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l. INTRODUCTION

The introduction of the fuzzy sets is by L.A.Zadeh [12] in 1965. W.R.Zhang [13] who introduced the notion of bipolar fuzzy
sets. The concept of intuitionistic fuzzy sets was introduced by Atanassov [2] in 1986 as a generalization of fuzzy sets.
Smarandache [7] proposed neutrosophic sets (NSs) by combining the non-standard analysis, a tri-component logic/set/probability
theory and philosophy. “It is a branch of philosophy which studies the origin, nature and scope of neutralities, as well as their
interactions with different ideational spectra” In order to practice NSs in real-life applications conveniently, Wang et al. [10]
introduced single valued neutrosophic sets (SVNSs). Single valued neutrosophic sets is a generalization of intuitionistic fuzzy sets
in which three membership functions are independent and their values belong to the unit interval [0, 1]. The concept of
Intuitionistic fuzzy relations was given by Burillo P and Bustince H [3]. An intuitionistic fuzzy relation was examined by Annie
Varghese and Sunny Kuriakose [1]. Neutrosophic Relation was studied and presented by Salama et al[8]. Single valued
neutrosophic relation was inspected by H.L. Yang et al[11]. Latreche A, et al[6] give a form of Single valued neutrosophic
mappings defined by single valued neutrosophic relations with applications. Bipolar single-valued neutrosophic set was
introduced by Mohana et al. [7] and also they give bipolar single-valued neutrosophic topological spaces.

Here in this paper, we introduce bipolar single valued neutrosophic relations and their properties with the counter

Il. PRELIMINARIES
2.1 Definition [9]: Let X be a non-empty fixed set. A neutrosophic set B is an object having the form
B={<x,us(x),08(x),y8(X)>XEX} Where pg(x),08(x) and ys(x) which represent the degree of membership function , the degree of
indeterminacy and the degree of non-membership respectively of each element xeX to the set B .

2.2 Definition [10]: Let a universe X of discourse. Then Ans={<X,Fa(X),Ta(X)Ia(X)>xeX} defined as a single-valued
neutrosophic set where truth-membership function Ta:X—[0,1],an indeterminacy-membership function Ia: X—[0,1] and a falsity-
membership function Fa: X — [0,1].No restriction on the sum of Ta(X), Ia(Xx) and Fa(x), so 0<sup Ta(x) <sup Ia(x) <supFa(x) <3.

~

A =<T, I, F> is denoted as a single-valued neutrosophic number.

2.3 Definition [11]: Let A and B be two SVNSs in U. If for any u € U, Ta(u) < Tg(u), la(u) > Ig(u) and Fa(u) > Fg(u), then we
called A is contained in B, i.e. AS B. If A< B and B € A, then we called A is equal to B, denoted by A = B.

2.4 Definition [11]: Let A be a SVYNSs in U. The complement of A is denoted by A°®, where Yu € U,
Ta® (u) = Fa(u), 1a® (u) =1 —Ta(u) and Fa® (u) = Ta(u).

2.5 Definition [11]: Let A and B be two SVNSs in U.
(1) The union of A and B isa SVNS C, denoted by C = A U B, where Yu € U,
Tc(u) = max {Ta(u), Te(u)}, Ic(u) = min {la(u), Is(u)} and Fc(u) = min {Fa(u), Fe(u)}.
(2) The intersection of A and B is a SVNS D, denoted by D = A N B, where Vu € U,
To(u) = min {Ta(u), Te(u)}, In(u) = max {la(u), Is(u)} and Fp(u) = max {Fa(u), Fs(u)}.

2.6 Definition [11]: A SVNS R in U x U is called a single valued neutrosophic relation (SVNR) in U, denoted by R = {{(u, V),
Tr(U, V), Ir(u, V), Fr(u, V)) | (u, v) € U x U}, where Tr : U x U — [0, 1],
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Ir: UxU— [0, 1] and Fr : U x U — [0, 1] denote the truth-membership function, indeterminacy membership function and
falsity-membership function of R, respectively.

2.7 Definition [11]: . Let R be a SVNR in U, the complement and inverse of R are defined as follows, respectively
RC={((u,v), T Re (u,v), | R (u,v), F Re (u, V)Y | (u, v) € U x U}, where ¥(u, v) € U x U,

T Re (u, v) = Fr(u, V), | Re (u,v)=1-1Igr(u, v) and F Re (u, v) = Tr(u, V).
RI={(u,V),T at (u,v), 1 Rt (u,v), F ot (u, V)) | (u, v) € U x U}, where V(u, v) € U x U,

T Rt (u, v) = Tr(v, u), | et (u, v) = Ig(v, u) and F t (u, v) = Fr(u, V).

2.8 Definition [11]: . Let R be a SVNR in U.

1) If vu e U, Tr(u, u) =1 and Ir(u, u) = Fr(u, u) = 0, then R is called a reflexive SVNR.

2 If Yu, v € U, Tr(u, v) = Tr(Vv, ), Ir(u, v) = Ir(v, u) and Fr(u, v) = Fr(v, u), then R is called a symmetric SVNR.

3) If Yu e U, Tr(u, u) = 0 and Ir(u, u) = Fr(u, u) = 1, then R is called an anti-reflexive SVNR.

4 If vu, v, w € U, vweU (Tr(u, V) A Tr(v, W)) < Tr(U, W), Aveu (Ir(Y, V) V Ir(v, w)) > Ir(u, w) and Aveu (Fr(U, V) V Fr(V,

w)) > Fr(u, w), then R is called a transitive SVNR, where “ vV ” and “ A ” denote maximum and minimum, respectively.

2.9 Definition [11]: Let R, S be two SVNRs in U. If Yu, v € U, Tr(u, v) < Ts(u, V), Ir(u, v) > Is(u, v) and
Fr(u, v) > Fs(u, v), then we call R is contained in S (or R is less than S), denoted by R € S (or R <S).

2.10 Definition [11]: Let R be a SVNR in U.
(1) The maximal anti-reflexive SVNR contained in R is called anti-reflexive kernel of R, denoted by ar(R).
(2) The maximal symmetric SVNR contained in R is called symmetric kernel of R, denoted by s(R).

2.11 Definition [11]: Let R be a SVNR in U. The minimal reflexive SVNR containing R is called reflexive closure of R, denoted
by r(R).

2.12 Definition [11]: . Let R be a SVNR in U. The minimal symmetric SVNR containing R is called symmetric closure of R,
denoted by s(R).

2.13 Definition [11]: We will call neutrosophic relation R from set X to set Y (or between X and Y) is a neutrosophic set in the
direct product X xY = {(x, ¥): X € X, y €Y}, that is, every neutrosophic sub sets of X xY that is, to every expression R given R
={<X, ¥> (< ur(X, ¥ ),0r(X, ¥ ),y rR(X, ¥ ) >: XEX, YEY)} where X XY is characterized by membership function p r (X), the degree
of indeterminacy o r(X) , and the degree of non-membership yr(X) respectively of each element x € X,y €Y to the set X and Y.
where p r (X), 6 r(X), YR(X) : X XY— b’,l*[. Given sets X = { X1, X2,...., Xm }, Y={ V1, Y2 ,... , ya }, @ neutrosophic relation in
XxY can be expresses by an mxn matrix. This kind of matrix, which expressed of neutrosophic relation, is called a neutrosophic

matrix. Since the triple (ur, or,y r ) has values with in the interval b’,l+ [ the elements of the neutrosophic matrix also have

values within b" 1" [ In order to express neutrosophic relation R for (ur(Xi, Yi),or(Xi, ¥i ),y r(Xi , Vi )). The neutrosophic relation
is defined as neutrosophic subsets of XXY, having the form R ={< x, y> ,(< pur(Xi, Vi ),or(Xi, Vi ),y r(Xi , Vi ) >: X€X, YEY)} .
Where the triple (i r (x), o r(X), Yr(X)) has values with in the interval b_ 1" [ the elements of the neutrosophic matrix also have

values with in b" NN [ Given a neutrosophic relation between X and Y we can define R between Y and X by means of u;,l

¥, X)=pg (XY),,0 ;,1 ¥, X)=0g (XY),7 ;,1 (Y, X) =7 (X, y) € X XY to which are will call inverse neutrosophic relation of
R.

2.14 Definition [5]: In X, a bipolar neutrosophic set B is defined in the form

B=<x, (T*(X), I'(x), F*(X), T"(X), I'(X), F(X)):xeX>where T*, I", F*: X— [1,0] and T-, | -, F : X [-1, 0].The positive membership
degree denotes the truth membership T*(x), indeterminate membership I* (x) and false membership F* (x) of an element xeX
corresponding to the set A and the negative membership degree denotes the truth membership T-(x), indeterminate membership I
(x) and false membership F(x) of an element xe X to some implicit counter-property corresponding to a bipolar neutrosophic
set .

2.15 Definition [7]: A Bipolar Single-Valued Neutrosophic set (BSVN) S in X is defined in the form of

BSVN (S) =<v,(Tesvn*, Tesvn), (Issvn ', lesvn), (Fesvn®,Fesvn ) vEX>

where (TBSVN+,|BSVN+,FBSVN+)3X—>[0,1] and (Tssvn',lesvn',Fesyn): X— [-1,0] .In this Definition, there Tesyn® and Tgesyn™ are
acceptable and unacceptable in past. Similarly lssyn™ and lssvn™ are acceptable and unacceptable in future. Fesvn* and Fesvn™ are
acceptable and unacceptable in present respectively.
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2.16 Definition [7]: Let two bipolar single-valued neutrosophic sets BSVN;1(S) and BSVN2(S) in X defined as
BSVN;: (S):<V,(TBSVN+(1),TBSVN_(1)),(|BSVN+(1),|BSVN_(]-)),(FBSVN+(1),FBSVN_(l)):VEX> and
BSVN2(S)=<v,(Tesvn*(2), Tesvn(2)),(Izsvn*(2),leswn'(2)),(Fesvn'(2),Fesvn(2)):vEX>. Then the operators
are defined as follows:

(i) Complement

BSVNE(S) = {< v,(1-Teswn®), (-1-Teswn), (1-leswn®), (-1-lssvn), (1-Feswn™), (-1-Fesvn): VEX >}

(ii) Union of two BSVN

<max(TB+SVN (1), Tasun (2),Min(1 g (D), v (2)),Min(Fosy @), Fag (2))>
BSVNL(S) U BSVNyS) = X Tasns - Tasny () min(l sy (), ssun (2),min(Fguy (1), Fogu (2))

(iii) Intersection of two BSVN

<min(TBzVN (D), Tasun (2)),max (I sy @), v (2)).max(Fasu @), Fosun <2))>
BSVNl(S) mBSVNz(S) - min(TI;SVN (1) 1TB;VN (2)) ' maX(I I;SVN (1)1 I I;SVN (2)) ’ maX(FI;SVN (1)’ FE;SVN (2))

2.17 Definition [7]: Let two bipolar single-valued neutrosophic sets be BSVN1(S) and BSVN,(S) in X defined as
BSVN1(S)=<v,(Tesvn*(1), Tesvn (1)), (Issun*(1),1esvn (1)), (Fesvn*(1),Fesvn(1)):-vEX> and

BSVN2(S)=<v, (Tesvn*(2), Tesvn(2)),(Isswvn*(2),1eswn'(2)), (Fesvn®(2),Feswn'(2)):vEX>.

Then S;=S; if and only if

Tesvn'(1) = Teswn™(2) , Issvn'(1) = leswn*(2) , Fesvn*(1) = Feswn'(2) ,

Tesvn (1) = Tesvn(2) , Isswn'(1) = Isswn'(2) , Fesvn'(1) = Feswn(2) for all veX.

2.18 Definition [7]: Let two bipolar single-valued neutrosophic sets be BSVN1 and BSVN; in X defined as
BSVNl(S):<V,(TBSVN+(1),TBSVN'(1)),(|BSVN+(1),|BSVN'(l)),(FBSVN+(1),FBSVN'(l)):VEX> and

BSVN2(S)=<v, (Tesvn*(2), Tesvn(2)),(Isswvn'(2),lsswn'(2)), (Fesvn®(2),Feswn'(2)):vEX>,

Then S;CS; if and only if

Tesvn'(1) < Teswn*(2) , leswn(1) > Iesun®(2) , Feswn®(1) > Faswn®(2) ,

Tesvn (1) < Teswn'(2) , Isswn'(1) > Isswn'(2) , Feswn'(1) > Fasyn'(2) for all veX.

2.19 Definition [4]: Let Ogsvn and 1ssvn be BSVNSs in X defined as
Ossvn = {<x,0, 1,1, -1, 0, 0: x € X >} is said to be Null or Empty bipolar single-valued neutrosophic set.
leswn ={<x,1,0,0,0, -1, -1: x € X >} is said to be Absolute or Unit bipolar single-valued neutrosophic set.

I11. BIPOLAR SINGLE-VALUED NEUTROSOPHIC RELATION
Definition 3.1 A BSVN set R in X x X is called a bipolar single-valued neutrosophic relation (BSVNR) in X, denoted by

R={<(xy), Tr (X ¥), Tr ¥, 1 ¥, 1z Xy, Fr (X y),Fg (X y)>x€X, yeX},
where V (x,y)€ X x Xandalso T I 5 ,Fg : XxX—[0,1],Tg ,Igz,Fg:XxX— [-1,0]. We will denote with BSVNR (X x
X) the set of all bipolar single-valued Neutrosophic relation in X x X,

Definition 3.2 Let R be a BBSVNR in X, the complement and inverse of R are defined as follows,
@ RE={<( V) (TR ) =T e V) (LT (M) =T e (X Y), (-1 (%, 1)) =1L (X, Y),
(L1 W) =1 e (6 Y) (- F g 00 Y) =F 2 (), (1 F g (% 1)) = F o (%, )%}
0) RH =D THa (0 T o (W) 15 (W) s (9D, F s (9, F s ()2} where
VO EXXX T (W) =Tr 00, T (=T (%), 15s X y) =15 (1),

I ;—1 (Xv y) = I E (yv X)! F;—l (X, y) = F-I; (y! X), F;—l (X, y) = F; (yl X)'

JETIR2104267 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 500


http://www.jetir.org/

© 2021 JETIR April 2021, Volume 8, Issue 4 www .jetir.org (ISSN-2349-5162)

Example 3.3 Let X = {X, y}. ABSVNR R in X is given in TABLE I|. By

TABLE |
R X Y
X (0.2,-0.3),(0.1,-0.6),(0.4,-0.5) (0.1, -0.6),(0.2,-0.3),(0.5,-0.4)
y (0.1, -0.2),(0.2,-0.4),(0.6,-0.7) (0.1, -0.5),(0.7,-0.8),(0.9,-0.1)
A BSVNR R®in X is given in TABLE II,
TABLE Il
R X Y
X (0.8,-0.7),(0.9,-0.4),(0.6,-0.5) (0.9, -0.4),(0.8,-0.7),(0.5,-0.6)
y (0.9, -0.8),(0.8,-0.6),(0.4,-0.3) (0.9, -0.5),(0.3,-0.2),(0.1,-0.9)
A BSVNRR1in X is given in TABLE IlI,
TABLE Il
R X Y
X (0.2, -0.3),(0.1,-0.6),(0.4,-0.5) (0.1, -0.2),(0.2,-0.4),(0.6,-0.7)
y (0.1, -0.6),(0.2,-0.3),(0.5,-0.4) (0.1, -0.5),(0.7,-0.8),(0.9,-0.1)

Definitions 3.4 Let R and S are two BSVNR in X. Then
(@ The union R U S of R and S is defined by

RUS={<(x,y), max{T ¢ (x, ), Tg(x y)} min{I ¢ (x,y), ' (x, y)} min {F ¢ (x, y), F g (x, )},
max {T g (X, ¥), T5 (%, )} min{l 5 (X, ¥), I 5 (X, )} min{F ¢ (X, y), Fg (X, ¥)} >
| (x,y) € X x X}
(b) The intersection RNS of R and S is defined by
RNS = {<(x, ), min {T ¢ (X, ), T (%, Y)}, max {I 5 (x, ), 15 (x, )}, max {F , (x, y), F ¢ (x, V)},
min{T 5 (X, ), Ts (X )} max {l g (X, y), I 5 (x, V)}; max {F 5 (X, ¥), F ¢ (X, )} >
| (x,y) € X x X}

Definition 3.5 Let R isa BSVNR in X.
(@ Ifvx,yeX Ty (X y)=0r Ty (X ¥)=-1r,
+ _
IR (X’y):lR!IR (le)zoRl
+ _
FR (X,y)le,FR (X!y):OR!
Then R is called a null BSVNR and it is denoted by Or.

() fFVx,yeX Ty (XY)=1r Tg (X ¥)=0r,

IE (X, y) = O, IE (X, y) =-1g,

+ _
FR(XY)=0r FR (x,y) =-1g,
Then R is called an absolute BSVNR and it is denoted by 1r.

. 1. x=y - Oy x=Yy
Definition 3.6 If Vx,y € X, T (X, y) = 0 , TR (X y)= ,
RXZEY -1I;x#y
. O, x=Yy - -1l.x=y
IR(X,y)={1RX¢y, IR(X,y)={O >R<¢y .
R R
+ ORXZy - -Lix=y
F s = y F 3 = l
r (X, Y) {1RX¢y r (X Y) {ORX?&y

Then R is called an identity BSVNR and it is denoted by Idr.
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By use of Definitions 3.2 and 3.5, the complement (Idgr)¢ of Idr is a BSVNR satisfying:

O x=Yy -1.x=y

v ) Xl T+ c 1 = i) T7 C 1 = i)
xy€ (Idg) (x.¥) {1RX Y (1dg) ¥ {ORX zY
g0 &0 9) _{ORX £y g0 9) _{—1RX #y

N Jlex=y . _|Ogx=Yy
F(IdR)C (X' y) _{ORX + y’ F(ldR)C (Xl y) _{_1RX + y

Definition 3.7 Let R be a BSVNR in X.
@ IfFvxe X, Ty (X, X) =1r, T (X, X) =Og,

g (X, X)=0r, 15 (X X)=-1g,
FE (X, X) = 0r, Fr (X, X) =-1g, then R is called a reflexive BSVNR.
B IFYXYEX Ty xY=Tg X, Tr X YN=Tg (¥, X),
e (% Y)=1g (.0 1 (V) =T5 (¥, ),
Fr (X Y)=Fg (,X),Fr (X,y)=Fx (v, X), then R is called a symmetric BSVNR.

© IF¥XEX, T (X, X) =0r, Ty (X X) =-1r,
e (X X) =1, I g (X, X) = Og,

FE (X, X) =1r, Fg (X, X) = Or, then R is called an anti-reflexive BSVNR.

@IFvxy.zeX, v (Trx V) A (Tr(:2)<Tg (X 2),
A TRV (TR(,2)2Tg (x,2)
A Frey) v (Tr(,2)2Tg (x2)
Y T A (TR(:2)<Tr(x2)
ATV (TR .2)2Ty(x,2)

A (TrXY) VvV (TR (y,2)>Tg (X 2), then R is called a transitive BSVNR,
Ve

where v and A denote maximum and minimum, respectively.

Definition 3.8 Let R, S be two BSVNRs in X. If ¥x,y € X,
TREYVSTXY), TrEy<TXY)
IR (X, y) =15 (X, Y) IR (% y) =15 (X, y)

FE x,y)=F g x,y) Fr(x y)>Fg(xy) thenitis called R is contained in S (R is less than) and it is denoted by
RcS(R<YS).

Theorem 3.9 Let R, S, P are three BSVNRs in X. Then follows,
(1) R is symmetric iff R = R,

@) R)*=RH"

B RH =R, (R)=R.
(HRUS2R,RUS2S.
(5)RNSCSR,RNSCS.

(6)IfRc S, thenR1c S
(7H)IfP2SandP 2R, thenP2 R US.
8)IfPcSandPc R, thenP S RN S.

(99 IfFRc S, thenRUS=SandRNS=R.

(10) RuS)*=R'uUStL(RNS t=RINS™L
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(1) (RuS)*=R°NS,(RNS)C=R°U S°.
Proof. Obviously, (1) and (3)-(9) are hold. To show that (2), (10) and (11).

@VEyEXT o (WN=T L ()= 1T (X =1-T L (Y =T e (6 Y),
Tyt V=T oo (=L T ()= 1T ()W) =T o (%, 9),

similarly for 1 cos (% Y) =1 e (W) eyt (V) =1 e (00 F ey (0 Y) = F e (%, Y),
F imeyt (6 Y) =F oy (x,y). Hence (R = (R)"
(10) Vx,y € X,
T rusyt (N =T gy 00X) = max {T ¢ (v, ), T X)3= max{T L (06 Y), T 5 003 T g (0, Y)

Lrosy W) =1 g 0= min {15 (v, ), 1 (v 3= max {1 s (6 y), 1 G (MB= 1 pa g (X, Y)
Frausyt M =F (i) ()= min {F g (v, %), Fg (v, )}= max {F s (%, 1), F o (6 W= F g ()
T rusyr (N =T @iy 00)= max {T g (v, ), T (v, X)3= max{T oo (0, T I T s o0 (X, Y)
Lrusyr W) =1 gogy 00X) =min{l & (v, %), I (v, )} = max {l s (%, y), F g (NI T s g1 (X Y)

F(_RUS)A (X! y) = F (_RUS) (yv X) :min {F; (y! X)’ F g (y! X)}: max {F ;(1 (X, y)! F;—l (X! y)}: F ;—1 Us—l (X! y)
Hence (RU S) =R U S Similarly, we can show (RN'S) 1=R* NS

(1) VX, y € X,
T rusy 6 W) = 1T sy (6 )= mindL-T o (¢, 1),1T ¢ (% W)3= mindT o (6, ), T o (6 3= T e e 06 W) 1 gye (0 ¥) = 1-

:RUS) (Xv y): maX{l-l E (Xv y)vl-l JSr (Xv y)}: maX{I ;c (X, y)v | Jsrc (X, y)}: | ;cusc (X, y)
F ZRUS)C (Xv y) =1-F :RUS) (X1 y): maX{l'FE (Xv y)il'Fg (Xv y)}: maX{F -I;c (X, y)l F Jsrc (X, y)}: F -I;CUSC (Xv y)

Similarly for T o e 06 ) =T po ge W T g gye W) =1 pe e (WYL F g gye (W) = F e e (X0Y)
Hence (R U S)° = R® N S°. Similarly, we can show (R N S)¢=R° U S-.

Remark 3.10 According to Theorem 3.9 (1) and (2), the complement of a symmetric BSVNR is also a symmetric BSVNR.

IV. KERNELS OF BIPOLAR SINGLE-VALUED NEUTROSOPHIC RELATION
In this section, we will define and investigate anti-reflexive kernel and symmetric kernel of a BSVNR and their properties.

Definition 4.1 Let R be a BSVNR in X.
(a) The maximal anti-reflexive BSVNR contained in R is called anti-reflexive kernel of R and it is denoted by ar(R).
(b) The maximal symmetric BSVNR contained in R is called symmetric kernel of R and denoted by s(R).

Theorem 4.2 Let R isa BSVNR in X. Then
(D) ar(R) =R N (Idr) -
@ s(R)=RNR™

Proof. (1) By Theorem 3.9 (5), R N (Idr)° € R. By the Definition of Idr, Vx € X, then T 5 o(x, %) = 1g,

T (6 X)=0r, I (X, X)=0r, I 5 (X, X)=-1r, Fr (X,X)=0r, F (X,X)=-1r. Then T . (X, X) = Og,

(1dr)*

T(IdR)° (X, X) = -1g, | (Id ¥ (X, X) = 1g, | (Id ¥ (X, X) =0r, F (Id ¥ X, x)=1g, F (X, X) = Or. Hence

(|dR)C

+

TRm(IdR) (x,x) = mln{TR (%, X), T(Id ¥ (X, X)} =0, | Rm(ld x (%, X) = max {|E (%, x), I:IdR)° (X, X)} = 1g,

F;m(ldR) (X, X) = max {F (%, X), F(Id ¥ X, xX)}=1r, T Rm(ld) (%, X) = min {T 5 (X, X), T(Id Ny (X, X)} = Or, | Rm(ld) X, x) =

max {l 5 (X, X), I(Id ¥ X, )} =1r, F RA(1dy ) (%, X) = max {F ¢ (X, x), F(_Id ¥ (X, X)} = 1r. Then by the Definition 3.7 (c), R N
M R

(Idr)¢ is an anti-reflexive BSVNR in X.
If K is an anti-reflexive BSVNR in X and K € R. Obviously, K € (Idg)¢. Hence K € R N (Idgr)¢. So
ar(R) =R N (ldr)".
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(2) By Theorem 3.9 (9) and (3), (RNRH) 1 =R N(R 1) =R*NR=RNRY, which implies that R N R! is a symmetric BSVNR
in X. By Theorem 3.9 (5), RN R CR.

If K is a symmetric BSVNR in X and K € R. Then by Theorem 3.9 (6), K2 € R™%. Then by
Theorem 3.9 (1) and (5), K=K?*cRNR%LSos(R)=RNR™

Example 4.3 Consider X and R in Example 3.3. By Theorem 4.2, we can obtain ar(R) and s(R) which are given in TABLE IV
and V, respectively.

TABLE IV
R X Y

X (0, -1),(1,0),(1,0) (0.1, -0.6),(0.2,-0.3),(0.5,-0.4)
y (0.1,-0.2),(0.2,-0.4),(0.6,-0.7) (0, -1),(1,0),(,0)

TABLE V

R X Y

X (0.2, -0.3),(0.1,-0.6),(0.4,-0.5) (0.1, -0.6),(0.2,-0.3),(0.5,-0.4)
y (0.1, -0.6),(0.2,-0.3),(0.5,-0.4) (0.1,-0.5),(0.7,-0.8),(0.9,-0.1)

Theorem 4.4 The anti-reflexive kernel operator (ar) of the BSVNR has the following properties:
(1) ar (Og) = Or and ar ((1dr)°) = (IdRr)".

(2) VR € BSVNR (X), ar(R) S R.

(3) VR, S € BSVNR(X), ar(R U S) = ar(R) U ar(S), ar(R N Q) = ar(R) N ar(S).

(4) VR, S € BSVNR(X), if R € S, then ar(R) < ar(S).

(5) VR € BSVNR(X), ar (ar(R)) = ar(R).

Proof. (1) By the anti-reflexivity of Ogand (Idgr)¢, obviously, ar(Og) = Or and ar((Idg)°) = (Idg)°.
(2) VR € BSVNR(X), by Theorems 4.2 (1) and 3.9 (5), ar(R) =R N (Idr)* € R.

(3) VR, S € BSVNR(X), by Theorem 4.2 (1),

ar(RuU S)=(RUS) N (Idz)* = (R N (Idr)) U (S N (Idr)°) = ar(R) U ar(S),
ar(RNS)=(RNS)N (Idr)*=(R N (Idr)®) N (S N (Idr)®) = ar(R) N ar(S).

(4) VR, S € BSVNR(X), if R € S, by (3) and Theorem 3.9 (4) and (9),

ar(S) =ar(Ru S) =ar(R) U ar(S) 2 ar(R).

(5) VR € BSVNR(X), by Theorem 4.2 (1), ar(R) = R N (Idg)¢ . Hence

ar(ar(R)) =ar(R N (Idr)®) = (R N (Idr)) N (Idr)* = R N (Idr)¢ = ar(R).

Theorem 4.5 The symmetric kernel operator (s) has the following properties:

(1) S(OR) = OR, S(XR) = XR, S(|dR) = Idr.

(2) VR € BSVNR(X), s(R) € R.

(3) VR, S € BSVNR(X), s(R N S) = s(R) N s(S).

(4) VR, S € BSVNR(X), if R € S, then s(R) < s(S).

(5) YR € BSVNR(X), s(s(R)) = s(R).

Proof. (1) By the symmetry of Og, Xg and Idg, we have s(0r) = O, S(Xgr) = Xg and s(Idg) = Idr.
(2) VR € BSVNR(X), by Theorems 4.2 (2) and 3.9 (5), s(R)=RN R cR.

(3) VR, S € BSVNR(X), by Theorems 4.2 (2) and 3.9 (10), we have
sSRNS)=RNS)NRNSYI=RNS)NRINSHY=RNRYHY NSNS =s(R)Ns(S).
(4) VR, S € BSVNR(X), if R € S, by (3) and Theorem 3.9 (5) and (9),

s(R) =s(R N S) =s(R) N s(S) < s(S).

(5) VR € BSVNR(X), by Theorem 4.2 (2), s(R) = R N R™™. Hence

s(s(R)) = s(RNR™Y) = (RNRHN(RNRH) T = (RNRHN(RINR) = RNR 1 =5(R).

V. CLOSURES OF BIPOLAR SINGLE-VALUED NEUTROSOPHIC RELATION
In this section, the concepts of reflexive closure and symmetric closure of a BSVNR are defined and investigate their properties.

Definition 5.1 Let R be a BSVNR in X. The minimal reflexive BSVNR containing R is called reflexive closure of R and it is
denoted by r(R).

Definition 5.2 Let R be a BSVNR in X. The minimal symmetric BSVNR containing R is called symmetric closure of R and it is
denoted by s™(R).
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Theorem 5.3 Let R be a BSVNR in X. Then

(1) r(R) =R U Idr.

@s (R)=RUR™

Proof. (1) By Theorem 3.9 (4), RU Idr 2 Rand R U Idr 2 Idr. Then V¥ x € X, we have

Teoig, 0= Tig () =1r, lgoiq o)< Iy (6 ) =0r, Fo g (%)< Fig (%) = 0r,

TR_uIdR (%, X) > TIQR (X, X) = 1g, ||;U|dR xx)< | I_dR (X, X) = Og, FR_UMR (x,x) < FIHR (X, X) = Or.

Therefore R U Idr is a reflexive BSVNR.
If Kis a reflexive BSVNR in X and K 2 R. By the reflexivity of K, K 2 Idg. Then by Theorem 3.9 (7),
K2R U Idr. Sor(R) =R U Idr.

(2) By Theorem 3.9 (10), (RUR)? =R U(R 1) = R? UR = RUR™, which implies that R U R™ is a symmetric BSVNR in X.
Then by the Theorem 3.9 (4, RUR* 2 R.
If K is a symmetric BSVNR in X and K 2 R. By the Theorem 3.9 (6), K'* 2 R™%. According to Theorem 3.9 (1) and (4),
K=K?*2RUR™ Therefores"(R)=RUR™.
Example 5.4 Consider X and R given in Example 3.1 again. By Theorem 5.3, we can compute r(R) and s(R) which are given in
TABLE VI and VII, respectively.

TABLE VI
R X Y

X (1,0),(0,-1),(0,-1) (0.1, -0.6),(0.2,-0.3),(0.5,-0.4)
y (0.1, -0.2),(0.2,-0.4),(0.6,-0.7) (1,0),(0,-1),(0,-1)

TABLE VII

R X Y

X (0.2,-0.3),(0.1,-0.6),(0.4,-0.5) (0.1, -0.2),(0.2,-0.4),(0.5,-0.7)
y (0.1, -0.2),(0.2,-0.4),(0.5,-0.7) (0.1, -0.5),(0.7,-0.8),(0.9,-0.1)

Theorem 5.5 The reflexive closure operator (r) has the following properties:
(1) r(Xgr) = Xg, r(ldg) = Idr.

(2) VR € BSVNR(X), R € r(R).

(3) VR, S € BSVNR(X), r(RU S) =r(R) U r(S), r((R N'S) =r(R) N r(S).

(4) VR, S € BSVNR(X), if R € S, then r(R) < r(S).

(5) VR € BSVNR(X), r(r(R)) = r(R).

Proof. (1) By the reflexivity of Xg and Idg, r (Xg) = Xg, r (Idg) = Idr.

(2) VR € BSVNR(X), by Theorems 5.3 (1) and 3.9 (4), r((R) =R U Idr 2 R.
(3) VR, S € BSVNR(X), by Theorem 5.3 (1),
rRUS)=(RUS)UIdr=(RU Idr) U (S U Idr) =r(R) U r(S),
rRNS)=(RNS)uldr=(RUIdg) N (S U Idrg) =r(R) N r(S).

(4) VR, S € BSVNR(X), R € S, by (3) and Theorem 3.9 (4) and (9), we have
rS)=r(RuUS)=r(R)ur(S) 2r(R).

(5) VR € BSVNR(X), by Theorem 5.3 (1), r(R) = R U Idr. It follows that
r(r(R)) =r(Ruldr) = (RU Idr) U Idr = R U Idr = r(R).

Theorem 5.6 The symmetric closure operator (s) has the following properties:

(1) 5™ (0r) = 0g, 5™ (XRr) = Xg, s~ (IdRr) = Idr.

(2) VR € BSVNR(X), s” (R) 2 R.

(3) VR, SEBSVNR(X),s" (RUS)=s (R)Us (S).

(4) VR, S € BSVNR(X), if R € S, then s™ (R) S 5™ (S).

(5) VR € BSVNR(X), s™ (s” (R)) =s™ (R).

Proof. (1) By the symmetry of Og, Xr and Idg, we have s7(0r) = Og, S (Xr) = Xr and s7(Idr) = Idr.
(2) VR € BSVNR(X), by Theorem 5.3 (2),s(R)=RUR* 2 R.

(3) YR, S € BSVNR(X), by Theorems 5.3 (2) and 3.1 (10), we have
S(RUS)=(RUS)U(RUS)'=(RUSURIUSH=(RURHU(SUS?Y=s(R)USs(S).
(4) VR, S € BSVNR(X), if R € S, by (3) and Theorem 3.9 (4) and (9),
s(S)=s(RUS)=s(R)Us(S) 257(S).
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(5) VR € BSVNR(X), by Theorem 5.3 (2), s°(R) =R U R™%. Hence
s(s(R)) =s(RUR™Y) = (RURYHU(RUR ) = (RURYU(RUR) = RUR = s7(R).

Lemma 5.7 VR € BSVNR(X), we have

@) (r (R =ar(R).

(2) r (ar(R)) = r(R).

(3) ar(r(R)) = ar(R).

Proof. (1) By Theorem 5.3 (1), r(R®) = R® U Idr. By Theorems 3.9 (11) and 4.3 (1),
(r(R9))° = (R° U Idr)® = (R%)® N (Idr)* = R N (Idr)° = ar(R).

(2) By Theorems 4.3 (1) and 5.3 (1), r (ar(R)) =r (RN (Idr) ¢) = (RN (Idr) ©) U Idr

= (R U ldr) N ((Idr)° U 1dN) = (R U Idr) N Xr = r(R).

(3) By Theorems 4.3 (1) and 5.3 (1), ar(r(R)) = ar(R U Idr) = (RU Idg) N (Idr)¢

=(R N (1dr)°) U (Idr N (Idr)°) = (R N (IdR)°) U Og = ar(R).

Lemma 5.8 VR € BSVNR(X), we have

(1) (s(R9))° =s(R).

(2) s°(s(R)) = s(R).

() s(s"(R)) =s°(R).

Proof. (1) By Theorem 5.3 (2), s(R%) = R°uU (R%) . By Theorems 3.9 and 4.3 (2),
ER) =R UR)=R)N(RN)=RNR*=s(R).

(2) and (3), The proofs are straightforward and follow from the Definitions of symmetric kernel and symmetric closure.

VI. CONCLUSION
In this paper we introduced the bipolar single valued neutrosophic relations and their properties were studied along with the

suitable examples.
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