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Abstract 

 The strong product 𝐺 ⊠  𝐻 of simple graphs 𝐺 and 𝐻 has vertex set 𝑉(𝐺) × 𝑉(𝐻) and edge 
set {(𝑢, 𝑥)(𝑣, 𝑦)|𝑢𝑣 ∈ 𝐸(𝐺) and 𝑥𝑦 ∈ 𝐸(𝐻), or 𝑢𝑣 ∈ 𝐸(𝐺) and 𝑥 = 𝑦, or 𝑢 = 𝑣 and 𝑥𝑦 ∈ 𝐸(𝐻)}. 

 For a connected graph 𝐺, the Wiener index 𝑊(𝐺) =
1

2
∑𝑢,𝑣∈𝑉(𝐺) 𝑑𝐺(𝑢, 𝑣), the hyper-Wiener index 

𝑊𝑊(𝐺) =
1

2
𝑊(𝐺) +

1

4
∑𝑢,𝑣∈𝑉(𝐺) (𝑑𝐺(𝑢, 𝑣))2, and the Harary index 𝐻(𝐺) =

1

2
∑𝑢,𝑣∈𝑉(𝐺)

1

𝑑𝐺(𝑢,𝑣)
. 

 In this paper, for a connected graph 𝐺, we calculate the exact values of Wiener index, hyper-Wiener 
index and Harary index of 𝐺 ⊠ 𝐻0, where 𝐻0 is a graph of diameter 2. 
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1  Introduction 
 All graphs considered in this paper are finite, simple, undirected, connected and with at least two 

vertices. Let 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) be a connected graph of order 𝑛(𝐺) = |𝑉(𝐺)| and size 𝑚(𝐺) = |𝐸(𝐺)|. 
For vertices 𝑢, 𝑣 ∈ 𝑉(𝐺), the  distance between 𝑢 and 𝑣 in 𝐺, denoted by 𝑑𝐺(𝑢, 𝑣), is the length of a 
shortest (𝑢, 𝑣)-path in 𝐺. For 𝑣 ∈ 𝑉(𝐺),   𝑑𝐺(𝑣) is the degree of the vertex 𝑣. The diameter of 𝐺, 
denoted by diam(𝐺), is max{𝑑𝐺(𝑢, 𝑣): 𝑢, 𝑣 ∈ 𝑉}. 

A topological index of a graph is a parameter related to the graph, it does not depend on labeling or 
pictorial representation of a graph. In theoretical chemistry, molecular structure descriptors (also called 
topological indices) are used for modeling physicochemical, pharmacological, toxicological, biological and 
other properties of chemical compounds [4]. A topological index related to distance is called a  
``distance-based topological index". Several types of such indices exist, especially those based on vertex and 
edge distances. One of the oldest and most intensively studied topological indices is the Wiener index (see 
[14, 13]). Its chemical applications and mathematical properties are well studied in [3, 8]. 

For a connected graph 𝐺, the Wiener index of 𝐺 is  

 𝑊(𝐺) =
1

2
∑𝑢,𝑣∈𝑉(𝐺) 𝑑𝐺(𝑢, 𝑣) =

1

2
∑𝑢∈𝑉(𝐺) 𝐷𝐺(𝑢), 

where  

 𝐷𝐺(𝑢) = ∑𝑣∈𝑉(𝐺) 𝑑𝐺(𝑢, 𝑣). 

The hyper-Wiener index of 𝐺 is  

 𝑊𝑊(𝐺) =
1

2
𝑊(𝐺) +

1

4
∑𝑢,𝑣∈𝑉(𝐺) (𝑑𝐺(𝑢, 𝑣))2. 

The hyper-Wiener index of an acyclic graph was first introduced by Randic [12]. Applications of the 
hyper-Wiener index as well as its calculation are well studied in [6, 7]. 
The Harary index 

 𝐻(𝐺) =
1

2
∑𝑢,𝑣∈𝑉(𝐺)

1

𝑑𝐺(𝑢,𝑣)
 

of 𝐺 has been introduced by Plavsic et al. [11] and independently by Ivanciuc et al. [5]. Its applications and 
mathematical properties are well studied in [2]. 
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Let 𝐺 and 𝐻 be simple graphs. The strong product of 𝐺 and 𝐻, denoted by 𝐺 ⊠  𝐻, has vertex 
set 𝑉(𝐺)  ×  𝑉(𝐻) and edge set  

 𝐸(𝐺 ⊠  𝐻) = {(𝑢, 𝑥)(𝑣, 𝑦)|𝑢𝑣 ∈  𝐸(𝐺) and 𝑥𝑦 ∈  𝐸(𝐻), or 

 𝑢𝑣 ∈  𝐸(𝐺) and 𝑥 = 𝑦, or  𝑢 = 𝑣 and 𝑥𝑦 ∈  𝐸(𝐻)}. 
Notations and terminology not defined here can be found in [1]. 

In this paper, we compute 𝑊(𝐻0), 𝑊𝑊(𝐻0), 𝐻(𝐻0), 𝑊(𝐺 ⊠ 𝐻0), 𝑊𝑊(𝐺 ⊠ 𝐻0), and 𝐻(𝐺 ⊠
𝐻0), where 𝐺 is a connected graph, and 𝐻0 is a graph of diameter 2. 

 

2  Main Result 
 

Theorem 2.1 Let 𝐺 be a connected graph and let 𝐻0 be a graph of diameter 2. Then 
 
1. 𝑊(𝐻0)
=  𝑛(𝐻0)2 − 𝑛(𝐻0)
− 𝑚(𝐻0),                                                                            
 

 2. 𝑊𝑊(𝐻0) =
3

2
𝑛(𝐻0)2 −

3

2
𝑛(𝐻0) −

2𝑚(𝐻0),                                                                                      
 

 3. 𝐻(𝐻0) =
1

4
𝑛(𝐻0)2 −

1

4
𝑛(𝐻0) +

1

2
𝑚(𝐻0),                                                                          

 

 4. 𝑊(𝐺 ⊠
𝐻0)                                                                                                                              
 

= (𝑊(𝐺) + 𝑛(𝐺) + 𝑚(𝐺)) 𝑛(𝐻0)2 − (𝑛(𝐺) + 𝑚(𝐺))𝑛(𝐻0) − (𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0), 
 

 5. 𝑊𝑊(𝐺 ⊠ 𝐻0) = (𝑊𝑊(𝐺) +
3

2
𝑛(𝐺) +

2𝑚(𝐺))𝑛(𝐻0)2                                             
 

 −(
3

2
𝑛(𝐺) + 2𝑚(𝐺))𝑛(𝐻0) − 2(𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0), 

 

 6. 𝐻(𝐺 ⊠ 𝐻0) = (𝐻(𝐺) +
1

4
𝑛(𝐺) −

1

2
𝑚(𝐺))𝑛(𝐻0)2                                                     

 

 −(
1

4
𝑛(𝐺) −

1

2
𝑚(𝐺))𝑛(𝐻0) + (

1

2
𝑛(𝐺) + 𝑚(𝐺))𝑚(𝐻0). 

 

 
 
Proof of 1. As 𝐻0 is of diameter 2, 

𝑊(𝐻0) =
1

2
∑

𝑥,𝑦∈𝑉(𝐻0)

𝑑𝐻0
(𝑥, 𝑦) 

 =
1

2
([2𝑚(𝐻0)  ×  1]  +  [2(

𝑛(𝐻0)(𝑛(𝐻0)−1)

2
− 𝑚(𝐻0))  × 2]) 

 = 𝑛(𝐻0)2 − 𝑛(𝐻0) − 𝑚(𝐻0). 
Proof of 2.  

 ∑𝑥,𝑦∈𝑉(𝐻0) (𝑑𝐻0
(𝑥, 𝑦))2 = [2𝑚(𝐻0)  × 12]  +  [2 (

𝑛(𝐻0)(𝑛(𝐻0)−1)

2
− 𝑚(𝐻0)) ×
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22]             

                                = 4𝑛(𝐻0)2 − 4𝑛(𝐻0) − 6𝑚(𝐻0).                     (1) 
Hence, 

𝑊𝑊(𝐻0) =
1

2
𝑊(𝐻0) +

1

4
∑𝑥,𝑦∈𝑉(𝐻0) (𝑑𝐻0

(𝑥, 𝑦))2       

           =
1

2
(𝑛(𝐻0)2 − 𝑛(𝐻0) − 𝑚(𝐻0)) +

1

4
(4𝑛(𝐻0)2 − 4𝑛(𝐻0) − 6𝑚(𝐻0)) 

=
3

2
𝑛(𝐻0)2 −

3

2
𝑛(𝐻0) −    2𝑚(𝐻0).                                              

Proof of 3. 
𝐻(𝐻0)

=
1

2
∑

𝑥,𝑦 ∈ 𝑉(𝐻0)

1

𝑑𝐻0
(𝑥, 𝑦)

                                                                        

 =
1

2
([2𝑚(𝐻0)  ×  

1

1
] + [2(

𝑛(𝐻0)(𝑛(𝐻0)−1)

2
− 𝑚(𝐻0)) ×  

1

2
]) 

                     =
1

4
𝑛(𝐻0)2 −

1

4
𝑛(𝐻0) +

1

2
𝑚(𝐻0).                              (2) 

Proof of 4. By definition,  

 2𝑊(𝐺 ⊠ 𝐻0) = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)). 

• Terms with 𝑢 = 𝑣 contribute  

 ∑(𝑢,𝑥),(𝑢,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑢, 𝑦)) = ∑𝑢∈𝑉(𝐺);𝑥,𝑦∈𝑉(𝐻0) 𝑑𝐻0

(𝑥, 𝑦) 

=  𝑛(𝐺) ∑

𝑥,𝑦∈𝑉(𝐻0)

𝑑𝐻0
(𝑥, 𝑦) =  𝑛(𝐺)(2𝑊(𝐻0)) 

= 2𝑛(𝐺)(𝑛(𝐻0)2 − 𝑛(𝐻0) − 𝑚(𝐻0)).                  

• Terms with 𝑥 = 𝑦 contribute  

 ∑(𝑢,𝑥),(𝑣,𝑥)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑥)) = ∑𝑢,𝑣∈𝑉(𝐺);𝑥∈𝑉(𝐻0) 𝑑𝐺(𝑢, 𝑣) 

 

 =  𝑛(𝐻0) ∑𝑢,𝑣∈𝑉(𝐺) 𝑑𝐺(𝑢, 𝑣) =  𝑛(𝐻0)(2𝑊(𝐺)) = 2𝑊(𝐺)𝑛(𝐻0). 

• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∈ 𝐸(𝐺), 𝑥 ≠ 𝑦, 𝑥𝑦 ∈ 𝐸(𝐻0), contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)) = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 1 

                                                                    
= 4𝑚(𝐺)𝑚(𝐻0). 

• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∈ 𝐸(𝐺), 𝑥 ≠ 𝑦, 𝑥𝑦 ∉ 𝐸(𝐻0), contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)) = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 2 

= 4𝑚(𝐺)(
𝑛(𝐻0)(𝑛(𝐻0) − 1)

2
− 𝑚(𝐻0)) × 2 

= 4𝑚(𝐺)(𝑛(𝐻0)2 − 𝑛(𝐻0)) − 8𝑚(𝐺)𝑚(𝐻0). 
• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∉ 𝐸(𝐺), 𝑥 ≠ 𝑦, contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)) = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 𝑑𝐺(𝑢, 𝑣) 

 

 =  𝑛(𝐻0)(𝑛(𝐻0) − 1) ∑𝑢𝑣∉𝐸(𝐺) 𝑑𝐺(𝑢, 𝑣) 

 

 = (𝑛(𝐻0)2 − 𝑛(𝐻0))(2𝑊(𝐺) − 2𝑚(𝐺)) 

 

 = 2(𝑊(𝐺) − 𝑚(𝐺))(𝑛(𝐻0)2 − 𝑛(𝐻0)). 
The expression for 𝑊(𝐺 ⊠ 𝐻0) follows by adding the above five contributions, simplifying it, and dividing by 
2. 
Proof of 5. By definition,  

4𝑊𝑊(𝐺 ⊠ 𝐻0)  −  2𝑊(𝐺 ⊠ 𝐻0) = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)))2. 

• Terms with 𝑢 = 𝑣 contribute  

 ∑(𝑢,𝑥),(𝑢,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑢, 𝑦)))2 = ∑𝑢∈𝑉(𝐺);𝑥,𝑦∈𝑉(𝐻0) (𝑑𝐻0

(𝑥, 𝑦))2 

                         =  𝑛(𝐺) ∑𝑥,𝑦∈𝑉(𝐻0) (𝑑𝐻0
(𝑥, 𝑦))2 =  𝑛(𝐺)[4𝑛(𝐻0)2 − 4𝑛(𝐻0) −
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6𝑚(𝐻0)] (by (1)) 
                                                                        

= 2𝑛(𝐺)(2𝑛(𝐻0)2 − 2𝑛(𝐻0) − 3𝑚(𝐻0)).  

• Terms with 𝑥 = 𝑦 contribute  

 ∑(𝑢,𝑥),(𝑣,𝑥)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑥)))2 = ∑𝑢,𝑣∈𝑉(𝐺);𝑥∈𝑉(𝐻0) (𝑑𝐺(𝑢, 𝑣))2 

=  𝑛(𝐻0) ∑

𝑢,𝑣∈𝑉(𝐺)

(𝑑𝐺(𝑢, 𝑣))2 =  𝑛(𝐻0)(4𝑊𝑊(𝐺) − 2𝑊(𝐺)) 

                                                       
= 2(2𝑊𝑊(𝐺) − 𝑊(𝐺))𝑛(𝐻0). 

• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∈ 𝐸(𝐺), 𝑥 ≠ 𝑦, 𝑥𝑦 ∈ 𝐸(𝐻0), contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)))2 = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 12 

                                                            = 4𝑚(𝐺)𝑚(𝐻0). 
• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∈ 𝐸(𝐺), 𝑥 ≠ 𝑦, 𝑥𝑦 ∉ 𝐸(𝐻0), contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)))2 = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) 22 

= 4𝑚(𝐺)(
𝑛(𝐻0)(𝑛(𝐻0) − 1)

2
− 𝑚(𝐻0)) × 4 

                  = 8𝑚(𝐺)(𝑛(𝐻0)2 − 𝑛(𝐻0)) − 16𝑚(𝐺)𝑚(𝐻0). 
• Terms with 𝑢 ≠ 𝑣, 𝑢𝑣 ∉ 𝐸(𝐺), 𝑥 ≠ 𝑦, contribute  

 ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦)))2 = ∑(𝑢,𝑥),(𝑣,𝑦)∈𝑉(𝐺)×𝑉(𝐻0) (𝑑𝐺(𝑢, 𝑣))2 

             =  𝑛(𝐻0)(𝑛(𝐻0) − 1) ∑𝑢𝑣∉𝐸(𝐺) (𝑑𝐺(𝑢, 𝑣))2  

=  𝑛(𝐻0)(𝑛(𝐻0) − 1)( ∑

𝑢,𝑣∈𝑉(𝐺)

(𝑑𝐺(𝑢, 𝑣))2 − ∑

𝑢𝑣∈𝐸(𝐺)

(𝑑𝐺(𝑢, 𝑣))2) 

= (𝑛(𝐻0)2 − 𝑛(𝐻0)) (4𝑊𝑊(𝐺) − 2𝑊(𝐺) − ∑

𝑢𝑣∈𝐸(𝐺)

12)                 

= (𝑛(𝐻0)2 − 𝑛(𝐻0))(4𝑊𝑊(𝐺) − 2𝑊(𝐺) − 2𝑚(𝐺))                        

= 2(2𝑊𝑊(𝐺) − 𝑊(𝐺) − 𝑚(𝐺))(𝑛(𝐻0)2 − 𝑛(𝐻0)).                          

Adding the above five contributions, we get 
4𝑊𝑊(𝐺 ⊠ 𝐻0)  −  2𝑊(𝐺 ⊠ 𝐻0) 

= 2(2𝑊𝑊(𝐺) − 𝑊(𝐺) + 2𝑛(𝐺) + 3𝑚(𝐺))𝑛(𝐻0)2 

−2(2𝑛(𝐺) + 3𝑚(𝐺))𝑛(𝐻0) − 6(𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0). 
Hence, 

2𝑊𝑊(𝐺 ⊠ 𝐻0) 

=  𝑊(𝐺 ⊠ 𝐻0)  +  (2𝑊𝑊(𝐺) − 𝑊(𝐺) + 2𝑛(𝐺) + 3𝑚(𝐺))𝑛(𝐻0)2 

−(2𝑛(𝐺) + 3𝑚(𝐺))𝑛(𝐻0) − 3(𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0) 

= (2𝑊𝑊(𝐺) + 3𝑛(𝐺) + 4𝑚(𝐺))𝑛(𝐻0)2 

−(3𝑛(𝐺) + 4𝑚(𝐺))𝑛(𝐻0) − 4(𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0). 
To obtain the expression for 𝑊𝑊(𝐺 ⊠ 𝐻0), divide by 2. 

Proof of 6. By definition,  

 2𝐻(𝐺 ⊠ 𝐻0) = ∑(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)
1

𝑑𝐺 ⊠𝐻0((𝑢,𝑥),(𝑣,𝑦))
. 

• Terms with 𝑢 = 𝑣 contribute 

∑

(𝑢,𝑥),(𝑢,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺 ⊠𝐻0
((𝑢, 𝑥), (𝑢, 𝑦))

= ∑

𝑢 ∈ 𝑉(𝐺); 𝑥,𝑦 ∈ 𝑉(𝐻0)

1

𝑑𝐻0
(𝑥, 𝑦)

 

= 𝑛(𝐺) ∑𝑥,𝑦 ∈ 𝑉(𝐻0)
1

𝑑𝐻0(𝑥,𝑦)
= 𝑛(𝐺)(

1

2
𝑛(𝐻0)2 −

1

2
𝑛(𝐻0) + 𝑚(𝐻0)). (by (2)) 

• Terms with 𝑥 = 𝑦 contribute 

∑

(𝑢,𝑥),(𝑣,𝑥) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺 ⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑥))

= ∑

𝑢,𝑣 ∈ 𝑉(𝐺);  𝑥 ∈ 𝑉(𝐻0)

1

𝑑𝐺(𝑢, 𝑣)
 

http://www.jetir.org/


© 2021 JETIR August 2021, Volume 8, Issue 8                                   www.jetir.org (ISSN-2349-5162) 

JETIR2108161 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org b253 
 

= 𝑛(𝐻0) ∑

𝑢,𝑣 ∈ 𝑉(𝐺)

1

𝑑𝐺(𝑢, 𝑣)
= 𝑛(𝐻0)(2𝐻(𝐺)) = 2𝐻(𝐺)𝑛(𝐻0). 

• Terms with 𝑢 ≠  𝑣, 𝑢𝑣 ∈  𝐸(𝐺), 𝑥 ≠  𝑦, 𝑥𝑦 ∈  𝐸(𝐻0), contribute 

∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺 ⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦))

= ∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

1
 

= 4𝑚(𝐺)𝑚(𝐻0). 
• Terms with 𝑢 ≠  𝑣, 𝑢𝑣 ∈  𝐸(𝐺), 𝑥 ≠  𝑦, 𝑥𝑦 ∉  𝐸(𝐻0), contribute 

∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺 ⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦))

= ∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

2
 

= 4𝑚(𝐺)(
𝑛(𝐻0)(𝑛(𝐻0) − 1)

2
− 𝑚(𝐻0))  ×  

1

2
 

= 𝑚(𝐺)(𝑛(𝐻0)2 − 𝑛(𝐻0) − 2𝑚(𝐻0)). 
• Terms with 𝑢 ≠  𝑣, 𝑢𝑣 ∉  𝐸(𝐺), 𝑥 ≠  𝑦, contribute 

∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺 ⊠𝐻0
((𝑢, 𝑥), (𝑣, 𝑦))

= ∑

(𝑢,𝑥),(𝑣,𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐻0)

1

𝑑𝐺(𝑢, 𝑣)
 

= 𝑛(𝐻0)(𝑛(𝐻0) − 1) ∑

𝑢𝑣 ∉ 𝐸(𝐺)

1

𝑑𝐺(𝑢, 𝑣)
 

= (𝑛(𝐻0)2 − 𝑛(𝐻0))(2𝐻(𝐺) − 2𝑚(𝐺)). 
Hence, 

2𝐻(𝐺 ⊠ 𝐻0) = (2𝐻(𝐺) +
1

2
𝑛(𝐺) − 𝑚(𝐺))𝑛(𝐻0)2 

−(
1

2
𝑛(𝐺) − 𝑚(𝐺))𝑛(𝐻0) + (𝑛(𝐺) + 2𝑚(𝐺))𝑚(𝐻0). 

To obtain the expression for 𝐻(𝐺 ⊠ 𝐻0), divide by 2.  
 

 
3  Corollaries 

 In Theorem 2.1 (4), (5) and (6), when 𝐻0 = 𝐾𝑚0,𝑚1,…,𝑚𝑟−1
, the complete 𝑟-partite graph with 

partite sizes 𝑚0, 𝑚1, … , 𝑚𝑟−1, we have the following corollaries. Let 𝑛0 = ∑𝑟−1
𝑖=0 𝑚𝑖 , the number of vertices 

of 𝐾𝑚0,𝑚1,…,𝑚𝑟−1
 and let 𝑞 = |𝐸(𝐾𝑚0,𝑚1,…,𝑚𝑟−1

)|. 

 

Corollary 3.1 ([9]). For any connected graph 𝐺, 
 𝑊(𝐺 ⊠ 𝐾𝑚0,𝑚1,…,𝑚𝑟−1

) = 𝑛0
2𝑊(𝐺) + 𝑛(𝐺)(𝑛0

2 − 𝑞 − 𝑛0) + (𝑛0
2 − 2𝑞 − 𝑛0)𝑚(𝐺). 

 

Corollary 3.2 ([9]). For any connected graph 𝐺,  

𝑊𝑊(𝐺 ⊠ 𝐾𝑚0,𝑚1,… ,𝑚𝑟−1
) = 𝑛0

2𝑊𝑊(𝐺) +
𝑛(𝐺)

2
(3𝑛0

2 − 4𝑞 − 3𝑛0) + 2(𝑛0
2 − 2𝑞 − 𝑛0)𝑚(𝐺). 

 

Corollary 3.3 ([10]). For any connected graph 𝐺, 

𝐻(𝐺 ⊠  𝐾𝑚0,𝑚1,… ,𝑚𝑟−1
) = 𝑛0

2𝐻(𝐺) −
𝑚(𝐺)

2
(𝑛0

2 − 2𝑞 − 𝑛0) +
𝑛(𝐺)

4
(𝑛0

2 + 2𝑞 − 𝑛0). 
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