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Abstract
The strong product G [XI H of simple graphs G and H hasvertexset V(G) X V(H) and edge
set {(w,x)(v,y)|luv € E(G) and xy € E(H), or uv €E(G) and x =y, or u=7v and xy € E(H)}.

For a connected graph G, the Wiener index W (G) = %Zumev(a) d;(u,v), the hyper-Wiener index

1 1 . 1 1
Ww(G) = EW(G) + ZZu,vEV(G) (dg(u,v))?, and the Harary index H(G) = EZu,vEV(G) TS,
In this paper, for a connected graph G, we calculate the exact values of Wiener index, hyper-Wiener

index and Harary index of G XI Hy, where H, is a graph of diameter 2.
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1 Introduction

All graphs considered in this paper are finite, simple, undirected, connected and with at least two
vertices. Let G = (V(G),E(G)) be a connected graph of order n(G) = |V(G)| and size m(G) = |E(G)|.
For vertices u,v € V(G), the distance between u and v in G, denoted by d;(u,v), is the length of a
shortest (u,v)-path in G. For v € V(G), d;(v) is the degree of the vertex v. The diameter of G,
denoted by diam(G), is max{d;(u,v):u,v € V}.

A topological index of a graph is a parameter related to the graph, it does not depend on labeling or
pictorial representation of a graph. In theoretical chemistry, molecular structure descriptors (also called
topological indices) are used for modeling physicochemical, pharmacological, toxicological, biological and
other properties of chemical compounds [4]. A topological index related to distance is called a
“distance-based topological index". Several types of such indices exist, especially those based on vertex and
edge distances. One of the oldest and most intensively studied topological indices is the Wiener index (see
[14, 13]). Its chemical applications and mathematical properties are well studied in [3, 8].

For a connected graph G, the Wiener index of G is

W(G) =3 Zuver(s) do (W v) = Yueve) Do),
where
D (W) = Yyev(e) de(u, v).
The hyper-Wiener index of G is
WW(G) = s W(G) +; Zuvev(s) (de(wv))?
The hyper-Wiener index of an acyclic graph was first introduced by Randic [12]. Applications of the
hyper-Wiener index as well as its calculation are well studied in [6, 7].

The Harary index
1 1
H(G) = 3 Xuvev(e) oy
of G has been introduced by Plavsic et al. [11] and independently by Ivanciuc et al. [5]. Its applications and
mathematical properties are well studied in [2].
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Let G and H be simple graphs. The strong product of G and H, denotedby G X H, has vertex
set V(G) X V(H) and edge set

E(G X H)={(wx)(v,y)luv € E(G) and xy € E(H), or
uv € E(G) and x=y,or u=v and xy € E(H)}

Notations and terminology not defined here can be found in [1].

In this paper, we compute W (H,), WW (H,), H(H,), W(G X Hy), WW (G X Hy), and H(G X
H,), where G isaconnected graph, and H, is a graph of diameter 2.

2 Main Result

Theorem 2.1 Let G be a connected graph and let H, be a graph of diameter 2. Then

1.W(H,)
= n(Ho)* —n(H,)
—m(Hy),
2.WW (H,) = %n(HO)Z - %n(Ho) -
2m(H,),
3.H(H,) = %n(Ho)z — in(Ho) +
s m(Ho),
4.W(G KX
Hy)

= (W(G) +n(6) + m(G)) n(Ho)? — (n(G) + m(G)n(Ho) — (n(G) + 2m(G))m(H,),

5.WW (G R Ho) = (WW (G) +>n(G) +
2m(G))n(Hop)?

—(gn(G) +2m(G))n(Ho) — 2(n(G) + 2m(G))m(Ho),

6.H(G K Ho) = (H(G) +;n(G) —
~m(G))n(Ho)>?

~Gn(G) = 3m(G)n(Ho) + Gn(G) + m(G))m(Ho).

Proof of 1. As H, is of diameter 2,
1
WH) =5 ) dygy(6y)

x,y€V (Ho)
=2([2m(Ho) x 1] + [2(FEEESD_myy)) x2))
= n(HO)Z —n(Hy) — m(H,).
Proof of 2.

Syertig (dn,Coy)? = [2m(Hy) x 17] + [2(MRD () ) x
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= 4n(H,)? — 4n(Hy) — 6m(Hy). (1)
Hence,

WW (Ho) =W (Ho) + 5 Zxyevcag) (A, (6 ¥))?
=~ (n(Ho)? — n(Ho) — m(Hy)) + 5 (4n(Ho)? — 4n(Hy) — 6m(Hy))

3 5 3
= En(Ho) - En(Ho) - 2m(H,).
Proof of 3.
H(H,)
B 1 1
2 vy S o (%,7)

=1([2m(Hy) x 1+ 2RI ey x 1)

1 1 1
= Zn(Ho)z — 2 n(Ho) +;m(Ho). (2)
Proof of 4. By definition,

2W (G X Hp) = Xux),wy)ev6)xvHy) Aemm, (W x), (v,¥))-
e Terms with u = v contribute

2 (wx), (wy)eV (6)xV(Hy) domm, (W X), (W, Y)) = Xuev(a)xyevHy) Ay (X, Y)
= 06 ) dyGy) = n(G)WH))
x,YEV (Hgp)
= 2n(G)(n(Hp)? = n(Ho) — m(Ho)).
e Terms with x =y contribute

X wx),wx)ev6)xvHy) amm, (W X), (1, X)) = Yyvev(6yxev(Hy) de(U V)

= n(Ho) Luvev) de(w,v) = n(Hp)(2W(G)) = 2W(G)n(Hy).
e Terms with u # v,uv € E(G),x # y,xy € E(H,), contribute
2 wx), )V (6)xV (Hy) Aemr, (W X), (1, Y)) = Xux), w.y)ev(6)xv(Hy) 1

= 4m(G)m(Hy).
e Terms with u # v,uv € E(G),x # y,xy € E(H,), contribute
2 (wx), )V (6)xV (Hy) demu, (W X), (1, Y)) = Xux), (0,)ev(6)xV (Hy) 2

_ 4m(G)(n(H0)(n;HO) i m(Hg)) X 2

= 4m(G)(n(Ho)* — n(Hop)) — 8m(G)m(H,).
e Terms with u # v,uv € E(G),x # y, contribute

2 wx), eV (6)xV(Hy) AeH, (W X), (V,Y)) = Xux), wy)evc)xvHy) de (U V)

= n(Hy)(n(Hy) — 1) Zuv(EE(G) de(u,v)
= (n(Ho)* — n(Hp))(2W (G) — 2m(G))

= 2(W(G) — m(G))(n(Ho)?* — n(Hy)).
The expression for W (G X H,) follows by adding the above five contributions, simplifying it, and dividing by
2.
Proof of 5. By definition,
AWW (G X Hy) — 2W(G X Ho) = X, wyevc)xvHy) @emn, (W x), (v,¥)))>.
e Terms with u = v contribute
2w, uneve)xviHy) [@egn, (W x), W, ¥)))* = Yueve)xyevty) (@, (X, ¥))?
= 1(G) Lxyevny) [y, (6, ¥))? = n(G)[4n(Ho)? — 4n(Ho) —
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6m(H,)] (by (1))

= 2n(G)(2n(Hy)? — 2n(Hy) — 3m(Hy)).
Terms with x =y contribute

2w, wev6)xvHy) ([damu, (W X), (0, %)))? = Xy vevGyxevy (deW, v))?
= n(Ho) Z (de(u,v))* = n(Hp) AWW (G) — 2W (G))

u,veV(G)

=2Q2WW(G) — W(G))n(H,y).
Terms with u # v,uv € E(G),x # y,xy € E(H,), contribute
Z(u,x),(v,y)ev(c)xv(ﬂo) (demn, (w, x), (v, y))? = Z(u,x),(v,y)eV(G)xV(Ho) 12
= 4m(G)m(H,).
Terms with u # v,uv € E(G),x # y,xy € E(H,), contribute
Z(u,x),(v,y)ev(c)xv(ﬂo) (demn, (w, x), (v, y))? = Z(u,x),(v,y)eV(G)xV(Ho) 22

& 4m(G)(n(HO)(n;HO) -1) — m(Hy)) x 4

= 8m(G)(n(Hy)? — n(Ho)) — 16m(G)m(H,).
Terms with u # v,uv € E(G),x # y, contribute
Y wn,@yev@)xvy) (esn, (W X), W, ¥)))? = Xwx,wy)eve)xv,) (e, v))?
= n(Hy)(n(Hy) — 1) Tuver(s) (de(u,v))?
= H)EH) - D Y @)= > (@ )?)

u,veV(G) UveE(G)

= (n(Ho)? — n(H)) <4WW(G) —2W(G) — Z 12>
uveE(G)

= (n(Hy)? — n(Hy)) (AWW (G) — 2W(G) — 2m(G))
= 22WW(G) — W(G) — m(G))(n(H,)* — n(Ho)).
Adding the above five contributions, we get
AWW (G X Hy) — 2W(G KX Hyp)
= 2QWW(G) — W(G) + 2n(G) + 3m(G))n(H,)?
—2(2n(G) + 3m(G))n(Hy) — 6(n(G) + 2m(G))m(H,).
Hence,
2WW (G X Hy)
= W(GKH) + QWW(G)—W(G)+2n(G) +3m(G))n(Hy)?
—(2n(G) + 3m(G))n(H,) — 3(n(G) + 2m(G))m(H,)
= WW(G) + 3n(G) + 4m(G))n(H,)?
—(3n(G) + 4m(G))n(Hy) — 4(n(G) + 2m(G))m(H,).
To obtain the expression for WW (G X H,)), divide by 2.

Proof of 6. By definition,
1
2H(G K Hp) = Xwx),wy) € v(6) x V(H) 2o B (@D @)’

e Terms with u = v contribute
1 1

Wx),Wwy) € V(G) x V(Hy) dG &HO((u; x), (u»}’)) u € V(G): xy € V(Ho) dHO(x;}’)
_ 1 1 5 1
=n(G) Lxy e v(Hy) G n(G)(Gn(Ho)* —5n(Hy) + m(Ho)). (by (2))
e Terms with x =y contribute

1 1

ds (@20, @) o Lo de ()

(ux),(v,x) € V(G) x V(Hp)
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1
=nH) ) e = n(H)QH(G) = 2H(E)n(Ho).

uv € V(G)
e Termswith u # v,uv € E(G),x # y,xy € E(Hp), contribute
1
d u,x), (v, - 1
o E70) x vary W0 B (WD W) o Sy« var
= 4m(G)m(H,).
e Termswith u # wv,uv € E(G),x #* y,xy €& E(Hp), contribute
1
d u,x), (v, - 2
W), (vY) € V(6) X V(Ho) ng;IE(((H )) (1)y D womy Ve « vai
n(tig)(nf1p) —
= 4m(6)(————; —m(Hp) x 3
= m(G)(n(Ho)* — n(H,) — 2m(H)).
e Termswith u # wv,uv € E(G),x # Y, contribute
1 1
dG IZHO((u' X), (17, y)) « dG(ul 17)

wx),(wy) € V(G) x V(Ho) Wwx),(vy) € V(G) x V(Ho)

= n(Hy)(n(Ho) — 1) i dow )
= (n(Hp)* —n(Hy))(2H(G) — 2m(G)).
Hence,

2H(G X Hy) = (2H(G) + %n(G) —m(G))n(Hy)?

1
—Gn(6) =m(G))n(Ho) + (n(G) + 2m(G))m(Ho).
To obtain the expression for H(G X Hy), divide by 2.

3 Corollaries

In Theorem 2.1 (4), (5) and (6), when Hy = Ky .. m, ,, the complete r-partite graph with
partite sizes mgy, my, ..., m,_;, we have the following corollaries. Let ny = f;ol m;, the number of vertices
Of ng,ml,...,mr_l and Iet q = |E(Km0,m1,...,mr_1)|'

Corollary 3.1 ([9]). For any connected graph G,
W (G X Kmomy,..mr_y) = W (G) +n(G)(n§ — g — no) + (n§ — 2q — no)m(G).

Corollary 3.2 ([9]). For any connected graph G,

n(G)
WW(G X Kmnym,,.. m._,) =neWW(G) + — (3n3 — 4q — 3ny) + 2(n¢ — 2q — ny)m(G).
Corollary 3.3 ([10]). For any connected graph G,
. oo m@) G,
6 B Kngmy,.. my) = BH(G) = —=(nf = 2 —ng) +—= (n§ +2q — no).
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