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Abstract. In this article we have established some fixed point results using common limit converging in the subset CLCS-

property defined by [13]. Our result extend and generalize the result established earlier by various authors such as [13] and
[19].

1. Introduction

In 2011, Azam et al. [1] introduce the notion of of new space called complex valued metric space
and establishes existence of fixed point theorems under the contraction condition.The theorems

proved by Azam et al. [1] and Bhatt et.al. [14] uses the rational inequality in a complex valued metric
space as contractive condition.

Theorem 1.1. ([1]). Let (X,d) be a complete complex valued metric space and S,T : X = X, If S and T satisfy
pd(x, Sx)d(y, Ty)

1 +dix, i) (1.1)
for all x,y € X, where A,u are nonnegative reals with A + u < 1. Then S and T have a common fixed point.

d(Sz, Ty) = Ad(x.5) 4

In 2012, Rouzkard et.al. [7] established some common fixed point theorems satisfying certain
rational expressions in Complex valued metric space.

Theorem 1.2. ([7]). If S and T are self mappings defined on a complex valued metric space (X,d)
satisfying the condition,
pd(z, Sx)dly, Ty) + vdly, Sxjd(x, Ty)

1 +dix. y) (1.2)
for all x,y € X, where A,u,y are nonnegative reals with A + u + y < 1. Then S and T have a unique common
fixed point.

d(Sx, Ty) = Ad(x,y) 4

Later on Sintunavarat et.al. [8] extend and improve the condition of contraction of theorem (1.1)
from the constant of contraction to some control functions and establish the common fixed point
theorems which are more general than the result of [1] and also give the results for weakly compatible
mappings in complex valued metric spaces.

2000 Mathematics Subject Classification. Primary 47H09; Secondary 47H10 .

Key words and phrases. complex valued Metric space ,common fixed point, weakly compatible mappings,continuity.
1

Theorem 1.3. ([8]) Let (X,d) be a complete complex valued metric space and
S,T:X - X if there exists a mappings A,E : X — [0,1)

(1) A(Sx) < A(x) and E(Sx) < E(x);
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(2) A(Tx) < A(x) and E(Tx) < E(x);
(B) (A+E)X) <1,
Elx)d(x, Sx)dly, Ty)
1+ d(x,y) (1.3)

for all x,y € X, where A, are nonnegative reals with A + yu < 1. Then S and T have a common fixed point.

d(Sx, Ty) = AMzx)d(x. y) 4

The study of existence of common fixed point grown from weakly commutativity [8] to
compatibility [15] and weakly compatibility [11].
Similarly, the non-commutativity of mappings grown from non compatibility [11] to property (E.A.)
[16].
In 2014 Hakawadiya et.al. [4], Proved common fixed point theorems for six self mappings as
follows,

Theorem 1.4. Let (X,d) be a complex valued metric space and A,B,D,M,S and T be six self mappings in X
satisfying the condition:

(1) S(X) € BD(X) and T(X) € AM(X);

(2) (AM,S) and (BD,T) are commuting pairs;

(3) The pair (AM,S) and (BD,T) are weakly compatible;
(4) Foreachxy € Xandx 6=y,;

(i): If d(Ty,AMx)+d(Sx,BDy)+d(BDy,AMx) = 0. then d(Sx,Ty) =

0,
(ii): If d(Ty,AMx) + d(Sx,BDy) + d(BDy,AMx) 6= 0 than following
identity holds;
. d(AMzx, Sx) 4+ d(BDy, Ty)d{AMz, Sx)
(Sx ~ hin B Al L. 2 —
diSr.Ty) = a ( 1+ d(Sz, Ty)

+  ABmar{d(AMz, BDy)), d(AMzx, Sx), d(BDy. Sz)}

+ v{d(BDy.Ty) +d(Ty, AMz) + d(Sz, BDy)}
d(Ty, BDy)d(Sr, AMaz)

T (rn_;r'_u, AMz) + d(Sz, BDy) + d(BDy, .-u;.f-})

Where a+f3 +2y +n < 1. Then AM,BD,S and T have a unique common fixed point.

The concept of (E.A.) property allows us to replace the completeness requirement of the space
by a more natural condition of closeness of range. Pathak, Lopez and verma [17] proved a common
fixed point theorem in metric space or an integral type implicit relation using the property (E.A.). By
using the property of (E.A.) Sintunavarat [9] introduced the concept of’'common limit range property’
or (CLR)- property, for a pair of mappings.

In 2019, Verma et.al. [18] introduced the concept of common limit converging in the subset or
(CLCS)- property and proved following common fixed point theorem for two pairs of weakly
compatible mappings in a complex valued metric space.

Theorem 1.5. Let (X,d) be a complex valued metric space and A,B,S and T: X = X be four self mappings
satisfying:
(1) (A,5) satisfy (CLCS) property in T(X) or B(X), and B(T) satisfy (CLCS) property in S(X) or A(X).
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(2) d( Az, By) = ¢ (max{d(Sz, Ty), d( Az, Sx), d{ By, Ty). d( By, Sx),d( Az, Ty) })

forallxy € X. If (A,S) and (B,T) are weakly compatible then mappings A,B,S and T have a unique common
fixed point in X.

2. preliminaries

An ordinary metric d is a real-valued function from a set X x X into R, where X is a nonempty set.
That is, d : X xX — R. A complex number z € C is an ordered pair of real numbers, whose first co-
ordinate is called Re(z) and second co-ordinate is called Im(z). Thus a complex valued metric d is a
function from a set XxX into C, where X is a nonempty set and C is the set of complex number.

Let C be the set of complex numbers and z1,z2 € C. We define a partial order’ =" on L as follows:

(A): Two complex number z1,zz such that =1 = %2 fte(z) < Refz2)ang Im(z1) < Im(z2).
Thuszi = 22if one of the following holds:

(C1): Re(z1) = Re(z2) and Im(z1) = Im(z2);

(C2): Re(z1) < Re(z2) and Im(z1) = Im(z2);

(C3): Re(z1) = Re(z2) and Im(z1) < Im(z2); (C4): Re(z1) < Re(z2) and Im(z1)

< Im(z2).

%

In particular, we will write~! + =2 121 # 2 3nd one of (C2), (€3), and (C4) is satisfied and we will
write z1 < z2if only (C4) is satisfied.

(B): It follows that,

(1) 0=z 3 2 implies|z| < |z]|
(2} 21 % #2and z2 < zsimply z1 < z3; (3] O = 21 = 22 implies |z1] < |z2|;
(4)ifab €R 0<a<hand 21 = 73 then ) = buaforall z1,z2 € C.

Definition 2.1. [1]. Let X be a nonempty set. A mapping d : X x X — Cis called a complex valued metric
on X if the following conditions satisfied :

(1) 0<sd(xy)forallxy € Xandd(xy)=0if andonlyifx=y;
(2) d(xy) =d(y,x) for all x,y € X;
(3) d(xy) <d(xz) + (zy),forall xy,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric space.
Example 2.2. Let X = C, Define the mapping d: X x X - C by

d(z1,22) = e7ll|z1 - 72|,
where z1,z2 € C. and | € R Then (X,d) is a complex valued metric space.

Definition 2.3. [8] Let (X,d) be a complete complex valued metric space, {xn} be a sequence in X,

(1) A point x € X is called interior point of a set A € X whenever there exists 0 < r € C such that B(x,r) :=
{y e X|d(xy) <r} € A
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(2) A point x € X is called a limit point of Z whenever for every 0 <r € C{B(x,r) N (A-X)} 6=¢
(3) A subset A < X is called open whenever each element of A is an interior point of A

(4) A subset A € X is called closed whenever each limit point of A belongs to A.

(5) A sub - basis for a Hausdorff topology t on X is a family

Definition 2.4. [8]. Let (X,d) be a complex valued metric space, {xn} be a sequence in X and x € X.

(1) If for every c € C, with 0 < c there is N € N such that for all n > N. d(xm,x) < ¢, then {xn} is said to

convergent, {xn} converges to x and x is the limit point of {x»}. we denote this by

lim xn = X noo

(2) If for every c € C, with 0 < c there is N € N such that for all n > N, d(xnxn+m) < ¢, where m € N,
then {xn} is said to be Cauchy sequence.
(3) If every Cauchy sequence in X is convergent, then (X,d) is said to be a complete valued metric
space.
Remark 2.5. (1) If A%is the set of limit points of ‘A and there exist u®such that 0 <u <z foreach z €
A%thenu =0,
(2)Ifz<sAzand 0<A<1,thenz=0.

Lemma 2.6. [1] Let (X,d) be a complex valued metric space and {x»} be a sequence in X. Then {xn}
converges to x if and only if |d(xn),x| = 0 as n — oo,

Lemma 2.7. [1] Let (X,d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn} is a
cauchy sequence if and only if |d(xnXn+m)| = 0 as n = o, where m,n € N

Definition 2.8. [1] Let P and Q be self mappings of a nonempty set X

(1) A point x € X is said to be a fixed point of P if Px = x.

(2) A point x € X is said to be a coincidence point of P an Q if Px = Qx and we shall called w = Px =
Qx that a point of coincidence of P and Q.

(3) A point x € X is said to be a common fixed point of P and Q if x = Px = Qx.

In 1976, Jungck [20] introduced concept of common mappings as follows:

Definition 2.9. Let X be a non-empty set. The mappings P and Q are commuting if PQx = QPx, for allx
€ X

In 1986, [15] introduced the more generalized commuting mappings in metric spaces, called
compatible mappings., which also are more general than the concept of weakly commuting mappings
as follows:

Definition 2.10. Let P and Q be mappings from a metric space (X,d) into itself. The mappings P and Q
are said to be compatible if

lim d(PQXn,QPXn) =0 n-w

whenever {x»} is a sequence in X such that
lim O, lim P,

[ S e =00

for some z € X.
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Example 2.11. Let X = C we define complex-metric d : X x X = C by d(z1,z2) = e"l|z1 - z2|, where

€ 0. 5] Then (g(,d) is a complex valued metric space. Suppose P,Q : X = X be defines as
Yo — Apm o ) = Yo — DT i f Rels
Pz=4ews, if Re(z)#0, Pz=2e3, -.j-’ll I:fl_) - 0and Qz = 4e_,, if Re(z) 6= 0, Qz

=3es ifRe(z) =0

Then one can observe that I’z = (J= = 4¢&_ when Re(z) 6= 0, and so PQz = (27’ = 4¢3, Hence (P,Q)
is weakly compatible at all z € C with Re(z) 6= 0.

Remark 2.12. In general, commuting mappings are weakly commuting and weakly commuting
mappings are compatible, but the converse are not necessarily true.

xr, it xel01)
Pr = { ; :f ; .;' }I .:,]J Example 2.13. Let X = [0,2] with usual metric d where d(x,y) = |x - y| for all
B ~ 77 xandyinX. We define Px and Qx as follows
o
Qu { 7" ifxe[0,1)
2, ifxe[1,2]
by choosing®+ = 1 pthen?ts = 1= 3 and @ = 1+ L VK 21 one can easily show the commuting
mappings are weakly commuting and weakly commuting mappings are compatible, but the converse
are not necessarily true.

In 1996, Jungck introduced the concept of weakly compatible mappings as follows:

Definition 2.14. Let P and Q be self mappings of a non empty set X. The mappings P and Q are weakly
compatible if PQx = QPx whenever Px = Qx.

We can see an example to show that there exist weakly compatible mappings which are not
compatible mappings in Djoudi and Nisse.
The following lemma proved by Haghi et al. is useful for our main results:

Example 2.15. Let X = [2,20] with usual metric d where d(x,y) = |x = y| for all x and y in X.We define
Px and Qx as follows

2 ifx=[0,1)if2>x<5ifx>5

FPn= lJ + @,
T3, 9 ifx€2u(5,20]
' Or { 2, ;
8, if X € (2,5] by choosing xx= 5 + x1for all k 2 1. The map P and Q are

compatible maps.

Definition 2.16. [18] Suppose that (X,d) is a metric space and P,Q : X = X. Two mappings P and Q are
said to satisfy the common limit in the range of Q property, in short, (CLR)-property if:

A P = Jim Q= Qe (21)

for some x € X.
In a complex-valued metric space (X,d), in 2.16 will be same but the space X will be a complex valued
metric space.

Remark 2.17. [18] If the mapping P,Q : X — X satisfy (CLRq)-property, then it also satisfy (CLRp)-
property and vice versa. Following are are the examples that justify our remark

Example 2.18. Let X = C and d be any complex valued metric space on X. We define P,Q : X - X by Pz

=z+ 2iand Qz = 3z Vz € X. Consider a sequence

JETIR2010410 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 3126


http://www.jetir.org/

© 2020 JETIR October 2020, Volume 7, Issue 10 www.jetir.org (ISSN-2349-5162)

{:-n} ‘:-f + rl—r}',.,::[ in ‘\‘.'then

. 1 i . ) .
lim Pz, = lim 2, +2i = lim(i+ —)+ 21 =3i =3(0+1i) = Q=
n

Te—r O T—rIx T

and
1
lim Qz, = lim 3(i + —) = 3i = 3(0+ 1) = Q=.

T=h00 n=hog n
Hence, the pair (P,Q) satisfies (CLRg)-property in Xwithz=0+i€ X
Example 2.19. [18] Let X = C and d(z1,22) = eil|z1-z2| be any complex valued metric on X. We define
PQ:X->XbyPz=2z-4and Qz=z+2i,VzEX
Consider a sequence‘{ zn} = {4+ 2i+ 1oz In X, hep

lim Pzp=1lim 2z, - 4 =4 + 4i = lim QZn =limzn+2i=4+4i= Q(4 + 21) n—oo n—oo n—oo n—oo

Hence the pair (P,Q) satisfies property (CLRg) with z = 4 + 2i € X.By above it follows that, (P,Q)
satisfy (CLRp) property also in X.

In definition 2.16 the notion of (CLR) property does not require the condition of closeness of the
range (sub)space but the common limit °¢% goes to different sets (in Px for CLRpand in Qx for CLRy).

By unifying above definition of CLRp and CLRg and generalizing the (E.A.) property Verma
et.al.[18] defines COMMON LIMIT CONVERGING IN THE SUBSET (CLCS) - property as follows

Definition 2.20. [18] Suppose that (X,d) be a complex valued metric spaceand P,Q: X—> X LetYC X
the mapping P,Q are said to satisfy the property of Common Limit in the Subset (CLCS) in Y, if there
exist a sequence {zn} in X such that,

lim Pzn=lim QZn EY (22)

for some sequence {z»} in X.

In this article we shall use 2.20 stated by [18] in our main results.

3. Main results

Let i : C = Cbe a continuous function with the partial order relation 9 <%in C such that 1(0) =
0 and [ (kp)| < k| (p)| < k|(p)|, VP EC.

Theorem 3.1. Let (X,d) be a complex valued metric space. Suppose that the mapping P,Q,R and S be four
self maps on X satisfying the following condition

(1) (P,R) satisfy (CLCS) - property in S(X) or Q(X) and (Q,S) satisfy
(CLCS) - property in P(X) or R(X)

(2)
d( Pz, Qy) = {4d(Rr,Sy)+ 3.d( Pz, Rx)

l{Re,Qy) + d(Px. 5
+Byd(Sy, Oy) + B 2y) ‘;'rf[ r, Sy)

d( Rx, Px)d( Sy, Q)

k3 }

1+ dlz,y) (3.1)

Y x,y € X, where > B < Landall pi>.0If (P,R) and (Q,S) are weakly compatible then mappings P,Q,R
and S have a unique common fixed point in X.
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Proof

We take condition (1) of the above statement,

Case(l): Suppose that the pair (P,R) satisfy (CLCS) - property in S(X). Then according to the definition
2.20, there exist {xn} in X such that

lim Pxn=lim Rxn € S(X). no0  n-oo
So that there exist t € S(X). Such that t = Sv for some v € X, where
t =1lim Pxn = lim Rxnn—o n>oo

we claim that Qv = t, i.e. d(t,Qv) = 0.
If not then putting x = xnand y = v in 3.9 we have,

d(Pr,.Quv) = y{fd(Rr,, Sv)+ fd(Pr,, Rr,)

+Byd(Sv, Qv + 4 A, Q)+ POV

2
4B, d( R, P, ]lnf[,.lrf.r-'”. ) }
L+t d(xy, /) (3.2)
Lettingn —» oo
d(t, Q) = {fd(t, 1)+ Bad(t. 1)
i(¢t, G Ged(t, )
1By d(t v + 8, @Y) '} st
d(t, t)d(t, )
1+ d(xg,, )
1(t, Q)
d(t,Qv) = W{Bed(t. Ov) + B2 f”}

A

|d(t, Qu)| = |r_-{{-'f_-;+;?"';un;f.uu;.}|
3

< {{.ﬁ';,_-I-%}HJ.TIU.Q:/H

A
=< {(&+ E.]}Hd':f-f?”:'l
. N .
Which is a contradiction since ! = %+ 3 < Lo that our assumption d(t,Qv) 6= 0 is wrong.
Therefore t = Qv. It shows that v is a coincidence point of (Q,S). Thus weakly compatible of the pair (Q,S)
yields QSv = SQv or Qt = St.

Now we claim that °t% is a common fixed point of (Q,S). If not then Qt = St 6=t.
For this we putx =ynandy =tin 3.9
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d( Py, Qt) = o Gd( Ry, St) + Gad( Py, Ryn)

d( Ry, Qt) + d( Py,, St)
o

L

}

FBad(St, Q) + Ay

. d( Ryy. Py, )d( Ry, )
o 1+d(y,.t)

d(t,Qf) =< P{/d(t, Qt) + Bad(t, t)

It (. 1t ¢
ud(QF Qp) + 5, N0 ALY

d(t, £)d(t. Q1)
U1+ d(y. t)

}

d(t, Q) = {md(t, Q) + Fd(t, Q) }

d(t, Q) W3+ Ba)dit, Qt)

[A

[W(3) + Ba)d(t, Q)|
{,il +,dl_,||i l?uir (2f1||
{..'}1 +,| L:||-Hr i'lej

— |d(t. Qt)| = (B + S)|d(t, Qt)] (3.3)

|d(t, Qt)]

A TA

Which is a contradiction, since 0 < (1 + [4) < 1, Hence our assumption that d(t,Qt) 6= 0 is wrong.Thus
t = Qt. It shows that t € T(X) is a common fixed point of (Q,S).

Case Il:
Similar argument arises (as in case 1) if the pair (P,R) satisfies (CLCS) property in Q(X). In this case t €

Q(X) is a common fixed of (Q,S).
Case Il
Next suppose that (Q,S) satisfies (CLCS) - property in R(X). Then according to definition 2.20 there exist

a sequence {yn} in X. Such that
lim Gy, = hm Sy, € R(X)

Ti=h00

So there exist tO = RV0 for some u € X, where
t' lim Gy, lim Sy, € RIX)
n—too n—od ' .

We claim that Pv0 = t%i.e. d(Pv%t9) = 0. If not put x =v%and y = ynin 3.9.
d(Pv'. Qu,) = t'{.f.{f(f?rf. Su) + Bad( Py, Ry
d( B, Q) + d( P, Sy,,)
2

+ Aad( Sy, Qun ) + 34

d( ', Pv')d( Sy, Q.’a’u}}
]. | rF[U‘rnHH] (3'4)

]

Letting n — oo
d(PY V) = O Bd(t 1) + Fud( PV 1)
d(t' )+ d( PV
2

+ f;;r]rllf'r. !rj + A4
e, PY)d(e.v)

=3, .
1+ d(v, y,) (3.5)
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II,.- 4 .«”,.r'
d(PV. 1) = {kd(PV. 1)+ -:f:”"f.?—:]}

g
d(PV/,#) = {8 + T (P, H)
Which is a contradiction, since 0= {5+ 5 s 1, Hence our assumption that d(Pvot%) 6= 0 is
wrong.Thus Pv0 = t0. [t shows that t° € R(x) is a coincidence point of (Q,S). Thus weakly compatible of the
pair (P,R) yields PRv0 = RPv® = Pt0 = Rt0,
Case(1V): Now we claim that t°is a common fixed point of (P,R). If not then Pt’= Rt0 6=t.

For this we putx =tSandy = ynin 3.9
d(Pt.Qu,) = {5d(Rt, Sy,) + Fad( Pt Rt')
d( Rt Qu, ) + d( Pt Sy,)
2

+ B Sy, Q) + 54

; d( Rt Pt d{Sy,. Qu,)
! 1+ d(t, yq)

n— 0

f }ufj. ! . .;.‘r. "
d(Pt', ') = {5d( Pt ")+ :ildu ”td[” ”}

d(Pt',t) < {3 + Be}d( P, 1)

ld(Pt' ") = |w{B:+ 5 (Pt 1]

< {Br+ B}l (Pt t)|

<. 18, + B d(PE, )|

Letting = |d(PE, )| < {51 + B Hd(PH, )]

Which is a contradiction, since 0 < (f1 + f4) < 1, Hence our assumption that d(Pt°,t°) 6= 0 is wrong.Thus
Pt0=t0. It shows that t € R(X) is a common fixed point of (P,R).

Case V:

Similar argument arises if the pair (Q,S) satisfy (CLCS)-property in P(X). In this case t° € P(X) is a common
fixed point of (P,R).

Further, we claim that the common fixed point t° of (P,R) and t of (Q,S) are same, i.e.. t = t0. If not, then
putx=tandy=t%in 3.9, we have
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- PROPERT1Y1

d(PY.Qt) =< {8 d(Rt',St) + Bd(Pt', Rt")
d(RY', Qt) + d(Pt', St)
2

+3ad( S, Q) + 4,

L3 d( Rt'. Pf'jrf[.ﬁlf.ﬂf}}
14 d(t, 1) (3.6)

Letting n —» oo

dit' t) < G{Ad(t' )+ Fad(t' 1)
d(t', ) +dit'. t)

+ 3 (t, 1) + 54 5

d(t', t)d(t. 1)

L d(t 1) | 3.7)
d(t' 1) =2 p{3d(t' 1) + Sid(t' 1)}

— |d(t'.t)] = |[P{Gd(t'.t)+ Bud(t'. 1)}
ld(t' 2)] =< {8 + B Huwd(t. )
ld(t", )] = {8 + da}|d(t 1) (3.8)

Equation 3.8 is again a contradiction. Thus the assumption of d(t,t%) 6= 0 is wrong. So t = t0. It shows that
t is common fixed point of all the four mappings P,Q,R and S.

The uniqueness of the common fixed point of P,Q,R and S. is easy consequence of the common point of
coincidence of the pair (P,R) and (Q,S). Also, proof'is similar in case u € P(X). This completes the proof.

On taking f2=f3=f+=0and = R = S = I, we have the following corollary which is a result
proved by [1].

Corollary 3.2. Let (X,d) be a complex valued metric space. Suppose that the mapping P and Q be self

maps on X satisfying the following condition

d(Pr,Qy) = Hdlz,y) + 35

d(x, Px)d(y, Qy)
1+ dix, y)

Where 1 +f5< 1 then the mappings P and Q have a common fixed point in X.

Theorem 3.3. Let (X,d) be a complex valued metric space. Suppose that the mapping P,Q,R and S be four
self maps on X satisfying the following condition

(1) (P,R) satisfy (CLCS) - property in S(X) N Q(X) and (Q,S) satisfy
(CLCS) - property in P(X) N R(X)

(2)
d(Pr, Qy) = o{Hd(Rr,Sy)+ B2d( Pz, Rx)

I(Rr. Qy) + d(Pr. 5
+-f;+ff{-5'.u.f2y}+-ﬂ”’ r, (Qy) ~;|.r[ r, Sy)

+13 d( Rz, Px)d(Sy. Qy) )

}

1 +dz.y) (3.9)
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vV xy € Xwhere2 .- % < land all Bi>.0If (P,R) and (Q,S) are weakly compatible then mappings P,Q,R
and S have a unique common fixed point in X.

Proof:

For the proof of section (1) of theorem,

(1) We combined Case(I) and Case(II) to show (P,R) satisfy (CLCS) property in S(X) N Q(X) 3.1.

(2) We combined Case(IlI) and Case(1V') to show (Q,S) satisfy (CLCS) property in P(X) N R(X) 3.1.
The proof of section (2) of theorem runs exactly same as theorem 3.1.

4. Conclusion

Results obtained in this research paper are totally new with defining (CLCS) - property on four
different type mappings. Contraction used in the paper in theorems are totally new. This paper opens
new challenges to the fixed point writers.
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