𝑚𝑜𝑑𝑛) = 𝑠𝑖𝑘+𝑗(𝑚𝑜𝑑𝑛). 𝑠𝑡𝑘+𝑗(𝑚𝑜𝑑𝑛) = 𝜙𝑘,𝑗(𝑠𝑖 )𝜙𝑘,𝑗(𝑠𝑡 ), 

 𝜙𝑘,𝑗  (𝑟𝑖 𝑠𝑡 ) =  𝜙𝑘,𝑗(𝑠𝑖+𝑡 ) = 𝑟[(𝑖+𝑡)𝑘+𝑗](𝑚𝑜𝑑𝑛) = 𝑟𝑖𝑘(𝑚𝑜𝑑𝑛). 𝑠𝑡𝑘+𝑗(𝑚𝑜𝑑𝑛) = 𝜙𝑘,𝑗 (𝑟𝑖 ) 𝜙𝑘,𝑗(𝑠𝑡 ), 

 and 𝜙𝑘,𝑗 (𝑠𝑡 𝑟𝑖 ) =  𝜙𝑘,𝑗(𝑠𝑡−𝑖 ) = 𝑟[(𝑡−𝑖)𝑘+𝑗](𝑚𝑜𝑑𝑛) =  𝑠𝑡𝑘+𝑗(𝑚𝑜𝑑𝑛)𝑟𝑖𝑘(𝑚𝑜𝑑𝑛) = 𝜙𝑘,𝑗 (𝑠𝑡 )𝜙𝑘,𝑗  (𝑟𝑖 ). 

Hence  𝜙𝑘,𝑗:  Dn →  Dn preserve the group structure. Since by  r1 → 𝑟𝑘 and 𝑠0 → 𝑠𝑗 , where 0 ≤ 𝑘, 𝑗 ≤ n −

1 and (𝑘, 𝑛) = 1, we have  𝜙𝑘,𝑗({s0, r1 }) is a basis for  Dnand hence   𝜙𝑘,𝑗:  Dn →  Dn is a bijection also. 

Therefore  𝜙𝑘,𝑗 is an automorphism and number of automorphisms on Dn(n ≥ 3) is  𝑛𝜑(𝑛)  namely 

{ 𝜙𝑘,𝑗|0 ≤ 𝑘, 𝑗 ≤ n − 1 and (𝑘, 𝑛) = 1}. 

4. Conclusion 

In this paper we proved that the of mixed and non-mixed basis for  Dn(𝑛 ≥ 3) is  𝒏𝝋(𝒏) and 

𝒏𝝋(𝒏)

𝟐
 respectively. Also we compute that the number of different bases for  Dn(𝑛 ≥ 3) is  

𝟑

𝟐
 𝒏𝝋(𝒏) and the 

number of automorphisms on  Dn(𝑛 ≥ 3) is  𝒏𝝋(𝒏) 
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