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Abstract: 

 

In this paper we have analyzed hepatic blood flow in arterioles. Keeping in view the nature of hepatic circulatory system in human 

body. The viscosity of blood increases in arterioles due to formation rouleaux of red blood cells along the axis as at the same arterioles are 

remote from the heart and proximate to liver. P. N. Pandey and V. Upadhyay have considered that the blood flow as two phased one of which 

that of red blood cells and other is plasma. We have applied the Herschel Bulkley non-Newtonian model in Bio-fluid mechanical setup. We 

have collected a clinical data in case of malaria for haemoglobin and blood pressure. In case of hepatic disease Malaria the role of hematocrit 

is explicit for the determination of blood pressure drop. The all mathematical formations are in tensorial form and the solution techniques 

adopted are analytical as well as numerical.  
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I.INTRODUCTION    

  The liver has the most complicated circulation of any one of the organ. According to the anatomical peculiarity of the 

double afferent blood supply of the liver, 75%-80% of the blood entering the liver is partially deoxygenated venous blood supplied by the 

portal vein, which collects all the blood that leaves the spleen, stomach, small and large intestine, gallbladder and pancreas [Vollmar, B. et al. 

2009, Rappaport, AM et al. 1980] 

 

 
Figure 1: Internal anatomy of liver 

The liver has a wide range of functions including detoxification of various metabolites and toxic matter regulation of glycogen storage, 

decomposition of red blood cells, hormone production and the production of biochemical’s necessary for digestion and other metabolic 
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activities. The liver is the only human internal organ capable of natural regeneration of lost tissues as little as 25% of a liver can regenerate 

into a whole liver [10]. 

 The portal venous system is responsible for directing blood from parts of the gastrointestinal tract of the liver. Blood flow to the 

liver is unique in that it receives both oxygenated and deoxygenated blood. Blood passes from branches of the portal vein through cavities 

between “plates” of hepatocytes called sinusoids blood also flows from branches of the hepatic artery and mixes in the sinusoids to supply 

the hepatocyte with oxygen. This mixture percolates through the sinusoids and collects in a central vein which drains into the hepatic vein. 

The hepatic vein subsequently drains into the inferior vena cava. The hepatic artery provides 30 to 40% of the oxygen to the liver, while only 

accounting for 25% of the total liver blood flow. The rest comes from the partially deoxygenated blood from the portal vein [3,4].  

 
Figure – 2. Sub- circulatory system 

 Malaria 
 Malaria is a mosquito borne infectious disease of humans caused by plasmodium parasites. Plasmodium infects and destroys red blood cells.  

Various parasites species such as plasmodium vivax, plasmodium malariae, plasmodium ovale, plasmodium knovlesi and plasmodium 

falciparum can infect humans.Plasmodiums falciparum is the most dangerous species because it consumes maximum RBCs . After mosquito 

bite sperozoites enter the blood stream and majority of sperozoites travel to liver and infect liver cells (hepatocytes). Sperozoites mature in 

hepatocytes and when liver cell break, releasing merozoites into blood and then merozoites invade red blood cells then merozoites also 

multiply in red blood cells and mature in trophozoite andschozont form. (Mackinnon, Mwangi et al. 2005). 

  

II.Real Model: 

Frame of reference: - In this model we have chooses orthogonal curvilinear generalized three-dimensional co-ordinate system 

denoted by E3 called three dimensional Euclidean space of the moving blood. All quantities related to blood flow written in tensorial form 

which is comparatively more realistic. Let P be any point in space with co-ordinate xi with respect to axes oxi, o as origin where i = 1, 2, 3. 

At time t, vk = vk (xi, t) be velocity of blood, p = p (xi, t) thermodynamical pressure and ρ = ρ(xi,t) density.  Since blood vessels are 

cylindrical the governing equations have to transform into cylindrical co-ordinates system  

Constitution of blood- Blood is biofluid or fluid connective tissue. Blood consists of a suspension of cells in an aqueous solution 

called plasma which composed of about 90% water and 7% protein. There are  about 95% are red cells or erythrocytes whose main function 

is to transport oxygen from lungs to all the cells of the body and removal of carbon dioxide formed by metabolic process in the body to 

lungs. About 45% of the blood volume in an average human is occupied by red cells. This fraction is known as the hematocrit of the 

remaining white cells or leucocytes constitute about one sixth or 1% of total and these play a impartment role in the resistance of the body to 

infection and platelets form 5% of the total blood and they perform a function related to blood clotting [2,18]. 

III. Formulation:- 
According to Sherman I.W. and Sherman V.G. blood is mixed fluid. There are two phases in the blood, one is plasma and other is blood 

cells. The blood cells are enclosed with a semi –permeable membrane whose density is greater than that of plasma. These blood cells are 

uniformly distributed in plasma. 

Equation of continuity for two phase blood flow- 
According to Upadhyay V. the flow of blood is affected by the presence of blood cells. This effect is directly proportional to the volume 

occupied by blood cells. Let the volume portion covered by blood cells in unit volume be X, where X=
𝐻

100
 and H is hematocrit the volume 

percentage of blood cells. Then the volume portion covered by plasma will be 1-X. If the mass ratio of blood cells to plasma is r then  

                           r=
𝑋𝜌𝑐

(1−𝑋)𝜌𝑝
      (3.1) 

Where 𝜌𝑐 and 𝜌𝑝  are densities of blood cells and plasma respectively. The both phase the blood cells and plasma move with common 

velocity. Campbell and Pitcher have presented a model for this condition. Equation of continuity for two phase according to principle of 

conservation of mass defined by J.N. and Gupta R. C. as follows 

                      
𝜕(𝑋𝜌𝑐)

𝜕𝑡
 +(𝑋𝜌𝑐𝑣

𝑖),𝑖= 0          (3.2) 

and              
𝜕(1−𝑋)𝜌𝑝

𝜕𝑡
+ ((1 − 𝑋)𝜌𝑝𝑣

𝑖)
,𝑖
= 0    (3.3) 

where v is common velocity of two phase blood cells and plasma, (𝑋𝜌𝑐𝑣
𝑖),𝑖  is covariant derivative of (𝑋𝜌𝑐𝑣

𝑖) with respect to 𝑥𝑖  and 

((1 − 𝑋)𝜌𝑝𝑣
𝑖)

,𝑖
 is covariant derivative of ((1 − 𝑋)𝜌𝑝𝑣

𝑖) with respect to 𝑥𝑖. 
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If 𝜌𝑚 be uniform density of blood then  

        
1+𝑟

𝜌𝑚
= 

𝑟

𝜌𝑐
+

1

𝜌𝑝
             where   𝜌𝑚= X𝜌𝑐+ (1-X)𝜌𝑝   (3.4) 

Combined equation (3.2) and (3.3) and using (3.4) we get  

       
𝜕𝜌𝑚

𝜕𝑡
+(𝜌𝑚𝑣𝑖),𝑖= 0         (3.5) 

Equation of motion for two phase blood flow- 
According to Ruch T.C. and H.D. the hydro dynamical pressure p between two phases of can be supposed to be uniform because the both 

phases are always in equilibrium state in blood (1973). According to principle of conservation of momentum the equation of motion of two 

phase blood cells and plasma 

X𝜌𝑐
𝜕𝑣𝑖

𝜕𝑡
 + (𝑋𝜌𝑐𝑣

 𝑗 )𝑣,𝑗
𝑖  = -X𝑝,𝑗𝑔

𝑖𝑗 + 𝑋𝜂𝑐 (𝑔
𝑗𝑘𝑣,𝑘

𝑖 )
,𝑗

    (3.6)  

And (1-X)𝜌𝑝
𝜕𝑣𝑖

𝜕𝑡
+ {(1 − 𝑋 )𝜌𝑝𝑣

𝑗   }𝑣,𝑗
𝑖 = −(1 − 𝑋) 𝑝,𝑗𝑔

𝑖𝑗 + (1 − 𝑋)𝜂𝑝(𝑔
𝑗𝑘𝑣,𝑘

𝑖 )
,𝑗

     (3.7)  

Now adding (3.6) and( 3.7 )and using (3.4) then equation of motion for blood flow will be  

 𝜌𝑚
𝜕𝑣𝑖

𝜕𝑡
+ (𝜌𝑚𝑣𝑗)𝑣,𝑗

𝑖 = −𝑝,𝑗𝑔
𝑖𝑗 + 𝜂𝑚(𝑔𝑗𝑘𝑣,𝑘

𝑖 )
,𝑗

 (3.8) 

Where 𝜂𝑚 = 𝑋𝜂𝑐 + (1 − 𝑋)𝜂𝑝  is the viscosity coefficient of blood as a mixture of two phases. As velocity of blood flow decreases, the 

viscosity of blood increases. Since the arterioles are remote from heart therefore velocity of blood decreases. The Herschel Bulkley law hold 

good on two phase blood flow through the arterioles  and whose constitutive equation as follows- 

𝑇 ′ = 𝜂𝑚𝑒𝑛 + 𝑇𝑝   (𝑇 ′ > 𝑇𝑝)  and 𝑒 = 0  (𝑇 ′ < 𝑇𝑝)  where 𝑇𝑝 is yield stress. 

When strain rate e=0 (𝑇 ′ < 𝑇𝑝) a core region is formed which flow just like a plug. Let radius of plug be 𝑟𝑝 and the stress acting on the 

surface of plug will be 𝑇𝑝. 

Equation of force acting on the plug,  P л𝑟𝑝
2 = 𝑇𝑝2л𝑟𝑝  or, 𝑟𝑝 = 2

𝑟𝑝

𝑃
 

 
Figure 3: Herschel Bulkley Blood Flow 

 

The constitutive equation for rest part of blood vessel is 

𝑇 ′ = 𝜂𝑚𝑒𝑛 +𝑇𝑝    or,  𝑇 ′ − 𝑇𝑝 = 𝜂𝑚𝑒𝑛 = 𝑇𝑒  where 𝑇𝑒 is effective stress whose generalized form will be  𝑇𝑖𝑗 = −𝑝𝑔𝑖𝑗 + 𝑇𝑒
𝑖𝑗

   where 𝑇𝑒
𝑖𝑗

=

𝜂𝑚 (𝑒𝑖𝑗)𝑛 ,   𝑒𝑖𝑗 = 𝑔𝑗𝑘𝑣𝑘
𝑖  

Equation of continuity -          
1

√𝑔(√𝑔𝑣𝑖),𝑖

= 0          ( 3.9)   

Equation of motion -               𝜌𝑚
𝜕𝑣𝑖

𝜕𝑡
+ 𝜌𝑚𝑣𝑗𝑣,𝑗

𝑖 = −𝑇𝑒,𝑗
𝑖𝑗

   ( 3.10) 

Where all the symbols have their usual meaning  

Newton Raphson Method: The General Newton Raphson Method Formula is 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
     ( 3.11) 

The above formula is repeated until a sufficiently precise value is obtained. 

 

IV. Solution 
Let  𝑥1 = r, x2 = Ɵ and x3 = z be cylindrical co-ordinates and square length of small element        ds2 = dr2 + r2 dƟ2 +dz2 

Christoffel’s symbols of first and second kind are given below. 

[ij, k] = 
1

2
 [  

ð𝑔𝑗𝑘

ð𝑥𝑖   +  
ð𝑔𝑖𝑘

ð𝑥𝑗   - 
ð𝑔𝑖𝑗

ð𝑥𝑘   ]         and             {
𝑘
𝑖𝑗
} = 𝑔𝑘𝛼[𝑖𝑗, 𝛼] 

[gij] be matrix of metric tensor and [gij] be matrix of conjugate matrix tensor where 

gij= (
1 0 0
0 r2 0
0 0 1

)        gij =  (
1 0 0
0 1/r2 0
0 0 1

) 

Metric elements 𝑔𝑟𝑟 = 1, 𝑔𝜃𝜃 = 𝑟2, 𝑔𝑧𝑧 = 1 

 Or 𝑔11 = 1, 𝑔22 = 𝑟2, 𝑔33 = 1 

Christoffel’s symbols of second kind for cylindrical co-

ordinates 
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R- components  

[
 
 
 
 
 {

1
11

} {
1
12

} {
1
13

}

{
1
21

} {
1
22

} {
1
23

}

{
1
31

} {
1
32

} {
1
33

}]
 
 
 
 
 

 

Ɵ – components  

[
 
 
 
 
 {

2
11

} {
2
12

} {
2
13

}

{
2
21

} {
2
22

} {
2
23

}

{
2
31

} {
2
32

} {
2
33

}]
 
 
 
 
 

 

 

z- components 

[
 
 
 
 
 {

3
11

} {
3
12

} {
3
13

}

{
3
21

} {
3
22

} {
3
23

}

{
3
31

} {
3
32

} {
3
33

}]
 
 
 
 
 

 

 

 

 

{
1
22

} = −𝑟 , {
2
21

}  =  {
2
12

}  =  {
1
𝑟
} 

 

physical components 

since  √𝑔11   𝑣1 =  𝑣𝑟    or, 𝑣𝑟  = 𝑣1 

 √𝑔22   𝑣2 = 𝑣𝜃   or,  𝑣𝜃  = r𝑣2 

          and √𝑔33𝑣
3 = 𝑣𝑧  𝑜𝑟,    𝑣𝑧  = 𝑣3   

Matrix of physical components of shearing stress tensor  

𝑇′𝑖𝑗  = 𝜂𝑚 (eij)n = 𝜂𝑚 (gjk 𝑣,𝑘
𝑖  + gjk v,jk)n (4.1)                          𝑇 ′𝑖𝑗 =

[
 
 
 0 0 ŋ

𝑚
(

𝑑𝑣

𝑑𝑟
)

𝑛

0 0 0

ŋ
𝑚

(
𝑑𝑣

𝑑𝑟
)

𝑛

0 0 ]
 
 
 

 

The covariant derivative of 𝑇 ′𝑖𝑗 

         𝑇′,𝑗
𝑖𝑗

 = 
1

√𝑔

ð

ð𝑥𝑗 (√𝑔𝑇𝑖𝑗 + {
𝑖

𝑗 𝑘
}                                                                                                                                    According the 

above facts, the governing tensorial equation can be transformed into cylindrical form which is as follow  

The equation of continuity 
ð𝑉

ð𝑍
 = 0               (4.3) 

The equation of motion 

r – Component -  
ð𝑝

ð𝑟
  = 0          (4.4) 

Ɵ - Component  0 = 0  (4.5) 

z- Component  -  
ð𝑝

ð𝑧
  +   

𝜂𝑚

𝑟
   

ð

ð𝑟
  [r (

ð𝑣𝑧

ð𝑟
)n]   ( 4.6) 

Here this fact has been taken in view that the blood flow is axially symmetric in arteries concerned i.e. vƟ = 0 and vr, vz and p do not 

depend upon Ɵ and also blood flow radialy 
ð𝑝

ð𝑡
   =  

ð𝑣𝑟

ð𝑡
   =   

ð𝑣Ɵ

ð𝑡
    =  

ð𝑣𝑧

ð𝑡
   =   0 

From (4.5) vz = v(r) since v does not depend upon  (4.7) 

From equation (4.4) p = p(z)            (4.8) 

because p does not depend upon, Ɵ  using equation (4.7) & (4.8) in (4.6) then 

-  
𝜕𝑝

𝜕𝑧
  + 

𝜂𝑚

𝑟
 
𝑑

𝑑𝑟
 [r ( 

𝑑𝑣

𝑑𝑟
)𝑛] =0           (4.9) 

The pressure gradient   - 
𝑑𝑝

𝑑𝑧
 = P of blood flow. In arterioles remote from liver can be supposed to be constant, therefore equation (4.9)  

takes the following form 

 
𝑑

𝑑𝑟
 [r(

𝑑𝑣

𝑑𝑟
)n] = - 

𝑃𝑟  

𝜂𝑚
      (4.10) 

On integrating (4.10) we get 

r  (
𝑑𝑣

𝑑𝑟
)𝑛  = -  

𝑝𝑟2

2𝜂𝑚
   + C        (4.11) 

Since the velocity of blood flow on the axis of the cylindrical arterioles is maximum and constant so we apply the boundary condition 

at r=0, v = v0 (constant) on equation (13) we get C=0 then equation (4.11) takes the form. 

r  (
𝑑𝑣

𝑑𝑟
)𝑛  = -  

𝑝 𝑟2

2𝜂𝑚
         or,     -  

𝑑𝑣

𝑑𝑟
 =  (

𝑝𝑟

2𝜂𝑚
)1/𝑛        (4.12)                                                                                                 

replace r from r - 𝑟𝑝  for non plug region 

𝑑𝑣

𝑑𝑟
  = - (

𝑃

2𝜂𝑚
)

1

𝑛 ( 𝑟 − 𝑟𝑝)
1

𝑛         .(4.13) 

Integrating equation (4.13) 

v = - (
𝑝

2𝜂𝑚
)
1/𝑛

   (𝑟 − 𝑟𝑝) 
1

𝑛
+ 1

    + B                (4.14)        

Using no slip boundary condition in (4.14),     v = 0 at r = R we get  

B =  (
𝑝

2𝜂𝑚
)
1/𝑛

   (𝑅 − 𝑟𝑝) 
1

𝑛
+ 1

                      (4.15)                                   

From (4.14) & 4.15) 

v = (
𝑝

2𝜂𝑚
) 

1

𝑛
𝑛

𝑛+1
      [(𝑅 − 𝑟𝑝)

1

𝑛
+1

  -  (𝑟 − 𝑟𝑝)
1

𝑛
+1

       (4.16) 

This is velocity of blood flow in arterioles 

Putting r = rp we get the velocity of plug flow as follows 

𝑣𝑝 = 
𝑛

𝑛+1
    (

𝑃

2𝜂𝑚
)1/𝑛  (𝑅 − 𝑟𝑝)

1

𝑛
+1

             (4.17) 
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 Where value of rp taken from equation of motion 

V.  Result 

The flow flux of two phased blood flow in arterioles 

Q =   ∫ 2πrvp dr 
𝑟𝑝
0

+ ∫ 2πrvdr
𝑅

𝑟𝑝
     

= ∫ 2πr 
n

n+1
   (

p

2ηm

)
1

n 
𝑟𝑝
0

 (𝑅 − 𝑟𝑝) 
1

𝑛
+1

 dr +  ∫ 2πr 
n

n+1
   (

P

2ηm

)
1

n 
𝑅

𝑟𝑝
    [(𝑅 − 𝑟𝑝)

1

𝑛
+1

   

-  (𝑟 − 𝑟𝑝)
1

𝑛
+1

] dr 

Using (4.16) & (4.17) then 

Q=  
2πn

n+1
   (

P

2ηm

)
1

n )   (𝑅 − 𝑟𝑝)
1

𝑛
+1

  [
𝑟2

2
]
0

𝑟𝑝
  +  

2𝜋𝑛

𝑛+1
  (

𝑃

2𝜂𝑚
)
1

𝑛⁄  [
𝑟2

2
 (𝑅 − 𝑟𝑝)

1

𝑛
+1

− 
𝑟(𝑟−𝑟𝑝)

1
𝑛⁄

1

𝑛
+2

 +  
(𝑟−𝑟𝑝

 )
1
𝑛+1

(
1

𝑛
+2)) (

1

𝑛
+3)

]𝑟𝑝
𝑅  

Q =  
πn

n+1
   (

P

2ηm

)
1

n    (𝑅)
1

𝑛
+3

    [
 𝑟𝑝

2

𝑅2  (1 −
𝑟𝑝

𝑅
)

1

𝑛
+1

+ (1 + 
𝑟𝑝

 

𝑅
)  (1 − 

𝑟𝑝

𝑅
)

1

𝑛
+2

+ 
2(1−

𝑟𝑝

𝑅
)

1
𝑛+3

(
1

𝑛
+2))(

1

𝑛
+3)

   
    

-  
2(1−

𝑟𝑝

𝑅
)
1
𝑛+2

(
1

𝑛
+2)

]    (5.1) 

Observations- Hemoglobin and blood pressure is taken from CHC Jasra Prayagraj by Dr Ajay Yadav  

Patient Name – Pushpa Age – 35years / Female Annual No.- 0758/2021 

Diagnosis – Malaria 

Table 

Sl. No. Date HB (Hemoglobin) gm/dl BP (Blood 

Pressure) mmhg 

Hematocrit 

(3×HB) 

BP (In Pascal) 

1 14.10.21 9.6 110/80 28.8 14665.2/10665.6 

2 16.10.21 8.3 105/75 24.9 13998.6/9999 

3 19.10.21 6.8 100/68 20.4 13332/9065.76 

4 21.10.21 8 105/70 24 13998.6/9332.4 

5 23.10.21 8.6 110/78 25.8 14665.2/10398.96 

 

Blood Pressure Drop in arterioles = [ 

𝑆+𝐷

2
+𝐷

3
  -  

𝑆+𝐷

2
 ] 

Q = 1000 ml/min = 0.01666 litre/sec 

R = 1, rp = 1/3 

According to Gustafason Daniel R, (1980)  

 ŋ
𝑝
 = 0.0015 (Pascal-Sec) 

According to Glenn Elert (2010) 

ηm = 0.035 (Pascal –Sec) 

Length of hepatic arteriole = 50µm = 5×10-5 meter  

H= 20.4, Blood pressure drop = 4444 (Pascal Sec.) 

Since ηm =  ηc x + ηp (1-x) where x = 
𝐻

100
 

Substituting the values of ηm, ηp, and H in above relation we get ηc = 0.1657 again from above relation 

ηm = 0.001642H + 0.0015 

Substituting the value of rp and R in equation (28) we get 

Q = 
2𝜋

27
   (

𝑃

3𝜂𝑚
)
1

𝑛⁄     [
26𝑛3+33 𝑛2+9𝑛

6𝑛3+11 𝑛2+6𝑛+1
] 

Or,   
27𝑄

2𝜋
   (

𝑃

3𝜂𝑚
)
1

𝑛⁄     [
26𝑛3+33 𝑛2+9𝑛

6𝑛3+11 𝑛2+6𝑛+1
] 

Or,     (
𝑃

3𝜂𝑚
)   = (

27𝑄

2𝜋𝐴
)  𝑛where A =   

26𝑛3+33 𝑛2+9𝑛

6𝑛3+11 𝑛2+6𝑛+1
 

Or,   P = (
27𝑄

2𝜋𝐴
 ) 𝑛 3𝜂𝑚 

Since P = -  
𝑑𝑝

𝑑𝑧
       𝑜𝑟,    dp = -Pdz 

𝑝𝑓 – 𝑝𝑖  =  (
27𝑄

2𝜋𝐴
)𝑛   3𝜂𝑚   (𝑧𝑓 – 𝑧𝑖)  (5.2) 

Where 𝑝𝑓 – 𝑝𝑖  pressure drop and 𝑧𝑓 – 𝑧𝑖 = length of hepatic arteriole 

Substituting the values of Q, 𝑝𝑓 – 𝑝𝑖, 𝑎𝑛𝑑 𝜂𝑚 in above equation and solve by numerical method we get n = -4.1566 ,     and  again 

𝑝𝑓 – 𝑝𝑖  = 3𝜂𝑚 (𝑧 – 𝑧𝑖)  (
27𝑄

2𝜋𝐴
)𝑛 

Substituting the value of 3𝜂𝑚 , Q and n we get  

𝑝𝑓 – 𝑝𝑖  = 11.7521 H + 10.7357    (5.3) 

This is relation between hematocrit and blood pressure drop 
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Table for hematocrit and blood pressure drop 

 

Hematocrit 28.8 24.9 20.4 24 25.8 

Blood pressure 

drop 

349.1962 303.3630 250.4785 292.7861 313.9399 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This graph between blood pressure drop and hematocrit in malaria patient shows that when hematocrit increased then blood pressure 

drop also increased 

Conclusion : Survey of graph between blood pressure drop an hematocrit show that when hematocrit increase, blood pressure 

drop also increase. This implies that when slope of the straight line increases, medicine dose of the patient also increases. 
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