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Abstract

In this paper, we introduce the new concepts a*-compactness and a*-connectedness in topological spaces and obtain some of

their properties using a*-closed sets.
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1 Introduction

The notions of compactness and connectedness are useful and fundamental notions of not only general topology but also of other
advanced branches of mathematics. Many researchers [1-8] have analyzed the basic properties of compactness and connectedness.
The notions of compactness and connectedness resulted in motivating mathematicians to generalize these notions further.

K. Vithyasangaran and P. Elango [9] introduced and studied the properties of a*-closed sets in topological spaces. The aim of this
paper is to study a*-compactness and a*-connectedness using a*-closed set and also discuss some of their properties

2 Preliminaries

Throughout this paper (X1), (Y,0) (or simply X and Y) represent topological spaces on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of (X,7), cl(4) and Int(A) denote the closure of A and interior of A respectively.

Definition 2.1. Let (X 1) be a topological space. Then, a subset A of (X 1) is called a*-closed set [9] if int(cl(4))< Uwhenever A € Uand
Uis open in (X 1).

The complement of the above mentioned a*-closed set is a*-open set.

*Corresponding author: E-mail: vithyasangarank@esn.ac.lk
Definition 2.2. A function f: (X,7) — (Y,0) is called

(i) arcontinuous [9] if the inverse image of every closed set in (Y,0) is a*-closed in (X,7).

(i) arirresolute [9] if the inverse image of every a+-closed set in (Y,0) is a*-closed in (X, 7).

Definition 2.3. A topological space X is said to be Ta.-space [9] if every a*-closed subset of Xis closed subset of X.

3 a-compactness

Definition 3.1. A collection {4:: i € I} of a*-open sets in a topological space Xis called a a*-open cover of a subset B of Xif B cU{Ai : i
€ I} holds.

Definition 3.2. A topological space X is a~-compact if every a-open cover of X has a finite subcover.

Definition 3.3. A subset B of a topological space X is said to be a*-compact relative to X if, for every collection {Ai: i € I} of a*-open
subsets of X such that B < U{4i: i € I} there exists a finite subset o of I such that B CU{4i: i € Io}.

Definition 3.4. A subset B of a topological space Xis said to be a*-compact if Bis a*-compact as a subspace of X.
Theorem 3.1. Every a*-closed subset of a a*-compact space X is a*-compact relative to X.

Proof. Let A be a*-closed subset of a*-compact space X. Then, Acis a*-open in X. Let M = {G.: « € I} be a cover of A by a+*-open sets in
X. Then, M= MUAcis a a*-open cover of X. Since Xis a*-compact, M+is reducible to a finite subcover of X, say X = GaUGaV...UGanUAC,
Ga € M. But, A and Acare disjoint hence A € Gz U Ge2 U ... U Gam, G € M, Which implies that any a*open cover M of A contains a finite

subcover. Therefore, A is a-compact relative to X. Thus, every a*-closed subset of a*-compact space Xis a*-compact. O
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Theorem 3.2. Every a*-compact space is compact.

Proof. Let X be a a*-compact space. Let {4;:i € I} be an open cover of X. Then {4;:i € I} is a a*-open cover of X as every open set is
a*-open set. Since Xis a*-compact, the a*-open cover {4;: i € I} of X has a finite subcover, say {4::i=1,..,n} for X. Hence X is compact.

O

Definition 3.5. A function f: X -— Yis said to be a*-continuous [9] if f-1(F) is a*-closed in X for every closed set Fof Y.
Definition 3.6. A function f: X -— Yis said to be a*-irresolute [9] if f1(F) is a*-closed in X for every a+closed-set Fof Y.
Theorem 3.3. Let f: X - Y be surjective, a*-continuous function. If Xis a*-compact, then Yis compact.

Proof. Let {A:: i € I} be an open cover of Y. Since fis a*-continuous function, then {f-1(4)) :

i € I} is a*-open cover of X has a finite subcover, say {ﬁl(A? :i=1,,n}. Therefore, X = Uf:lffl(fli) which implies
F(X) = Uiz f(Ai). Since fis surjective,Y = Ui=1f(4i), Thus,

{A1,4,,..,An} is a finite subcover of {4;:i € I} for Y. Hence Yis compact. O

Theorem 3.4. If amap f: X - Yis a*irresolute and a subset B of X is a*-compact relative to X, then the image f{B) is a*-compact
relative to Y.

Proof. Let {A«: a € I} be any collection of a*-open subsets of Y such that f{iB) cU{A«: a € I}. Then, B c {f1(44) : a € I} holds. From the
hypothesis,B is a*-compact relative to X. Then, there exists a finite subset Io of I such that B c {f"1(A.) : « € Io}. Therefore, we have

f(B) € U{Aa: a € Io}, which shows that f{B) is a*-compact relative to Y. [

4 a*-connectedness

Definition 4.1. A topological space X is said to be a*-connected if X can not be expressed as a disjoint union of two non-empty a*-
open sets. A subset of Xis a*-connected if it is a*-connected as a subspace.

Example 4.1. Let X ={a,b} and let t = X ¢,{b}}. Then, (X 1) is a*-connected.

Remark 4.1. Every a*-connected space is connected. But, the converse need not be true in general, which follows from the following
example.

Example 4.2. Let X = {a,b} and let T = {X,¢}. Clearly, (X,7) is connected. The a*-open sets of X are {X ¢,{a},{b}}. Therefore, (X,1) is not
a a*-connected space, because X = {a}u{b} where {a} and {b} are non-empty a*-open sets.

Theorem 4.3. For a topological space X, the following are equivalent:
() Xis a*-connected.
(i) Xand ¢ are the only subsets of X which are both a*-open and a*-closed.

(i) Each acontinuous map of X into a discrete with at least two points is a constant map.

Proof. (i) = (ii) : Let F be any a+*-open and a=-closed subset of X. Then, Fcis both a*-open and a*-closed. Since Xis disjoint union of
the a=-open sets F and Feimplies from the hypothesis of (i) that either F=¢@ or F=X.

(i) = (i) : Suppose that X = A U Bwhere A and B are disjoint non-empty a*-open subsets of X. Then, A4 is both a*-open and a*-closed.
By assumption, A = ¢ or X. Therefore, Xis a*-connected.

(ii) = (iii) : Let f: X > Y be a a*-continuous map.Then, X is covered by a*open and a*-closed covering {f1(y) : y € Y}. By
assumption, f1(y) =@ or Xforeach ye Y. If f1(y) = ¢ for all y € Y, then ffails to be a map. Then, there exists only one point y € Y
such that f1(y) = ¢ and hence f-1(y) = X. This shows that fis a constant map.

(iii) = (ii) : Let F be both a*-open and a+-closed in X. Suppose F 6= ¢. Let f: X - Y be a a*continuous map defined by f{F) = {x}
and f{Fe) = {y} for some distinct points xand yin Y. By assumption fis constant, we have F=X. O

Theorem 4.4. If f: X - Yis a a*-continuous, onto and X is a*-connected, then Yis connected.

Proof. Suppose that Yis not connected. Let Y = AUB where A and B are disjoint non-empty open setin Y. Since fis a*-continuous and
onto, X = f-1(4) U f1(B) where f-1(A) and f~1(B) are disjoint non-empty a*-open sets in X. This contradicts the fact that Xis a*-connected.

Hence Yis connected. O

Theorem 4.5. If f: X - Yis a a*-irresolute surjection and X is a*-connected, then Yis a*connected.
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Proof. Suppose that Yis not a*-connected. Let Y=A U Bwhere A and B are disjoint non-empty a*-open set in Y. Since fis a*-irresolute
and onto, X = f1(A)Uf1(B) where f-1(4) and f-1(B) are disjoint non-empty a*-open sets in X. This contradicts the fact that X is a*-

connected. Hence Yis connected. O
Theorem 4.6. Suppose that X is a T«--space. Then, Xis connected if and only if it is a*-connected.

Proof. Suppose that X is connected. Then, X can not be expressed as disjoint union of two nonempty open subsets of X. Suppose X
is not a a*-connected space. Let A and B be any two a*-open subsets of X such that X = AUB, where AnNB=¢ and A c X, B c X. Since
Xis Ta-space and A, B are a*-open, 4, B are open subsets of X, which contradicts to the fact that X is connected. Therefore, X is a*-
connected. Conversely, assume that X is a*-connected. Then, X can not be expressed as disjoint union of two non-empty a*-open
subsets of X. Since, Xis a T«-Space, every a*-open subset of X is open subset of X. Hence X can not be expressed as disjoint union

of two non-empty open subsets of X. That is, X is connected. (J

5 Conclusion

In this paper, we have introduced a*-compactness and a*-connectedness in the topological spaces by using a*closed sets and their
properties were studied.

References
[1] Di Maio G. and Noiri T. On s-Closed Spaces. Indian J. Pure Appl. Math. 1987;18:226233.

[2] Rajeswari R. Darathi S. and Deva Margaret Helen D. Regular Strongly Compactness and Regular Strongly Connectedness in
Topological Space. International Journal of Engineering Research and Technology (IJERT). 2020;9(2):547-550.

[3] Vivekananda Dembre and Pankaj B Gavali. Compactness and Connectedness in Weakly Topological Spaces. International
Journal of Trend in Research and Development.
2018;5(2):606-608.

[4] Hanif PAGE Md. and Hosamath V. T. A View on Compactness and Connectedness in Topological Spaces. Journal of Computer
and Mathematical Sciences. 2019;10(6):1261-1268.

[5] Sarika M. Patil and Rayanagoudar T. D. ag*s-Compactness and ag+s- Connectedness in Topological Spaces. Global Journal of
Pure and Applied Mathematics. 2017;13(7):3549-3559.

[6] Gnanambal Y. and Balachandran K. On gpr-continuous functions in topological spaces. Indian J. Pure Appl. Math.
1999;30(6):581-593.

[7] Pushpalatha A. Studies on Generalizations of Mappings in Topological Spaces. Ph.D. Thesis. Bharathiar University.
Coimbatore. 2000.

[8] Vivekannanda Dembre. and Sanjay M Mali. New Compactness and Connectedness in topological Spaces. International Journal
of Applied Research. 2018;4(4):286-289.

[9] Vithyasangaran K. and Elango P. Study of a~-Homeomorphisms by a+-closed Sets. Advances in Research. 2019;19(3):1-6.

JETIR2011188 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 409


http://www.jetir.org/

