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Abstract :  Singular value decomposition (SVD) is an algebraic tool deals with singular matrices or that are much closed to singular 

ones. We know that SVD offers significant properties in science and engineering particularly in data science and signal processing.  

Here in this paper, we will discuss the importance of SVD and its applications. Also, we will present some of its properties that have not 

been utilized properly, say its properties in various image applications are at its early stage. This paper presents in using various 

properties of SVD and some new contributions that were originated from SVD properties analysis. Our aim is to highlight the 

importance of SVD and its applications in data science and point out its various features and important applications and forecast its 

future research directions. 

 

IndexTerms - Singular value decomposition; fault diagnosis; signal processing and image processing. 

I. INTRODUCTION 

 

Mathematically speaking, SVD is linear algebra technique to split a matrix into orthogonal components with which optimal sub 

rank approximations. Suppose we have a real valued matrix 𝐴 of order 𝑚 × 𝑛 with rank 𝑟, where 𝑟 ≤ 𝑛 ≤ 𝑚. SVD is a matrix 

factorization to make certain subsequent matrix computations easier. SVD is define as 

𝐴 = 𝑈𝛴𝑉𝑇 

where 𝐴 is the real 𝑚 × 𝑛 matrix that we wish to factorize, 𝑈 is an 𝑚 × 𝑚 matrix, 𝛴 is an 𝑚 × 𝑛 diagonal matrix, and 𝑉𝑇is an 

𝑛 × 𝑛 matrix. The most beautiful features about SVD is that the left -singular vectors of the original matrix 𝐴 is the columns of 

the 𝑈 matrix, the right-singular vectors are the columns of 𝑉 and the diagonal elements of  𝛴 matrix is the singular values of the 

main matrix 𝐴. 

Suppose 𝑈𝑇𝐴𝑉 = 𝛴 be the SVD of 𝐴 and if 𝜎𝑘 ≠ 0 and 𝜎𝑘+1 = 0,were 𝑈, 𝑉 are orthogonal matrices then 𝑋 = 𝐴𝑇𝐴 =
𝑉𝛴𝑈𝑇𝑈𝛴𝑉𝑇 = 𝑉𝛴2𝑉𝑇 and 𝑌 = 𝐴𝐴𝑇 = 𝑈𝛴𝑉𝑇𝑉𝛴𝑈𝑇 = 𝑈𝛴2𝑈𝑇 . The diagonal elements of the 𝛴 matrix is the eigen values of the 

matrices 𝑋, 𝑌. Here the nullity of 𝐴 is the span of 𝑣𝑘+1, 𝑣𝑘+2, … , 𝑣𝑛 and if 𝐴† is equal to 

[𝑣1, 𝑣2, … , 𝑣𝑘]𝑑𝑖𝑎𝑔 [
1

𝜎1
,

1

𝜎2
, … ,

1

𝜎𝑘
] [𝑢1, 𝑢2, … , 𝑢𝑘]

𝑇, then 𝑥 = 𝐴†𝑏 is a least square solution of 𝐴𝑥 = 𝑏. Also, the matrix 𝐴 could be 

reconstructed by the formula 𝐴 = [𝜎1𝑢1𝑣1
𝑇] + [𝜎2𝑢2𝑣2

𝑇] + ⋯+ [𝜎𝑘𝑢𝑘𝑣𝑘
𝑇], using 𝑈, 𝛴 and 𝑉𝑇 i.e., 

𝐴 = 𝑈𝛴𝑉𝑇 = [𝜎1𝑢1, 𝜎2𝑢2, … , 𝜎𝑘𝑢𝑘 , 0, … ,0][𝑣1, 𝑣2, … , 𝑣𝑛]𝑇 

= ∑𝜎𝑗𝑢𝑗𝑣𝑗
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 In data science perspective we consider matrix 𝐴 as data matrix, say 

𝐴 = [
| | … |
𝑥1 𝑥2 … 𝑥𝑛

| | … |
] = 𝑈Σ𝑉𝑇 

= [
| | … |
𝑢1 𝑢2 … 𝑢𝑚

| | … |
]

[
 
 
 
 
 √𝜎1 0 … 0

0 √𝜎2 … 0

0 0 … 0

0 0 … √𝜎𝑛

0 0 … 0 ]
 
 
 
 
 

[
| | … |
𝑣1 𝑣2 … 𝑣𝑛

| | … |
] 

Here 𝑈 consists the data information of the columns space of the data matrix 𝐴 and 𝑉 consists the data information of the row 

space of the data matrix 𝐴. 

And so, data matrix 𝐴 = ∑ 𝑢𝑖𝜎𝑖𝑣𝑖
𝑇𝑛

𝑖=1  where 𝑢𝑖 are the linearly independent columns and 𝑣𝑖
𝑇  are linearly independent rows of 

the data matrix 𝐴 i.e., eigen vectors of a correlation matrices of 𝐴𝐴𝑇 and 𝐴𝑇𝐴 . We can truncate at rank 𝑟 if we are having lots of 

negligible small singular values. SVD is a very useful tool (unsupervised learning tool) to determine clusters, latent variables for 

dimensionality reduction by processing source data. So SVD is used to convert experimental data into a well-organized non 

redundant, noise free to extract hidden information.. 

II. APPLICATIONS 

Diagnose the running state of rolling bearings is very essential in order to avoid accidents or malfunction in rotating machine 

by frequent observation. Fault diagnosis of rolling bearings requires a deep feature extraction. In [1] authors, use a novel 

technique call empirical mode decomposition (EMP) to decompose the vibrating signals under different states of rolling 

bearings. Secondly, the use SVD to extract more representative high-level features from the intrinsic mode functions in order to 

determine the singular value parameters. Then the singular value parameters are used as the input parameters of the stated 

kernel sparse auto encoder network. The method opted by them does not require prior knowledge of fault diagnosis and even 

does not need the signal denoising processing that makes easier the traditional method of feature extraction of rolling bearing 

fault diagnosis. In [2], the authors combined SVD and Kalman filter to identify broken rotor bars for induction motor. They 

used SVD to detect the frequency allocation of the fault by decomposing the covariance matrix of the stator current. Secondly, 

they estimate the phases and amplitudes of the selective harmonics. We all know that Induction motor is the most economical 
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low-cost device commonly used in industries that can withstand explosions, fire or the aftermath of human errors [3]. But 

different fault might occur on account of internal resistance due to external forces [4]. Broken rotor bar (BRB) is the most 

common faults in the Induction motor due to load fluctuation; increase in temperature or due to motor vibration. The most used 

technique in the industries to detect BRB faults is Periodogram method, but it is non reliable when the speed and load 

fluctuates [5,6]. We have seen that SVD and Kalman Filter independently have shown good results in solving many problems 

related to signal processing and image processing. In order to overcome and identify the issue related to BRB with better result 

the authors adopted hybrid approach using SVD and Kalman Filter on a limited frequency band and the have shown better 

result as compared with traditional method called Periodogram. In [7] the authors have shown a methodology using SVD for 

high resolution range profile target recognition. High resolution radar is widely implemented in the fields of military, remote 

sensing, air traffic control, measuring ocean surface waves, detection of speeding traffic, satellite, etc. They have shown SVD 

helps improving the computational complexity by removing the redundant and noisy information. They also proved that 

determining the angle between signal subspaces and singular vectors is not enough for obtaining good recognition, but 

weighted element helps to increase in identification rates. In [8] the authors used Laplacian pyramid and SVD technique to 

enhance the visual quality of subtle organs as well as segmenting capabilities from MR images. Comparing with other 

enhancement techniques that gives the Gibbs phenomenon at edges their method shows better result. They used Laplacian 

pyramid to capture edge efficiently and it has been enhanced by SVD technique. They have shown that I the segmentation of 

internal auditory canal (IAC) and its nerves, SVD could be an effective tool for sharpening and enhancing the visual quality of 

the subtle organ. In [9] the authors introduced a method based on SVD to compute H-basis which is quite numerically stable. 

They used SVD to enhance computing H-basis tremendously by computing a minimal generating set for the Syzygy of a given 

degree of the underlying ideal. They also revealed that minimal generating set for Syzygies could be computed for each degree, 

say for first Syzygy, second and so forth for the given ideal and generate a finite chain of Syzygies. And those free resolutions 

i.e., the finite chain Syzygies, helps to generate important invariants such as Krull-dimension, Hilbert regularity and Betti 

numbers, etc. [10]. In [11] the authors presented a new compression algorithm for matrix to enhance the efficiency in 

computing the nested complex source beam (NCSB) method. They used truncated singular value decomposition to the 

disaggregation, multilevel aggregation and translation operations in NCSB. Using truncated far-field matching based on the 

directional far-field radiation property of the complex source beams (CSBs), they determined the aggregation /disaggregation 

matrices. Translation matrices are also determined from the beam width of CSBs. They have shown that the square of the 

singular values is equivalent to the radiation power of the new sources. This helps improve the efficiency of the original NCSB 

method by neglecting the insignificant singular values. An algorithm based on fuzzy neural network (FNN) using SVD was 

proposed by the authors in [12] for diagnosing and fault features extraction of diesel engine crankshaft bearings effectively. By 

decomposing the vibrational signals of crankshaft bearings in known state under the same working condition by using EMD 

the authors extract fault feature information. Finally, the fault features have been trained using Fuzzy neural network. And they 

observed that numerical identification of the crankshaft bearing in different states of the fuzzy neural network using SVD has 

very efficient output in terms of accuracy and stability. In [13] using SVD to the raw image, a novel static visual feature, 

namely, right and left singular feature vectors and singular value feature vector, were proposed by the authors. They have 

shown that the features extracted from this new method and by using SVD to the low-level features of images (like in PCA or 

LAS techniques) have a great difference. The proposed SVD features integrated edge, color and texture information 

simultaneously and was sorted in accordance with their functionality and importance for the concept detection. The authors 

extracted features in multi-granularity manner and classification was done for each partition of each granularity separately 

whereas classification is carried out for the whole image not for each partition separately in existing systems. The 

multigranularity partitioning and classification had no effect on each other on the results of classifications on partitions with 

and without the target concept, which improves the concept detection. Due to high dimensionality after reducing the 

dimension, the feature vectors undergo classification using KNN algorithm with a novel distance function which is very stable 

in high dimensional space and has good result in low dimensional space. The authors have shown that their proposed method 

had advantages over the spatial pyramid matching method and classification on the whole image and the superiority of the 

proposed SVD features over the widely used local and global features for the concept detection even though it consumes more 

training and testing time. In the proposed learning algorithms [14], they used prototype selection algorithm to compose the 

hidden neurons for the RBFN or the ELM using a pseudo-inverse matrix (by SVD). As compared with other known machine 

learning algorithms like SVM, RBFN, ELM or KNN their novel algorithm shows significantly better result. They have shown 

that this algorithm does not require tuning manually, the algorithm automatically extracts the kernels and their number and so it 

does not require inner cross validation. They have shown that that estimating the number of kernels with time consuming 

training and testing procedures are no longer needed and hence best results of learning could be obtained using pseudo inverse 

learning with SVD algorithm. In [15] the author used a novel technique called incremental singular value decomposition 

(SVD) to complete the missing data, selecting one having minimal rank. From various datasets like nonstationary datasets, 

noisy, extremely large, partially incomplete, etc., the author investigated the problems of determining good low rank subspace 

models. By manipulating numerical noise, uncertainty transformation for map inference and rank minimizing accusations the 

author developed an algorithm with better accuracy, reliable and time and space complexity as compared with other known 

methods and he levels it as parsimonious online SVD methods. He has examined this algorithm in semi-dense optical flow on 

nonrigid surfaces with occlusions, automatic handling of occlusions in structure-from-motion and eigen spaces and shown that 

recovery rate is extremely fast as compared with known methods. In [16] the authors introduced a secure, robust, and blind 

adaptive audio watermarking algorithm using Singular Value Decomposition in the digital watermarking technique using 

synchronization code. They have shown that their result has better payload and performance when compared with MP3 

compression to earlier audio watermarking methods. Their algorithm is easy in user friendly, easy in computation and hence 

good for practical use. In [17] the authors introduced a novel approach for vector-sensor signal modelling and processing using 

quaternion algebra that provides a simple notation for vector signal manipulation and processing. Their new approach helps to 

determine the best rank-k approximation of the quaternion matrix and allow wave separation over vector-sensor array in 

subspace method. They have shown that generalized SVD that is SVDQ when comparing with the traditional SVD method, the 

new method has more efficiency in polarized wave separation problem. 
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III. CONCLUSION 

One of the most challenging tools in machine learning is to develop effective tools for analyzing the datasets. SVD is a very 

useful and very efficient tools among the analysis techniques. SVD is very efficient method and could be able to determine best 

sub-rank approximations by decomposing given matrix into orthogonal dominant and subdominant subspaces effectively [18]. This 

property helps in watermarking and noise reduction. So, using the largest singular value one can easily determine the low rank 

approximation. We can represent a sum of rank one matrices from a given matrix by using singular value decomposition. We can 

truncate the matrix 𝐴 to a specific rank 𝑘 matrix by using SVD and store the approximated 𝐴𝑘 of the matrix in place of the entire 

matrix 𝐴. This technique is often used in watermarking, noise reduction, image compression, etc. SVD can be used to extract 

mechanical meaningful signals from rotating machine from the data. For example, in [2], SVD is used to detect the frequency 

allocation of the fault by decomposing the covariance matrix of the stator current. SVD is also used for diagnosing and fault 

features extraction of diesel engine crankshaft bearings effectively. High resolution radar is widely implemented in the fields of 

military, remote sensing, air traffic control, measuring ocean surface waves, detection of speeding traffic, satellite. SVD helps 

improving the computational complexity by removing the redundant and noisy information for high resolution range profile target 

recognition. SVD technique is also used to enhance the visual quality of subtle organs as well as segmenting capabilities from MR 

images. Singular value decomposition (SVD) could be used to complete the missing data by selecting one having minimal rank. 

SVD is used to enhance computing H-basis tremendously by computing a minimal generating set for the Syzygy of a given degree 

of the underlying ideal and therefore it will enhance the computation of Groebner basis [18]. Even though lots of work have been 

done on SVD, SVD in image processing, fault detection, medical imaging is still in early stage. As there are many unexplored 

properties of SVD, our aim is to highlight those characteristics of SVD and gives a contribution for future research challenges. 

Briefly speaking SVD is a very efficient technique which is fast and easy to implement. It provides a practical solution to fault 

detection, image compression and recognition problems. 

. 
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